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Introduction 


Historical survey 


Before describing the contents of this unit, we provide a brief historical 
account of the development of complex numbers. 


Many mathematical problems that have been studied since ancient times 
lead to quadratic equations of the form 

az? + be +c=0, (0.1) 
where a,b,c are real numbers, with a 4 0, and x is an unknown number. 
The formula 


wes —b + Vb? — 4ac 
DOE 


for the solutions of equation (0.1) gives 


two distinct real solutions if b? — 4ac > 0 
one (repeated) real solution if b? — 4ac = 0 
no real solutions if b? — 4ac < 0. 
When b? — 4ac < 0, equation (0.1) has no real solutions because a negative 


number cannot have a real square root. 


However, as long ago as the sixteenth century, Italian scholars such as 
Gerolamo Cardano (1501-1576) began to experiment with the 
manipulation of symbols such as /—1, using the ordinary rules for real 
numbers. For example, he considered the problem of finding numbers x 
and y such that 

xr+y=10 and sy=40. (0.2) 
This problem has no real solutions, since if we substitute y = 40/x into 
x+y = 10, then we obtain the quadratic equation 


x? — 10x +40 = 0, 
which has no real solutions (because b? — 4ac = —60 < 0). 


Cardano pointed out, however, that if V—15 is manipulated using the 
ordinary rules for real numbers, then 


x=5+vV-15 and y=5-—vy-15 
do satisfy equations (0.2). As he wrote: 


Putting aside the mental tortures involved, multiply 5 + /—15 by 
5 — /—15, making 25 — (—15), whence the product is 40. 


(Burton, 2002, p. 297) 


At the time there was little enthusiasm for such a solution because of 
doubts about the existence of entities such as /—15, doubts which 
Cardano himself harboured, but soon the idea of taking square roots of 
negative numbers was to prove its worth in a significant way, which we 
now describe. 
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The general cubic equation 

ax? + bx? + cz +d =0, (0.3) 
where a,b,c,d are real numbers, with a Æ 0, is much more difficult to solve 
algebraically than is the quadratic equation. One of the first to find 
real-number solutions to general cubic equations was the Persian 
mathematician (and poet) Omar Khayyam (1048-1131), who made 
ingenious use of conic sections. However, only after the work of Cardano 
and his contemporaries in the sixteenth century did mathematicians begin 
to appreciate that there are other, non-real solutions of cubic equations. 
Their breakthrough is described by the following remarkable method, 
which is usually attributed to Scipione del Ferro (1465-1526) and Niccolò 
Fontana Tartaglia (c.1500-1557). 
First, equation (0.3) is reduced to the form 

r? +pr+q=0 (0.4) 
by substituting x — $(b/ a) in place of x and dividing through by a. We 
will now solve this equation; there is no need to follow the details if you do 
not wish to. Substitute 


x=u+v, where w = —p/3, 
assuming that such real numbers u and v exist. This transforms 
equation (0.4) into 
(u +v)” +p(u+v)+q=0, 
which, on expanding the cubic term, gives 
u? +3ww(u +v) +v +plu+v)+q=0. 
Since uv = —p/3, this reduces to 
u3 +v +q =0, (0.5) 
and multiplying through by u’, we obtain 
u® + qu? — (p/3)? = 0. 


This is a quadratic equation in u® with solutions 


3 —qt Vq? + 4(p/3)? 


Then, by equation (0.5), 


gant ve FA 
9 3 
so one of the solutions of equation (0.4) is 


= 24 4 3)3 —q — 244 3)3 
— è 1+ VŽ t+ Apis)” | af-a— vat + 4/3)" (0.6) 
2 2 
Formula (0.6) works extremely well in some cases. For example, the 
equation 


2? + 32 —-4=0 
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has p = 3 and q = —4, so it follows from equation (0.6) that 


r= V24VB+ i/o - V5. 
Now, one can check that 

(1+ V5))3=2+V5 and (}(1- v5)? =2- v5, 
so it follows that 

z= 43(1+V5)+4(1—- V5) =1, 


which is indeed a solution of z? + 3x — 4 = 0. 


For some values of p and q, though, there is a difficulty. The Italian 
mathematician Rafael Bombelli (1526-1572), who was probably the first 
mathematician bold enough to accept the existence of square roots of 
negative numbers, considered the equation 


r? — 15a —4=0. (0.7) 
This has p = —15 and q = —4, so it follows from equation (0.6) that 


z= \/2 + V121 + 4/2 — V-12]. 


This solution involves the expression \/—121, which suggests that, for this 
cubic equation, formula (0.6) does not give a solution. However, following 
Bombelli and treating /—1 in the same way as a real number, we see that 


(=I) = (V x Val =A, 
and hence 
(2+ VZIT) = 2 + (3 x 2? x VZI) + (3 x 2 x (V=1)?) Gi 
= 8+4+12/-1-6-vV-1 
=24+11V/-1 
= 2 + /—121. 


Similarly, 
Qa V-I)’ = 2 — vV-121. 
Hence 


z = (2+/-1)+(2-vV-1) = 4, 


which is indeed a solution of equation (0.7). Thus, by allowing the use of 
symbols that seemingly have no meaning, we can produce one correct 
solution to the original problem. 


This method of solution did not immediately lead to acceptance of such 
‘imaginary numbers’ (as they were called), which continued to be regarded 
with great suspicion. A century later, for example, the English 
mathematician and scientist Isaac Newton (1642-1727) stated that if the 
solution to a problem involved imaginary numbers, then the problem did 
not have a ‘genuine’ solution. 
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Figure 0.1 Representation of 
x + iy in the complex plane 


By the eighteenth century, however, mathematicians such as Johann 
Bernoulli (1667-1748), Gottfried Wilhelm Leibniz (1646-1716) and 
Leonhard Euler (1707-1783) were using imaginary numbers in applications 
to integration. 


The symbol i for ,/—1 was introduced by Euler, and the name complex 
number for an expression of the form z = x + iy, where x and y are real, 
was introduced by the German mathematician Carl Friedrich Gauss 
(1777-1855) at the end of the eighteenth century to replace the old phrase 
‘imaginary number’. Gauss also advocated the geometric interpretation of 
a complex number x + iy as a point with rectangular coordinates (x, y) in 
a plane (see Figure 0.1). 


The importance of complex numbers was underlined by the so-called 
Fundamental Theorem of Algebra, which was established in the late 
eighteenth and early nineteenth centuries. This theorem states that every 
polynomial equation 

an2” + anaes. + az +a = 0, (0.8) 
where do, @1,...,@,, are complex numbers, with a, Æ 0, and z is an 
unknown complex number, has at least one complex solution (and hence n 
complex solutions, some of which may be repeated). Thus, although it was 
necessary to introduce the new ‘complex’ numbers in order to solve 
quadratic equations, there was no need to introduce any further new 
numbers in order to solve all polynomial equations with complex 
coefficients. We should hasten to add that the mathematicians of the 
eighteenth and nineteenth centuries did not find a general formula for 
solving equation (0.8) for all values of n; indeed, in 1824 the Norwegian 
mathematician Niels Henrik Abel (1802-1829) proved that for n > 5 no 
formula that uses the usual operations of arithmetic exists. Nonetheless, 
the Fundamental Theorem of Algebra asserts the existence of a solution. 


Any lingering doubts about the validity of complex numbers were laid to 
rest in the 1830s when the Irish mathematician William Rowan Hamilton 
(1805-1865) gave a definition of complex numbers as ordered pairs of real 
numbers, writing (a,b) in place of a + ib, subject to the rules of 
manipulation 


(a,b) + (c,d) = (a +c, b + d), 

(a,b) x (c,d) = (ac — bd, ad + bc). 
This had the effect of placing complex numbers on a sound algebraic basis. 
The groundwork had now been laid for the study of complex numbers to 


flourish. This development, associated with the names of Cauchy, Riemann 
and Weierstrass, went on throughout the nineteenth century. 


Although most of this module deals with the classical theory of complex 
numbers and complex functions, at the end of the module you will see that 
even today there are still new and exciting developments in the subject. 
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Applications, supplementary topics and history 


Scattered throughout the module you will find boxes like this one that 
contain additional information about complex analysis, to supplement 
the text. The content of these boxes is not assessed. Some of the 
boxes are about applications of complex analysis to science and 
engineering, and others describe further branches of mathematics 
related to complex analysis. You will also find out about the history 
of some of the mathematicians who have shaped the subject, some of 
whom you have encountered in this Introduction already. 


Introduction to this unit 


The first book of the module is an introduction to complex functions, and 
it is designed to familiarise you with their most basic properties. This unit 
is devoted solely to complex numbers themselves. 


In Section 1 we define complex numbers and show you how to manipulate 
them, stressing the similarities with the manipulation of real numbers. 


Section 2 is about the geometric representation of complex numbers. You 
will find that this is useful in understanding the arithmetic properties 
introduced in the first section. 


In Section 3 we discuss methods of finding nth roots of complex numbers 
and the solutions of simple polynomial equations. 


The final two sections deal with inequalities between real-valued 
expressions involving complex numbers. First we use inequalities in 
Section 4 to describe various subsets of the complex plane. Then in 
Section 5 we introduce the Triangle Inequality, which is a useful tool for 
manipulating inequalities. 


Each section ends with a number of further exercises for additional 
practice. (This is the case for most sections throughout the module.) 


Unit guide 


After studying this unit, you should be able to perform basic algebraic 
manipulations with complex numbers and understand their geometric 
interpretation. Before you tackle later units, it is important that you 
become confident with these basic manipulations, and you should attempt 
as many of the exercises as you have time for. 
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1 Complex numbers and their 
properties 


After working through this section, you should be able to: 


e determine the real part, the imaginary part and the complex conjugate of 
a given complex number 


e perform addition, subtraction, multiplication and division of complex 
numbers 


e use the Binomial Theorem and the Geometric Series Identity to simplify 
complex expressions. 


1.1 Defining complex numbers 


We assume that you are already familiar with various different types of 
numbers, such as the natural numbers N = {1,2,3,...}, the integers 
Z = {...,—2,—1,0,1,2,...}, the rational numbers (or fractions) 

Q = {p/q : p € Z,q € N}, and the real numbers R, which can be 
represented by decimals, either terminating (such as 2 = 05) or 
non-terminating (such as 7 = 3.1415. ..). We assume also that you are 
familiar with the usual arithmetic operations of addition, subtraction, 
multiplication and division of real numbers. 


We are now going to introduce the idea of a complex number, and we 
begin with some definitions. 


Definitions 


A complex number z is an expression of the form x + iy, where x 
and y are real numbers and 7 is a symbol with the property that 
i2 = —1. We write 


z=x+iy or, equivalently, z= xæ + yi, 


and say that z is expressed in Cartesian form. The real number z is 
the real part of z (written x = Re z) and the real number y is the 
imaginary part of z (written y = Im 2). 

Two complex numbers are equal if their real parts are equal and 


their imaginary parts are equal. 


The set of all complex numbers is denoted by C. 


In this module, the mathematical symbol z always denotes a complex 
number, unless specified otherwise. 


The word ‘Cartesian’ is derived from the surname of the French 
mathematician and philosopher René Descartes (1596-1650), who was a 
pioneer in relating algebra to geometry by representing pairs of real 
variables x and y by points in a plane. 


1 Complex numbers and their properties 


The following table gives some examples of complex numbers z that 
correspond to given real numbers x and y. 


142i V2+in 3i 1 l1+i 0 1—2 
1 V2 0 1 1 0 1 
2 T 3 0 1 0 = 


When working with complex numbers we use the following conventions, 
some of which you can see in the table. 


e Any real number x can be thought of as a complex number whose 
imaginary part is zero (thus R is a subset of C). We write, for example, 
14+0:=1. 


e If the real part of a complex number is 0, but the imaginary part is 
non-zero, then we omit the real part when writing the complex number; 
for example, 0 + 3i = 3i. 


e The complex number 0 + 07 is written 0, the zero complex number. 
e We usually abbreviate 17 to i and —1z to —i. 


e If y is negative, then we usually write z as x — |y|i; for example, 
1+ (-2)i =1-2i. 


In some texts, a complex number with imaginary part zero is called purely 
real, and a complex number with real part zero is called purely imaginary. 
However, those terms will not be used in this module. We also remark that 
in certain contexts such as electrical engineering (where 7 is used for 
current) it is common practice to write j instead of i. 


1.2 Arithmetic with complex numbers 


The definition of a complex number contains the symbol ‘+’ and refers to 
the ‘square’ of 7. This suggests that arithmetic operations can be 
performed with complex numbers; the following definitions are made. 


Definitions 


The binary operations of addition, subtraction and 
multiplication of complex numbers are denoted by the same symbols 
as for real numbers and are performed by the usual procedure — that 
is, treating complex numbers as real expressions together with an 
algebraic symbol i with the property that i? = —1. 


The following example shows some arithmetic operations involving 
complex numbers. 


Unit Al 


Complex 
| 


numbers 


Example 1.1 

Express each of the following numbers in Cartesian form. 
(a) (14+ 2i)+($+77) 

(b) (1+ 2i)($ + ri) 

(c) 2(1 + 2i) — 2i(4 + ri) 

(a) (1+ 2%)(1 — 22) 


C_i 


Solution 
(a) By the usual procedure, 
(1+2i)+ ($+ ri) =1+2i+4+ri 
= 3 + (2+ r)i. 
(b) By the usual procedure, 
(1+ 2i)(} + mi) = $ + mit i+ 2m. 
Applying the extra property that i? = —1, we obtain 
(1 + 2i) ($ + i) = (4 — 27) + (T + 1)i. 
(c) By the usual procedure and the property that i? = —1, 
2(1 + 2i) — 2i(§ + ri) = 2 + 4i — i — 2r? 
= (2 + 27) + 3i. 
(d) By the usual procedure and the property that i? = —1, 
(1 + 24)(1 — 2) = 1 — 214 27 — 47? 
= le 
= hh, 


The following exercises provide practice at manipulating complex numbers. 


(a) Express each of the following numbers in Cartesian form. 
(i) (24%) + 34(-1 +4 31) 
(ii) (2+%)(—1+4 3%) 
(iii) (—1 + 34)(-1— 3i) 
(b) Write down the real and imaginary parts of z = (2 + i) + 3i(—1 + 3i). 


In the next exercise the letters x and y appear in the specification of 
complex numbers (with and without subscripts). You should assume in 
these circumstances — here and elsewhere in the module — that x and y are 
both real numbers. 
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Exercise 1.2 


Express each of the following numbers in Cartesian form. 


(a) (x1 + tyr) + (x2 + tye) (b) (x1 + iyı) — (x2 + tye) 
(c) (zı +iy1)(z2 +iy2) (d) (x+ iy)(x-— iy) 


As with real numbers, the negative —z of a complex number z is defined in 
such a way that z+ (—z) =0. 


The negative —z of a complex number z = x + iy is 


z=(-x)+i(-y), 


usually written —z = —x — iy. 


For example, —(1+%) = —1 — i. 


Next we discuss division of complex numbers. As with real numbers, the 
reciprocal 1/z of a non-zero complex number z is defined in such a way 
that z(1/z)=1. 


The reciprocal 1/z of a non-zero complex number z = x + ty is 


1 98 = iid) 


z py 


The alternative notation z7! is also used for the reciprocal. 


The quotient 2/22 of a complex number zı by a non-zero complex 
number 29 is 


Zil (=) 
= = Zi || = le 
22 22 


This definition of 1/z works because, as you saw in Exercise 1.2(d), 
(a + iy)(@ — ty) =a? +y, 


which is strictly positive because z is non-zero, so 


1 : x — iy 
(2) zeroa) 
_ (æ +iy)(z — iy) 
r? + y? 
L? +y? 7 
ety 
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The definition of quotient suggests that in order to evaluate z1 /z2, we 
must first evaluate 1/z2 and then multiply by z1. In practice, it is easier to 
do both operations at once using the following strategy. 


To obtain the quotient 
ri + ty 
T2 + tye 


, where yo £0, 


in Cartesian form, multiply both numerator and denominator by 
x2 — iy2, so that the denominator becomes real. 


Example 1.2 

Express the following numbers in Cartesian form. 
il 3+ 47 

Clam Ter 


Solution 


(a) By the strategy for obtaining a quotient, 


las 1-2 

1+2i (1+ 2%)(1 — 2%) 
1-2 1 2. 
Ses Bess 


(b) By the strategy for obtaining a quotient, 
5s (6-2 idl a) 


14+2i (1+22)(1 — 2%) 
3— 61 + 44 — 87" 
TA 
195 n D 


= = == h 


5 5 8 


It would be acceptable to leave the solution to part (b) in the form 
(11 — 22)/5, since this can readily be reduced to Cartesian form. 


Exercise 1.3 


(a) Express the following numbers in Cartesian form. 
s l 2 1 wey L422 
Og Ora H zya 

(b) Express the following quotient in Cartesian form: 

ryt iyi 


—, where y2 40. 
LQ + y2 
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1 Complex numbers and their properties 


The process of changing the sign of the imaginary part of a complex 
number, used in the strategy above, is often carried out, so the following 
terminology and notation is helpful. 


Definition 
The complex conjugate Z of a complex number z = æ + iy is 


E=@= iy. 


Some texts use the notation z* in place of Z. In particular, complex 
numbers feature considerably in the subject of quantum mechanics, and 
most texts on that subject prefer this alternative notation. 


The complex conjugate of z satisfies the simple identities 
Rez=Rez and ImzZ=-—Imz. 


Several more identities involving complex conjugates are given in the 
following result. 


Theorem 1.1 Properties of the complex conjugate 
(a) If z is a complex number, then 

G) 2z+2z=2Rez 

(D) a= z = M ia 

(iii) (Z) =z. 
(b) If z1 and zg are complex numbers, then 

Gi) atmn=A+A 

Gi) 2=2=m—% 

(iii) Z2 =272 

(iv) 2/29 = Zi/Zz, where z Æ 0. 


Part (b)(i) says that ‘the conjugate of a sum is the sum of the conjugates’, 
and other parts can be described in similar terms. Note the use of the long 
conjugate bar over expressions involving several symbols. 
Proof 
(a) If z = x + iy, then Z = xz — iy, so 

(i) z+Z=(x+iy)+ (x -— iy) = 2r =2Rez 

(ii) z-—Z= (x+ iy)-— (x — iy) = 2iy = 2i Imz 

(ii) (2) = (ziy) = 2+ iy =z. 
(b) The proofs of these identities all follow from the results of 

Exercises 1.2 and 1.3(b). To illustrate the method, we prove part (iii). 

Let z1 = zı + iyı and z2 = £2 + iy2. Then, by Exercise 1.2(c), 

2122 = (£1£2 — yiye) + i(x1Y2 + y1 12). (1.1) 
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14 


Now, 2] = xı — iy, and Z = x2 — iy2, so if we replace y1, ya 
by —y1, —y2 in equation (1.1), then we see that 
Zi 2 = (£12 — (—y1)(—y2)) + t(x1(—y2) + (—y1) x2) 
= (x1 22 — Y1Y2) — U(L1y2 + yi22) 
= Z122, 
as required. | 


Exercise 1.4 


Prove the identities stated in Theorem 1.1(b), parts (i) and (iv). 


Now that you have seen how to perform the usual arithmetic operations 
with complex numbers, it is natural to ask the following question. Do 
these operations have the usual properties that are known to hold for real 
numbers? It is a straightforward matter to check that, for example, 
addition of complex numbers is associative; that is, for all 21, zg, z3 in C, 


(z1 + 22) + 23 = z1 + (22 + 23). 


It is also straightforward, but more tedious, to show that multiplication of 
complex numbers is associative; that is, for all z1, z2, z3 in C, 


(2122) 23 = 21 (2923). 


In fact, it turns out that all the usual arithmetic properties do hold for 
complex numbers. These are summarised in the following table. 


Arithmetic in C 


Property Addition Multiplication 
Closure Al M1 
For all z1, z2 in C, For all z1, 22 in C, 
zi +z €C. zız2 E C. 
Identity A2 M2 
For all z in C, For all z in C, 
z+0=0+z=z. zls =z 
Inverse A3 M3 
For all z in C, For all non-zero z in C, 
z+(—z) =(-z)+z=0. ie eg le 
Associative A4 M4 
For all 21, 22, 23 in C, For all 21, 22, 23 in C, 
(z1 + z2) Sr 2) = 2 ae (z2 + z3). (z1z2)23 = 21 (z223). 
Commutative A5 M5 
For all z1, 22 in C, For all z1, 22 in C, 
2 SP 2 = 2) ar File 2122 = 2221. 


Distributive D For all 2, 22, z3 in C, 21 (22 + 23) = 2122 + 2123. 


1 Complex numbers and their properties 


Once all these properties have been proved (and we will not give the 
details here), then the contents of the table can be described in algebraic 
terms as follows. 


The complex numbers C form an abelian group under the operation of 
addition, with identity 0 (properties Al—A5). 

The set of non-zero complex numbers is an abelian group under the 
operation of multiplication (noting in M1 that if 21, z2 # 0, then z122 Æ 0), 
with identity 1 (properties M1—M5). 


These two structures are linked by the distributive property (D). 


Because C has all these properties, it is called a field. The rational 
numbers Q and the real numbers R are also fields. 


Notice that in property M3 we have used z~! to denote the reciprocal 1/z. 
It is also standard practice to use the notation z”, where n € Z, for 
integral powers of a non-zero complex number z. For example, 

P=-1, ®P=-i, *=1, 

jt=i, i=l, isi AH 1. 
By convention, z° = 1, for all non-zero z, and 0° is not defined, except in 
special cases such as formulas in which it is convenient to assign a value 
to 0° (for example, see binomial coefficients in the next subsection). The 
zero complex number has powers 0” = 0 for n = 1,2,3,.... We will discuss 
the meaning of fractional powers, such as z!/? = yZ, in Section 3, and also 
in Unit A2. 


Rafael Bombelli 


The Italian mathematician Rafael Bombelli, whom we met in the 
Introduction when discussing his contributions to solving cubic 
equations, is recognised as the first person to work with complex 
numbers in a systematic way. In his celebrated text Algebra, 
published in 1572, Bombelli lays out many of the rules for 
manipulating complex numbers that we have covered in this 
subsection, but with different terminology and notation. That text 
also includes an exposition of the solution of cubic and quartic 
equations, making use of complex numbers. 


1.3 Identities with complex numbers 


Because complex numbers satisfy the usual arithmetic properties, we can 
prove and then use all the usual algebraic identities. For example, if 21 
and z2 are any complex numbers, then 

(21 + 20)? = 22 + 22120422 and 2? — 22 = (z — 20)(21 + 22). 
Thus, for example, if z? + 9 = 0, then 

2? +9 = (z — 3i)(z + 3i) = 0, 


so z = 32 or z = —32. 
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Complex numbers 


Exercise 1.5 
Prove the following identities. 
(a) (2 + 29)3 = 23 + 32229 + 32122 + 23 


(b) 2 — 23 = (21 — 22)(z? + 2122 + 23) 


(c) 23 +23 = (z1 + 2)(e—- amt 23) 


The identities in Exercise 1.5 are, in fact, special cases of two important 
general identities which will often be used in the module. The first of these 
is the Binomial Theorem, which we state in two forms. This theorem uses 
the binomial coefficient 

n\ n! n(n—1)---(n=k+1) 
() =x 


k n-k) k! i 


sometimes written as "C;,. Note that, by convention, 0! = 1 and 0° = 1 in 
the formulas in these identities. 


The proof of the Binomial Theorem is the same as in the real case, so it is 
omitted. 


Theorem 1.2 Binomial Theorem 
(a) IfzeCandneN, then 


n 
2! 
(b) If 2,22 E€ C and n € N, then 


(z1 + 22)” = D a AP 


k=0 


Remarks 


1. Exercise 1.5(a) is the special case of part (b) of the Binomial Theorem 
with n = 3. 


2. You may have noticed that the formula 
= 1 

atas itn t MOD gn (1:2) 

from part (a) of the Binomial Theorem is a little misleading if n = 1 

or n = 2. For example, if n = 1, then there are only two terms in the 

expansion of (1 + z)!, not four (or more). In this module, we adopt the 

convention that formulas presented in the manner of equation (1.2) are 


1 Complex numbers and their properties 


valid for all sufficiently large values of n for which they make sense 
(typically n > 2 should suffice), and for small values of n the formula 
should be interpreted in the sensible way by omitting some terms. 


3. It is worth remembering that the coefficients of powers of z that appear 
in the Binomial Theorem can be arranged in the form of Pascal’s 
triangle. As you may recall, each entry in Pascal’s triangle (aside from 
the 1s that form the sides of the triangle) is the sum of the entries above 
left and above right. The first few rows of the triangle are shown below. 


(1+2)! 1 

(1+2)! 1 1 

(1+z2}? i 2 1 

(1+ 2)8 1 3 3 il 
(lit+z)* 1 4 6 4 1 


Exercise 1.6 


Use the Binomial Theorem to simplify the following expressions. 


(a) (1+1) (b) (3+ 23)8 


Next we state two forms of an identity that can be used to sum a finite 
geometric series. The proof is the same as in the real case, so again it is 
omitted. 


Theorem 1.3 Geometric Series Identity 
(a) IfzeCandneN, then 

ee Sle ee ee a), 
(b) If 21,22 E€ C and n € N, then 


zt — z5 = (z1 — ae + aap + ae ++ A=), 


Remarks 


1. Exercise 1.5(b) is the special case of part (b) of the Geometric Series 
Identity with n = 3. 


2. On replacing n with n + 1, the first of these two identities can be 
written as 
_ yntl 
“a2 


This is the familiar formula for summing a finite geometric series. 


Pag igs oss? , forzg# 1. 
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(a) Use the Geometric Series Identity to simplify the expression 
1+(1+4)+(1+7)?+ (142). 
(b) Use the Geometric Series Identity to find a factor of 
Zi 
of the form z — a, for some complex number a. 
(Hint: i =i.) 


Further exercises 


Complete the following table. 


z Rez Imz =z Z 


Express each of the following complex numbers in Cartesian form. 


(a) È (b) (o 0+)? (d -7 (e) = 
(f) — (g) (+4? (h) +y -2-0 d) = 


(k) (3+4i)t-— (3-4) (1) 1444+ 4---4 010 


Write down the real part, imaginary part and complex conjugate of each of 
the complex numbers in parts (a), (e), (g) of Exercise 1.9. 


Prove that Im Z = — Im z. 


2 The complex plane 


2 The complex plane 


After working through this section, you should be able to: 
e determine the modulus of a given complex number 


e determine the principal argument and other arguments of a given 
non-zero complex number 


e convert a complex number in Cartesian form to polar form, and vice 
versa 


e interpret geometrically the sum, product and quotient of two complex 
numbers 


e state De Moivre’s Theorem, and use it to evaluate powers of complex 
numbers. 


2.1 Cartesian coordinates 


In this section we describe a geometric interpretation of complex numbers, 
and we see how this interpretation gives us insight into the properties of A 
complex numbers. 


You are probably familiar with the idea of representing an ordered pair 
(x,y) from R? by a point on a plane, called a Cartesian plane, with 3 
horizontal coordinate x and vertical coordinate y (the Cartesian 
coordinates of the point). It is common to refer to ‘the point (a, y)’. 
Complex numbers can likewise be represented by points on a Cartesian 
plane — the complex number z = x + iy is represented by the point (x,y). 


For example, the number 4 + 3i is represented by the point (4,3), and in 
Figure 2.1 this point is labelled 4 + 3i. Figure 2.1 The point 4 + 3i 
Thus we often speak of ‘the point z = x + iy’ and, with this interpretation, in the complex plane 

refer to the plane as the complex plane. 


Definitions 


The complex plane or z-plane is a Cartesian plane used to 
represent the set of all complex numbers in which the complex 
number z = x + iy is represented by the point (x,y). 


The horizontal axis of the complex plane is called the real axis and 
the vertical axis is called the imaginary axis. upper-left | upper-right 
quadrant | quadrant 


Since the complex plane represents the set of all complex numbers, we >» 


denote it by the symbol C. 
lower-left | lower-right 


In drawing the complex plane, we do not usually label the axes x and y 
quadrant | quadrant 


unless it is helpful to do so (as in Unit A2, for example). 


The four infinite regions of the complex plane separated off by (and not 
including) the axes are called quadrants. We label them upper-right, Figure 2.2 The four 
upper-left, lower-left and lower-right quadrants, as shown in Figure 2.2. quadrants 
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The various operations on complex numbers described in Section 1 can all 
be given geometric interpretations in the complex plane. For example, if z 
is a complex number, then, as shown in Figures 2.3(a) and 2.3(b), 


—z is obtained by rotating z through the angle 7 about the origin 


Z is obtained by reflecting z in the real axis. 


A A 


Ne 


=z 


(a) (b) 


Figure 2.3 Transforming z by (a) rotating through the angle m about the 
origin, (b) reflecting in the real axis 


Complex numbers can also be thought of as vectors, with the complex 
number x + iy corresponding to the vector from the point (0,0) to the 
point (x,y). It follows that the sum of two complex numbers, and also 
their difference, satisfy the parallelogram law for vectors, as shown in 
Figure 2.4. In that figure, the point z1 — z2 is obtained by observing that 
zı — 22 = 21 + (—z2) and then applying the additive version of the 
parallelogram law to z1 and — 22. 


A 
zı + 22 


(a) 
Figure 2.4 Using the parallelogram law to (a) add zı and 22, (b) subtract z2 
from zı 


Exercise 2.1 


With z1 = 3 + į and zg = —1 + 2i, plot the following numbers (on two 
separate diagrams). 
(a) 21, 22, —21, —22, Z1 + 22, 21 — 22 


(b) 21, 22, A, Z2, 21+ 22, Z1 + 22 
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History of the complex plane 


The complex plane is often called the Argand diagram, after a 
French mathematician with the surname Argand, who in 1806 wrote 
an essay on representing complex numbers by directed line segments 
in a plane. It is sometimes suggested that this mathematician is the 
Swiss-born man Jean-Robert Argand (1768-1822), but there is no 
evidence that this is so. 


In fact, the idea of representing complex numbers in a plane had been 
proposed before, by the Norwegian—Danish surveyor and cartographer 
Caspar Wessel (1745-1818). Wessel’s work, published in a 
little-known Danish journal in 1799, went largely unnoticed for the 
next century, and Wessel published no other papers in mathematics. 


The value of the complex plane in representing complex numbers 
gained general acceptance with the work of the eminent German 
mathematician Carl Friedrich Gauss (1777-1855). There is evidence 
that he understood this geometric representation of complex numbers 
in his doctoral dissertation of 1799, and the idea appears explicitly in 
his letters to colleagues in the years to follow. Gauss was the first to 
consider complex numbers as points in the plane rather than just as 
directed line segments (as considered by Argand and Wessel). He 
introduced the terminology ‘complex numbers’ in place of ‘imaginary 
numbers’, because he thought that the old terminology was unhelpful, 
ascribing mystery to complex numbers and obscuring their value. Carl Friedrich Gauss 


Multiplication and division of complex numbers also have useful geometric 
interpretations. Before describing these, however, we need to introduce 
some other geometric concepts. 


2.2 Polar form 


The modulus, or absolute value, of a real number x is defined as 
w «=O, 
|z| = 
=g £<O0. 


Equivalently, |x| is the distance along the real line from 0 to x. The 
modulus of a complex number z is similarly defined to be the distance 
from 0 to z in the complex plane. 


21 


Unit Al Complex numbers 


Figure 2.6 ‘The distance from 
Z2 to zı is equal to the 
distance from 0 to 21 — zg 
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Definition 
The modulus, or absolute value, of a complex number z = x + iy is 
the distance from 0 to z; it is denoted by |z|. Thus 


|z| = |e + ty| = Va? + y?. 


Remarks 


1. In this definition we use the standard convention that if a > 0, then ya 
denotes the non-negative square root of a (non-negative means positive 
or zero). 


2. The plural of modulus is moduli. 


For examples of moduli, observe that 


34+ 4i] = V3? +4 =5, 
|-3| = v (-3} = 3, 
l-2] = V2} = 2. 


These moduli are shown as distances in Figure 2.5. 


A 344: A 
5 
4 > = > = 
0 -3 0 0 [2 
-2i 


Figure 2.5 Moduli of three different complex numbers 


Exercise 2.2 


(a) Evaluate the following moduli. 
(i) |1+¢ (ii) |2 — 4il (iii) Jl (iv) |—5 + 123| 
(b) Prove that |z| = |z| and |—z| = |z|. 


If z1, z2 are any two complex numbers, then, by definition, |z1 — z2| is the 
distance from 0 to z1 — zg. Using the parallelogram law to add z2 and 
zı — 22 (see Figure 2.6), we deduce the following observation. 


|z1 — 22| is the distance from 22 to 21. 


Because z1 + z2 = 21 — (—22), there is a similar geometric interpretation 
for |z1 + 29|. 


|z1 + 22| is the distance from —z2 to 21. 


Exercise 2.3 


With z1 =3+7 and z2 = —1 + 2i, determine 
(a) |z — 29| 
(b) Jz + 22l] 


(c) the distance from z2 to —21. 


We now collect together various basic properties of the modulus. 
Theorem 2.1 Properties of the modulus 
a) |z| > 0, with equality if and only if z = 0. 


DaS end Ee 


d) |z — z2| = |z2 — zıl. 


( 
( 
(ey) e= 
( 
le) azal = kalah and! aal = kala for zo z 0. 


Property (d) says that the distance from 22 to zı is the same as the 
distance from zı to 22. 


Proof Property (a) follows from the fact that |z| = \/x? + y? 
(where z = x + iy), and property (b) was proved in Exercise 2.2(b). To 
prove property (c), note that if z = x + iy, then 

zZ = (x + iy)(z — iy) = 2? +? = |z}. 
Property (d) follows from property (b), since z2 — z1 = —(z1 — 22). 
Each of the identities in property (e) can be proved by writing 


zı = £1 + iy1, 22 = £2 + iy2 and then calculating both sides. However, it is 
neater to use property (c) and Theorem 1.1, as follows: 


|z122|? = (z122)(z122) (property (c)) 
= (z122)(Z1 72) (Theorem 1.1(b)(iii)) 
= (21%1)(z222) (associativity and commutativity) 
= lal? za)? (property (c)), 


so |z122| = |z1||z2|. Similarly, if z2 4 0 (so zz 4 0, and |z2| > 0 using 
property (a)), then 


21/22)? = (21/22)(z1/22) = (11/22) (H/%) 
= (21 %)/ (22%) = |al?/lal?, 


so |21/22| = |21|/|22|- a 


2 The complex plane 
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1+i 


> 


Figure 2.7 An angle for 1+i 


Tn /4 | 


A 


1+i 


a f 


Figure 2.8 Another angle 


for 1+i 


z=r+iy 


r 


+y 


| 
| 
x 


Be : 


Figure 2.9 An argument of z 
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If the modulus |z| of a complex number z is equal to 0, then z itself must 
equal 0 (and vice versa). However, the modulus of a non-zero complex 
number does not determine the number completely; all the points that lie 
on the circle of radius r centred at the origin have the same modulus, 
namely r. We can determine the non-zero complex number z completely 
by giving its modulus |z| = r together with the angle @ that the line from 
the origin to z makes with the positive real axis. 


Angles used to determine position in this way are conventionally taken to 
be positive when measured in an anticlockwise direction from the positive 
real axis, and negative when measured in a clockwise direction. 


For example, 1 +i has modulus V2, and the (positive) angle that the line 
from the origin to 1 + i makes with the positive real axis is 7/4 (see 
Figure 2.7). Of course, 7/4 is not the only angle that, along with the 
modulus V2, specifies 1 + i; any one of the angles 


T T 


T T 
ey) —— 2r, —+27, — +4r, 


4’ 4 4 

would do just as well — for example, the (negative) angle 

T/4— 2r = —7r/4 (see Figure 2.8). This feature is reflected in the 
following definition using the sine and cosine functions. Figure 2.9 
illustrates the definition, showing one argument of z = x + iy. 


Definition 


An argument of a non-zero complex number z = x + iy with |z| =r 
is an angle 6 (measured in radians) such that 


r 
coso = anc sinh = Y 
T E 


Remarks 
1. No argument is assigned to the number 0. 


2. Each non-zero complex number has infinitely many arguments, all 
differing by integer multiples of 27. For example, the arguments of 1 +i 
can be written collectively as 


Z +2kr, where k € Z. 


3. As you can see in Figures 2.7, 2.8 and 2.9, arguments are represented in 
figures by directed arcs: anticlockwise arcs for positive arguments and 
clockwise arcs for negative arguments. We use directed arcs in this way 
to communicate whether an angle is positive or negative. In contrast, 
later figures (such as Figures 2.14, 2.15 and 2.16) use undirected arcs; 
these arcs always represent positive angles — the anticlockwise arrow is 
omitted for convenience. 


4. For some complex numbers, arguments are easily obtained by plotting 
the point. For example, Figure 2.10 shows that 37/4 is an argument 


2 The complex plane 


of —1 + i, 7/2 is an argument of i and —7/4 is an argument of 1 — i. 
The calculation of arguments is dealt with later in the section. 


A 
—1+21 
37/4 


A 


Te. 


Figure 2.10 Arguments of three complex numbers 


> 


Since any non-zero complex number is completely determined by its 
modulus and any one of its arguments, these two quantities can be used to 
define an alternative coordinate system for non-zero complex numbers. 


The ordered pair (r,@), where r is the modulus of a non-zero complex 
number z and @ is an argument of z, is called the polar coordinates 


of z. The expression 
z = r(cos0 + isin 0) 


is said to be a representation of z in polar form. 


1. We will rarely use polar coordinates, preferring almost always to use 


polar form. 


2. It follows from the definition of polar form that if z = x + iy, then 


x=rcos@ and y=rsinð. 


Example 2.1 


Represent —1 — i in polar form. 


Solution 


Here 


r=|-1-i|= y(=1} + (-1)? = v2, 


and, from Figure 2.11, one choice for @ is 57/4. Thus = oo 


—1—i=V2(cos57/4 + isin 57/4) 


is in polar form. 


57/4 TN 


Figure 2.11 An argument 
of —l1— i 


Another polar form for —1 — i is V2(cos(—37 /4) + isin(—37/4)). 
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6 = —1/2 


Figure 2.12 Principal 
arguments on the axes 
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Exercise 2.4 


(a) Represent the complex number i in polar form. 

(b) Represent each of the following complex numbers in Cartesian form. 
(i)  2(cos7/3 + isin 7/3) 
(ii) 3(cos(—r/4) + isin(—7/4)) 


The terminology ‘arg z’ is often used in other texts to denote an argument 
of a non-zero complex number z. Without further information, however, 
the expression arg z is ambiguous, since z has infinitely many arguments, 
so we will avoid using it. Instead we select one argument for special 
attention and call this the principal argument (a shortened version of the 
more conventional ‘principal value of the argument’). 


Definition 
The principal argument of a non-zero complex number z is the 
unique argument 0 of z satisfying —a < 0 < 7; it is denoted by 


0 = Arg z. 
(Note the capital A in Arg.) 


Since the arguments of a non-zero complex number differ by multiples of 
27, exactly one of them satisfies —7t < 0 < 7. 


For an example of a principal argument, the arguments of 1 + i are 
.., —~tm/4, am/4, 90/4, 17r/4, ..., 
hence Arg(1 + i) = 7/4 because =r < 7/4 <r. 


For complex numbers z such as 1 +7, it is easy to determine Arg z by 
inspection. In general, the following strategy can be applied. (There are 
other equally valid strategies.) The figures to illustrate the strategy each 
have a small circle at the origin to indicate that the strategy does not 
apply to z = 0. 


Strategy for determining principal arguments 


To determine the principal argument 0 of a non-zero complex number 
z = x + iy, apply the relevant case below. 


Case 1 If z lies on one of the axes, then 0 is evident 
(see Figure 2.12). 


Case 2 If z does not lie on one of the axes, then carry out the 
following two steps. 


(i) | Decide in which quadrant z lies (by plotting z if necessary), and 
then calculate the acute angle 


$ = tan™ (|yl/lz]) 
in radians (see Figure 2.13(a)). 


(ii) Obtain @ in terms of ¢ by using the appropriate formula in 
Figure 2.13(b). 


(a) (b) 


Figure 2.13 Formulas for principal arguments in the four quadrants 


= 


. Having found Arg z, the other arguments of z can be obtained by 
adding integer multiples of 27 to Arg z. 


2. Some texts define the principal argument Arg z to be the argument of z 
that lies in the interval [0, 27) rather than in the interval (—r, 7] that 
we use. 


Example 2.2 


Find the principal argument of each of the following complex 
numbers. 


l) i b sva O ee Gy, 


Solution 


We apply the strategy for determining principal arguments (case 2 
each time). 


(a) 1+ 2i lies in the upper-right quadrant (Figure 2.14), and 
@=ten (2/1) =tan 2 
thus the principal argument 0 is 
O= H (Figure 2.13(b)) 
=tan™!2 (approximately 1.11 radians). 
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^ 1+ 21 


Figure 2.14 Angle ¢ for 
1+ 2% 
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-1-/3i 


Figure 2.15 Angle ¢ for 
-1 — V3i 


=1 +4/3: 


Figure 2.16 Angle ¢ for 
-1+ v3i 
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(b) —1— v3i lies in the lower-left quadrant (Figure 2.15), and 
$ = tan-1(|-V3)/|-1)) = tan“! V3 = 7/3; 
thus the principal argument @ is 
6=-(x-—¢) (Figure 2.13(b)) 
= —27/3. 
(c) —1 + V3i lies in the upper-left quadrant (Figure 2.16), and 
$ = tan 1(V3/|—1|) = tan"! V3 = 7/3; 
thus the principal argument 0 is 
6=x-—@ (Figure 2.13(b)) 
= Dif a: 


(We will see in the next subsection that ArgZ = — Arg z, and 
using this observation we could deduce part (c) from part (b).) 


Exercise 2.5 


For each of the following complex numbers z, write down Arg z and 
express z in polar form. 


(a) —4 (b) 3vV3+3i (©) v3-i (d) -1-i 


We finish this subsection with a remark on equality of complex numbers in 
polar form. Suppose that z1 = rı (cos 0, + isin 61) and 

z2 = T2(cos 2 + isin ĝ2) are non-zero complex numbers, and suppose also 
that z1 = z2. It follows that the moduli rı and rz must be equal, because 
rı = |z1| = |z2| = r2. In contrast, the arguments 0; and 02 need not be 
equal — they may differ by an integer multiple of 27; that is, 0; = 02 + 2kr, 
for some integer k. However, the principal arguments Arg zı and Arg z2 
must be equal, because they are uniquely specified by z1 and z2. Since |z| 
and Arg z themselves uniquely specify the non-zero complex number z, we 
obtain the following conclusion. 


Two non-zero complex numbers z; and z2 are equal if and only if 
|z1| = |z2| and Arg z = Arg 22. 
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2.3 A geometric interpretation of 
multiplication and division 


A geometric interpretation of the multiplication of complex numbers can 
be given using the polar form of complex numbers. Indeed, if z1 and zg are 
non-zero complex numbers with polar forms 


zı = rı(cosĝı +isin6;) and zg =1re(cos + isin 42), 
then, by using the formulas for the sine and cosine of the sum of two 
angles, we see that 
2122 = rır2(cos 6; + isin 01)(cos 82 + isin 62) 
= rır2( (cos ĝ1 cos 62 — sin 01 sin 82) + i(sin 01 cos 62 + cos 9, sin 62)) 
= r172(cos(@ + 62) + isin(A + 02)). 


So we have the following formula. 
Ze ryr2(cos(O, =F 62) =F isin(0, ar 62)). (21) A 


This formula shows that |z1z2| = rir2 = |z1||z2|, which we knew already, 
and also that the number 0; + 69 is an argument of z1z2. Thus we can 
describe in words the effect of multiplying z1 by z2 (both non-zero) as 
follows. 


The product of the modulus of zı and the modulus of z2 is the 
modulus of 229. 


The sum of an argument of zı and an argument of z2 is an argument 
of 2129. 


So the geometric effect on z1 of multiplying it by zə is to scale it by the 
factor |z2| and rotate it about 0 through the angle Arg z2. (This rotation is 


anticlockwise if Arg z2 > 0 and clockwise if Arg z2 < 0.) This is illustrated 01 + 02 
in Figure 2.17 for the case where z1, z2 and z122 are in the upper-right Figure 2.17 Moduli and 
quadrant, and 6), 02 and 01 + 62 are their principal arguments. arguments of z1, z2 and z122 


Notice that it is not always true that the principal argument of z1z2 is the 
sum of the principal arguments of zı and z2. It may differ from this sum 
by +27. 


For example, if Arg z1 = 7/2 and Arg z2 = 37/4, then 
Arg z1 + Arg zg = 57/4. 


Thus 57/4 is an argument of 2122, but 57/4 > 7 so it is not the principal 
argument of 2122. In fact, since =r < Arg(z1z2) <7, 


Arg(z122) = 57/4 — 2r = —37 /4. 
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Similarly, if Arg z1 = —7/4 and Arg z2 = —77/8, then 
Arg z1 + Arg z2 = —97/8, 

which is an argument of 2122, but 
Arg(z122) = —9/8 + 2a = 77/8. 


In general, since —2r < Arg z1 + Arg z2 < 27, we have the following 
property of Arg z. 


If z1 and zg are (non-zero) complex numbers, then 
Arg(z122) = Arg z1 + Arg z2 + 2nz, 


where n is —1, 0 or 1, depending on whether Arg z; + Arg z is greater 
than 7, lies in the interval (—7, 7], or is less than or equal to —7. 


Exercise 2.6 


Use polar forms of the complex numbers 
2)=—-1—-V3i and 2 =3V3+3i 
to evaluate 2122 and 27. 


(You will find Example 2.2(b) and Exercise 2.5(b) useful.) 


Exercise 2.7 


Describe the geometric effect on a complex number z of multiplying z 
by 22. 


As you might expect, the polar form of complex numbers is also useful for 
division. Indeed, if z1 and z2 are non-zero complex numbers with polar 
forms 


zı = rı(cosĝı +isin6@,) and zg = re(cos62 + isin 62), 


then, by using the formula cos? 62 + sin? 62 = 1 and the formulas for the 
sine and cosine of the difference of two angles, we see that 


3 


z1 1(cos 6; + isin 81) 


3 


2(cos 2 + isin 02) 

__ rı (cos 6; + isin 61) (cos #2 — isin 62) 

(cos 62 + isin 02) (cos 02 — isin 62) 

rı [ (cos 6, cos 02 + sin 01 sin 02) + i(sin 01 cos 02 — cos 01 sin 42) 
( cos? 69 + sin? bə ) 


= —(cos(6; — 02) + isin(0ı — 62)). 
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Sg 
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So we have the following formula. 


a cos (i Oar in (Ol ea) (2.2) 
Z2 12 


This formula shows that |z1/z2| = r1/r2 = |z1|/|z2| and also that the 
number ĝı — 02 is an argument of z1/z2. Thus we can describe the effect of 
dividing non-zero complex numbers as follows. 


The modulus of zı divided by the modulus of z is the modulus 
of 21/22. 


An argument of zı minus an argument of z is an argument of 21/22. 


Thus the geometric effect on z1 of dividing it by z2 is to scale it by the 
factor 1/|z2| and rotate it about 0 through the angle —Arg zg. (This 
rotation is clockwise if Arg z2 > 0 and anticlockwise if Arg z2 < 0.) 


Exercise 2.8 


Use polar forms of the complex numbers 
zı =1+v3i and z2 = V3 — i 


to evaluate 21/22. 


Exercise 2.9 


Describe the geometric effect on a complex number z of dividing z by 2i. 


An important special case of formula (2.2) for the quotient z1 /z2 is 
obtained when 


z1=1 and z= r(cosð + isin®), 
sO 
mel %=0;. ra=r;, b=: 


In this case we find that 
1 _ 1(cos0 + isin 0) 


r(cosO+isin@)  r(cos@+isin6) 


= ~(cos(0 — Ø) + isin(0 — 0)) 


= 1 (cos(—8) +isin(—0)). 


2 The complex plane 
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Figure 2.18 Moduli and 
arguments of z and z~', where 
lz) >1 


Figure 2.19 Moduli and 
arguments of z and z~!, where 
jz] =1 
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Thus the reciprocal of a non-zero complex number z can be described as 
follows. 


The reciprocal of the modulus of z is the modulus of 27t. 


The negative of an argument of z is an argument of z271. 


Notice that if z lies outside the circle of radius 1 centred at 0, then |z| > 1, 
so z~' lies inside this circle (because |z~!| < 1), as shown in Figure 2.18, 
and vice versa. If z lies on this circle, then |z| = 1, so z is of the form 
z = cos + isin and 

1 


z7! = (cos + isin 6)! 
= cos(—0) + isin(—0). 
Hence z~! also lies on the circle (see Figure 2.19); moreover, in this case 
z7! = cos(—6) + isin(—6) 


= cos@ —isin@ 


= 7%. 
In general, for all non-zero complex numbers z, 


ge l z 
gz k2? 


so (since 1/|z|? is real and positive) 
Arg z+ = Argz. 

Also, if —r < Arg z < m, then 
ArgZ = — Arg z, 


since Z is the reflection of z in the real axis. Thus we have the following 
properties of Arg z. 


If z is non-zero and —7 < Arg z < m, then 


ArgZ = Arg z! = — Arg z. 


Exercise 2.10 


Use a polar form of 1 + to evaluate (1 + i)™t. 


The product of several complex numbers 21, 22,...,2n has an 
interpretation similar to the product of two complex numbers. 


2 The complex plane 


The product of the moduli of z1, z2,..., Zn is the modulus 
OIE ZAZA e Ee 


The sum of arguments of 21, 22, .. . , Zn is an argument of 2122- - Zn. 


In other words, the product of the n complex numbers 
Zk = rk(cos 0k + isin ôk), k=1,2,...,n, 


is given by 

Z122" Zn = T1r2 `- Tn(cos(O, +02 +---+0n) +isin(ði + 62 +--+ On)). 
This formula can be obtained by applying the reasoning for the case n = 2 
repeatedly (and the formula can be proved in general using the Principle of 
Mathematical Induction). 


Exercise 2.11 


Use polar forms of the complex numbers 
za=1+i, 2=14+V3i, z3 =vVv3+i, 


to evaluate z12223. 


In the next subsection, polar form is used to calculate powers. 


2.4 De Moivre’s Theorem 


An important special case of the formula from the end of the previous 
subsection for the product 2122--- Zp is obtained when 


ryEs=Tg =" =n =1 and O= hs =O, =9, 


SO 


Z1 = Z2 = +++ = Zn = cos ð + isin 0. 


In this case, the product formula becomes 
(cos 0 + isin 0)” = cosnO+isinné, n=1,2,.... 


This identity is due to de Moivre (pronounced ‘duh mwah-vr’, with a short 
‘uh’). 


Abraham de Moivre 


Abraham de Moivre (1667-1754) was a French mathematician who 
lived much of his life in England. He first discovered a rather 
complicated-looking version of the identity that bears his name 

in 1707, and later, in 1722, refined it to give the version stated here. 
de Moivre also made important contributions to the theory of 
probability, publishing an influential text on the subject in 1711. 


Abraham de Moivre 
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Figure 2.20 shows a geometric interpretation of de Moivre’s identity. The 
powers of cos@ + isin @ are spaced around the circle with centre 0 and 
radius 1, the angle between adjacent powers being 0. Each multiplication 
by cos 0 + isin 0 gives rise to a rotation through angle 0 about 0. 


A 


(cos 6 + isin 0)’ 


= cos 30 + isin 30 (cos 6 + isin 0)? 


= cos 20 + i sin 20 


Figure 2.20 Powers of cos 0 + isin 


In Figure 2.21, the position of (cos @ + isin@)~! suggests that de Moivre’s 
identity holds also for negative integer powers; we now show that this is 
true. 


cos + isin 


(cos 0 + isin6)~} 
= cos(—0) + isin(—0) 


Figure 2.21 The complex number cos 0 + isin and its reciprocal 
cos(—0) + isin(—0) 


Theorem 2.2 De Moivre’s Theorem 


If n is an integer and 0 is a real number, then 


(cos 0 + isin 0)” = cos n0 + isin nð. 


Proof We have already proved De Moivre’s Theorem for a positive 
integer n, and it is also true for 


n=0, since (cos@ + isin)? = 1 = cos 0 + isin 0, 


n=-—1, since (cos@ + isin@)~' = cos(—0) + isin(—8). 


To complete the proof, note that if m is a positive integer, then 
(cos + isin 0)—™ = ((cos@ + isin 0)7t)™ 
= (cos(—0) + isin(—0))” 
= cos(—m0) + isin(—m6). 
Hence De Moivre’s Theorem holds also if n = —m, where m is a positive 
integer. | 


Exercise 2.12 
Use De Moivre’s Theorem to evaluate the following powers. 

(a) (V3+4)* (b) -7v3 (0) +H" (d) (-1+ 0° 
OR +i)~® 


Further exercises 


Exercise 2.13 
Plot each of the following complex numbers, and express each one in polar 
form, using the principal argument in each case. 
(a) 5 (bi) 4 (c) —3¢ (d) 2+ 22 (e) —24 2i 
(f) -v3-i (g) 3+4i (h) 3— 4i 


Exercise 2.14 
Plot each of the following complex numbers, and express each one in 
Cartesian form. 
(a) cos + isin r (b) 4(cos(—7r/2) + isin(—r/2)) 
(c) 3(cos 37/4 + isin 37/4) (d) 3(cosm/6 + isin 7/6) 
(e) cos(—2r/3) + isin(—27r/3) 


Exercise 2.15 
Find the distance from z1 to zg in each of the following cases. 
(a) a =1ti,22=24+3i (b) 4 =-243%, 2 =1-Ti 


(c) z271 =i, z2 = —i 


Exercise 2.10 


Use polar form and De Moivre’s Theorem to evaluate the following 
expressions, giving your answers in Cartesian form. 


. a (1+ i)® 
(a) (1+ V3i)° (b) +i (c) Ai 


2 The complex plane 
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Exercise 2.17 


Use De Moivre’s Theorem and the Binomial Theorem to prove that 
sin 30 = 3sin 0 — 4sin? 6, 


where @ is a real number. 


Exercise 2.18 


Prove that if (x + iy)4 = a + ib, where x + iy and a + ib are in Cartesian 
form, then 


(x? +y =a? +07. 
Exercise 2.19 


Prove that if Z = z7}, then |z| = 1. 


3 Solving equations with complex 
numbers 


After working through this section, you should be able to: 
e calculate the nth roots of a complex number 
e solve certain polynomial equations with complex coefficients. 


As we discussed in the Introduction, the use of complex numbers allows 
both quadratic and cubic equations with real coefficients to be solved. You 
will see in this module that complex numbers enable us to solve many 
equations that do not have real solutions. In this section we describe 
various polynomial equations whose complex solutions can be found 
explicitly. 


3.1 Calculating nth roots 


If a is a non-negative real number and n is a positive integer, then (/a or 
at/” denotes the non-negative nth root of a, that is, the unique 
non-negative number x such that x” = a. In this subsection we discuss the 
nth roots of a complex number, beginning with square roots. 


The simplest quadratic equation that has a complex solution but no real 
solutions is 


z74+1=0, thatis, 2? =-1. 


2 


One solution of this equation is z = 7, since if = —1; another solution is 


z = —1, since (—i)? = (—1)?4? =]. 


3 Solving equations with complex numbers 


A more general quadratic equation is 
2 =i 


where w is a given complex number. Any solution z of this equation is 
called a square root of w; for example, both 7 and —i are square roots 
of —1. 


In fact, we will show shortly that each non-zero complex number w has 
exactly two square roots. Then later we will introduce the notation yw or 
w!/? to denote a particular square root of w. 


The following example shows how to find square roots geometrically. 


Example 3.1 
Find the two solutions of the equation 


: A 
z2 =i. 


Solution P 


By the geometric properties of multiplication of complex numbers, 
described in Subsection 2.3, m/4 > 


the square of the modulus of z is the modulus of z?, 
an argument of z multiplied by 2 is an argument of 27. 


Since 7 has modulus 1 and argument 7/2, one solution of z? = i is 
obtained by taking z to have modulus v1 = 1 and argument 
5(1/2) = 1/4 (see Figure 3.1). This gives 


Figure 3.1 Modulus and 


ae eee 8 
z=1 ice T +ısın 7) argument of a square root of i 
1 l 
T E 


1 1 ILS aly . Pl r 
(Check: n Si) So ep 


1 il 
Since —= + —=i is a solution of z” =i, and (—1)? =1, 


V2 V2 


(Ged) 


is another solution of z? = i. Therefore the required solutions are 


— 


cr) 


Figure 3.2 The two square 
illustrated in Figure 3.2. roots of 4 
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Figure 3.3 A square root of i 
with argument 57/4 
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Remarks 


1. Notice that the second solution could also have been found 
geometrically. For example, if we had begun by taking i to have 
modulus 1 and argument 7/2 + 27 = 57/2, then the corresponding 
solution z would have modulus V1 = 1 and argument $(57/2) = 57/4 
(see Figure 3.3). This gives the solution 


i( 5r Lisi = 1 1. 
z = 1| cos — + isin — } = ——= — — i. 
4 4 V2 v2 
Applying the same procedure but with other arguments for 7 (such as 


1/2 — 2r = —37/2) just gives us repeats of the two solutions we have 
obtained already. 


2. Note that if z is a square root of a complex number w, then —z is also a 
square root of w. 


3. An alternative method of solving z? = i is to write z = x + iy, equate 
the real parts and imaginary parts of 


(z + iy)? =a? — y +2ryi= i 


(remembering that z1 = z2 means that Rez; = Re z2 and 

Im z; = Im zg), and then solve the resulting equations for x and y (as 
you will do in Exercise 3.7). This method is, however, not suitable for 
finding the nth roots of complex numbers if n > 2. 


Exercise 3.1 


Find the two solutions of the equation 


2=-14 V3. 


We now turn to the more general equation 
2° = wi, 


where w is a given complex number and n is any positive integer with 

n > 2. Each solution of z” = w is called an nth root of w. If w = 0, then 
z = 0 is the only solution. We will show shortly that each non-zero 
complex number w has exactly n nth roots. 


As a simple example, consider the equation 
z2 = 8, 


We will find solutions of this equation by expressing —8 in polar form. 
First, we can write 


—8 = 8(cos r + isin T), 


so a solution of z? = —8 is obtained by taking z to have modulus Ÿ}⁄8 = 2 
and argument 7/3. This gives 


z = 2(cosT/3 + isin t/3) = 1 + V3i. 


3 Solving equations with complex numbers 


But there are other ways of writing —8 in polar form, such as 
—8 = &(cos 3r + isin 37), 


so another solution of z? = —8 is obtained by taking z to have modulus 2 
(as before) and argument 37/3 = m. This is the real solution 


z = 2(cosm + isin T) = —2. 
By writing —8 in polar form in yet another way, as 
—8 = 8(cos 5r + isin 57), 
we obtain a third solution of z = —8, namely 
z = 2(cos 57/3 + isin 57/3) = 1 — V3i. 
We have now found the three solutions 
z = —2, 1+ v3i, 1- v3i, 
and there are no more; any other polar form representations of —8 will give 
repeats of solutions we have obtained already. 


Notice that these solutions all lie on the circle with centre 0 and radius 2 
(see Figure 3.4), and that the angle between adjacent solutions is 27/3. 
Thus these three cube roots form the vertices of an equilateral triangle. 
This is a special case of a general result for nth roots. 


A 
2(cos 7/3 + isin 7/3) 
1+ V3i 


2(cos 7 + isin 77) 
= -2 


2(cos 57/3 + isin 57/3) 
=1- V3i 


Figure 3.4 The three cube roots of —8 


In the following theorem we use the Greek letters p and ¢ in place of r 
and 0, because r and @ are needed in the proof. 


Theorem 3.1 


Let w = p(cos¢+ isin ġ) be a non-zero complex number in polar 
form. Then w has exactly n nth roots, given by 


2 2 
= p!" (cos( +i) +isin( Ê +h), 
n n n n 


where k = 0,1,...,n — 1. These roots form the vertices of an n-sided 
regular polygon inscribed in the circle of radius p!/" centred at 0. 
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Figure 3.5 Six sixth roots 
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Proof We seek the solutions of z” = w in polar form, 
z = r(cosð + isin 0). Since w = p(cos¢ + isin ġ), the equation z” = w 
takes the form 
r”(cosð + isin)” = p(cos o + isin @); 
that is, 
r”(cosnð + isinn@) = p(cos¢ + isin ¢), 
by De Moivre’s Theorem. 


We now determine r and @ by ‘equating moduli and arguments’. That is, 
we equate the moduli of both sides, and use the fact that the arguments of 
the two sides differ by an integer multiple of 27, to obtain 


r°=p and nð =¢ġ+2kr, wherek € Z. 


Since r is non-negative, the only possible value of r is pi! ” (recall that for 
a > 0, a'/” means the non-negative nth root of a), and the only possible 
values of are 
2 
d= ae all where k € Z. 
n n 


Hence the solutions of z” = w are all of the form 
2 2 
Zp = pie (cos(¢ + eZ) + isin($ + m=), where k € Z. 
n n n n 
At first sight, it might appear that we have found infinitely many 


solutions, one for each value of k. However, not all these solutions are 
distinct. Indeed, if kı and kə differ by an integer multiple of n, say 


kə = kı +mn, where m €Z, 


then 
2 2 2 
É aT = 2 (hy mn) = (2422) + 20m, 
n n n n n n 
so 
2 2 
Ge a a 
n n n n 


differ by an integer multiple of 27. 


Hence the solutions arising from kı and kz are identical. So all possible 
solutions of z” = w arise from the integers k = 0,1,...,n — 1. These n 
solutions are clearly distinct, since they lie on the circle of radius p!/” 
centred at 0, with the angle 27/n between adjacent solutions. Thus they 
do form the vertices of a regular n-sided polygon. (Figure 3.5 illustrates 
this in the case n = 6.) a 


If w = p(cos¢ + isin ġ), where ¢ is the principal argument of w, then 


zo = pil” (cos $ + isin 2) 


3 Solving equations with complex numbers 


is called the principal nth root of w, denoted by {yw or wl” In 
particular, the principal square root of w is denoted by \/w or w!/2, Note 
that if w is a positive real number (with principal argument ¢ = 0), then 
the principal nth root of w also has argument 0, so it is positive. Hence 
this use of the notation ~/w is consistent with the familiar real case. This 
consistency is taken further because for 0 € C, 4/0 or 0!/” is defined to 
be 0. 


A particularly important case of Theorem 3.1 occurs when w = 1, so p = 1 
and ¢ = 0. 


The number 1 has exactly n nth roots, given by 


21k 21k 
ax = cos( 2E) + isin( 2), k=O lm 
n n 


These are called the nth roots of unity. 


Note that zy = 1 is the principal nth root of unity for each n. 


The nth roots of unity lie on the circle of radius 1 centred at 0, with the 
angle 27/n between adjacent roots. The cases n = 2, 3,4 are illustrated in 
Figure 3.6. 


Example 3.2 

Determine the fourth roots of —8 + 8v3i in polar and Cartesian forms, 
plot them in the complex plane, and specify the principal fourth root. 
Solution 


Since 
|—8 + 8V/3| = |8||—1 + V33| = 84/ (—1)? + (V3)? = 16 
and —8 + 8\/3i has principal argument 


so Ee m 2i 
8 3 ae 


ta 
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Figure 3.7 ‘The fourth roots 
of —8 + 8V3i 
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we deduce that 
2 2 
Sa = 16 cos = +isin 2). 


Hence, by Theorem 3.1 with p = 16 and ¢ = 27/3, the four fourth 
roots of —8 + 8\/3i are 


3 Dies 2 
a = 164 cos a -= + isin ann a 
4 4 
T T 
=afou(S EA) iag +48), toaa 
cos Rs +7sin o k=, 1,2,8 
Thus the arguments of the four fourth roots of —8 + 8/3i are 
T ye eel 7 42(2) 4% oe 
~ 0'2 g’ G D G’ 6 DI aes 
so the polar and Cartesian forms of the fourth roots are as given 
below. 


Z | Polar form Cartesian form 
zo | 2(cosm/6 + isin 7/6) V3 +i 

a | 2(cos27/3+isin27/3) -—14+VJ3i 

zə | 2(cos77/6+isin77/6) —V3—-i4 

z3 | 2(cos 57/3 + isin57/3) 1-31 


The fourth roots are plotted in Figure 3.7. 


Since the principal argument of —8 + 8\/3i is 27/3, its principal 
fourth root is z = YI Aa 


The solution above illustrates the following strategy. 


To find the n nth roots zo, 21,...,2n—1 of a non-zero complex 
number w, apply the following steps. 


1. Express w in polar form, with modulus p and argument ¢. 


2. Substitute the values of p and ¢ in the formula 


Zk = o" (cos £ +122) +isin($ +2) ), 
n n n n 
wiee k = 0 lss; = le 


3. Convert the roots to Cartesian form, if required. 


3 Solving equations with complex numbers 


Remarks 


1. In the first step you should normally choose ¢ to be Arg w (as in 
Example 3.2); this has the advantage that the root zo obtained in the 
second step is the principal nth root of w. 


One disadvantage of this choice is the appearance of minus signs when 
Arg w is negative. This can be avoided by choosing ¢ to be Arg w + 27 
(which is positive), but with this choice, zo in step 2 will not be the 
principal nth root of w, which has to be identified separately. (See the 
solution to Exercise 3.2(b).) 


2. Where possible you should try to use the fact that the nth roots of w 
form a regular n-sided polygon to check your calculation of nth roots. 
For example, in Example 3.2 note that 


3 


z= ii z= i?zo = —zo and z3 = izo = —iz0, 


corresponding to the fact that multiplying z by i rotates z about 0 
through 7/2 anticlockwise. 


Exercise 3.2 


(a) Determine the cube roots of 8i in Cartesian form, plot them in the 
complex plane, and specify the principal cube root. 


(b) Determine the sixth roots of —i in polar form, plot them in the 
complex plane, and specify the principal sixth root. 


Exercise 3.3 


(a) Use the Geometric Series Identity to prove that if z is an nth root of 
unity (n > 2) and z £1, then 


l+z2t2?+---4+2"1=0. 
(b) Deduce from part (a) that the n nth roots of unity have sum 0. 


The result of Exercise 3.3 has the following physical interpretation. 
Consider n identical point masses distributed evenly around a circle in a 
plane, at positions marked by the nth roots of unity. Then the centre of 
mass of this collection of point masses is at the origin. 


3.2 Solutions of polynomial equations 
The quadratic equation 
az? +bz+c=0, 


where a,b,c are complex numbers and a ¥ 0, can be solved by the methods 
for solving real quadratic equations. For example, we may be able to 
factorise the quadratic expression, as in the following cases: 


2? +9=(z—3i)(z+3i)=0, soz=+3i, 
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and 
z2 + (1—i)jz—i=(z+1)(z—i)=0, soz=—-1,1. 


If there is no easy factorisation, then the formula 


—b ae WV b2 — 4ac 
= (3.1) 
a 


can be used. The justification of this formula (by completing the square 
and rearranging) is identical to that in the real case. 


xercise 3.4 


Solve the following equations. 


(a) 227-7iz+8=0 (b) 224+2z+1-i=0 


In the previous subsection we saw how to find the n solutions of the 
equation 


z = =0: 


However, it is only in exceptional cases that we can find an explicit 
algebraic solution of the polynomial equation (of degree n > 3) 


an2” +an—12"7! +--+ aiz + ao = 0, 


where do, @1,...,@,, are complex numbers and an # 0. For example, it may 
be possible to reduce a given polynomial equation to a quadratic equation 
by making a substitution, as in the next example. 


Example 3.3 
Solve the equation 
z* +42 +8=0. 
lution 
Substituting w = 2? gives 
w +4w+8=0, 
which has solutions 


TENGEN 


— =m D 
w 5 i 
Thus z = +y —2 + 27 or z = +y —2 — 21. 
Since 


—2 + 2i = V8(cos 37/4 + isin 37/4), 
we have 


V=2 + 2i = 8'/4(cos 37/8 + isin 37/8). 


3 Solving equations with complex numbers 


Remark 


The solutions in Example 3.3 are presented using the + notation to 
indicate the relationship between them. (As a consequence, they are not 
all in polar form.) In fact, since cos(—37/8) = cos 37/8 and 

sin(—37/8) = — sin 37/8, the four solutions form two complex conjugate 
pairs. It can be shown that non-real roots of a polynomial equation with 
real coefficients must occur in complex conjugate pairs; you will see this in 
Exercise 3.9. 


(a) Solve the equation 
2° — Tiz? +8 =0. 


(Hint: Use Exercise 3.4(a) and then Exercise 3.2(a). Also, you may 
find the following fact useful: if z is a cube root of 8i, then -4z is a 
cube root of —i.) 


(b) Solve the equation 
zf + 4iz? +8 =0. 
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Further exercises 


Exercise 3.6 


For each of the following complex numbers determine, in Cartesian form 
where convenient, the nth roots indicated, and plot them. In each case 
specify the principal nth root. 


(a) The square roots of 
(i) -i (ii) 4i. 
(b) The cube roots of 
(i) —1 (ii) —2 + 22. 
(c) The fourth roots of 
O z-i) 
(d) The fifth roots of 


(i) -1 (ï) —16 + 16v3i. 


CESET 


Exercise 3.7 


Use the method of equating real parts and imaginary parts to solve each of 
the following equations. 


(a) (x +iy)? =3+4i (b) (a + iy)? = —5 + 12i 


Exercise 3.8 


Solve each of the following equations, and plot their solutions. 


(a) 2t—274+14+i=0 (b) 22-4274+6z2-4=0 


Exercise 3.9 


Let p(z) = anz” + an_1z™ 1 +--+ +412 + ao, where ap, a1,...,@n are real 


numbers. Prove that if z satisfies p(z) = 0, then p(Z) = 0. 


(This shows that non-real roots of a polynomial equation with real 
coefficients must occur in complex conjugate pairs. ) 


4 Sets of complex numbers 


After working through this section, you should be able to: 


e understand the meaning of an inequality between real expressions 
involving complex numbers 

e understand the specification of subsets of the complex plane in terms of 
such inequalities 


e recognise certain basic open and closed sets. 


4.1 Inequalities 


Throughout the module we will use many inequalities involving complex 
numbers, and you will need to become adept at interpreting them. Here 
are some simple inequalities involving a complex number z and some 
examples of values of z for which they are true (Vv) or false (x). 


1+4 2-4 3+4i | -1-3i 
Rez>1 x Vv x x 
\z} <1 x x Vv x 
\Im z| > 2 x x x V 
Argz < 7/2 v v x v 


Notice that these four inequalities are all between expressions that are 
real-valued. We never write inequalities between complex-valued 
expressions such as 2 + ¿į or 2? + 1. 


The inequalities 


ALa and z2z<2z 


have no meaning unless both zı and zə are real. 


The reason why we can use inequalities with real numbers but not with 
complex numbers is because R is an ordered field, but C is not. 


Exercise 4.1 


Complete the following true/false table. 


Rez <0 
|z| > 2 
Imz < -1 
Argz > 0 


4 Sets of complex numbers 
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4.2 Sketching subsets of the complex plane 


In this subsection we will use set notation to describe various subsets of 
the complex plane. Before we do so, it will be helpful to recall some 
conventions from real analysis for representing intervals. For example, the 
open interval with endpoints 1,3 is 


C2y—(e2l <r <3} 
and the closed interval with endpoints —2, 2 is 
[-2,2] = {z : —2 < z < 2}. 
(Here zv is a real variable.) Intervals such as 
(r, r| ={x:-7<a<a} or [-a,a)={u:-7<ar<m} 


are called half-open (or half-closed), and it is often convenient to use 
unbounded open and closed intervals, such as 


(0,co) ={x:2>0} (open) 
and 
[1,00) ={x:a2>1} (closed). 


Let us now proceed with sketching in the complex plane. We begin with 
the example of two straight lines, illustrated in Figure 4.1. 


y= 


(a) (b) 
Figure 4.1 Two straight lines: (a) {z : Rez = 1}, (b) {z : Rez+2Imz = 3} 


Figure 4.1(a) depicts the vertical straight line with equation « = 1. If we 
were working with Cartesian coordinates (x, y), then that line would be 
made up of all points (x,y) with x = 1. However, we are working in the 
complex plane, so the line consists of the set of complex numbers 

z = x + iy such that x = 1. This set can be described in set notation as 


{z =xz+iy:xz=1}. 

We can use the formula x = Re z to write this set without x and y as 
{z:Rez= 1}. 

Similarly, the line in Figure 4.1(b) can be described as the set 
{z=a+iy:2+2y=3}. 

Using the formulas x = Rez and y = Im z, we can write this set as 
{z:Rez+2Imz=3}. 


Consider now the sets represented by shading in Figure 4.2. Each set 
comprises all points lying to one side of a straight line (possibly including 
the line itself). Such sets are called half-planes. 
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(a) (b) 


Figure 4.2 (a) Open half-plane {z : Rez > 1} (b) Closed half-plane 
{22 Imz < 2} 


The half-plane in Figure 4.2(a) consists of all points that lie to the right of 
the line « = 1, excluding the line itself. In set notation, this set is 


{z:Rez> 1}. 


The boundary line x = 1 is drawn as a broken line, to indicate that it is 
excluded from the set. The line crosses the x-axis at the point 1. This 
point is represented by a hollow dot (a small, empty circle), to indicate 
that it too is excluded from the set. 
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The half-plane in Figure 4.2(b) is made up of all points that lie below the 
line y = 2, including the line itself. This set is 


{z : Imz < 2}. 


This time, the boundary line y = 2 is drawn as an unbroken line, to show 
that it is included in the set. Also, the point 2i on the boundary is shown 
as a solid dot (a small, filled-in circle), to indicate that it is included in the 
set. 


Since the boundary is not included in the half-plane {z : Rez > 1}, we 
describe this half-plane as an open half-plane, in the same way that we 
describe an interval of the real line as an open interval if it does not 
include its boundary within the real line. (The boundary of an interval 
within the real line consists of its endpoints, if it has any.) In contrast, we 
say that the half-plane {z : Im z < 2} is a closed half-plane because it does 
include its boundary — again, this terminology corresponds to the 
terminology we use for closed intervals. 


Two more examples of open and closed half-planes are shown in Figure 4.3. 
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Figure 4.3 (a) Open half-plane {z : Rez + 2Imz > 3} 


(b) Closed half-plane {z : Rez — Imz > —1} 
The equation of the broken line in Figure 4.3(a) is x + 2y = 3, or 
Rez+2Imz=3. 


The shaded region represents points z that lie above this line, excluding 
the line itself; such points satisfy 


Rez+2Imz > 3. 

Points below the broken line satisfy 
Rez+2Imz <3. 

For example, the point z = 0 lies below the line because 
Re0+2Im0=0 <3. 


Figure 4.3(b) displays the half-plane consisting of all points that lie below 
the line z — y = —1, including the line itself. After writing this line as 


Rez—Imz=-1, 


we see that points in the half-plane satisfy 
Rez — Imz > -1, 

and points outside the half-plane satisfy 
Rez — Imz < -1. 

For example, the point z = 0 lies in the half-plane because 
Re0 — Im0 = 0 > -1. 


The half-plane in Figure 4.3(a) is an open half-plane, because the 
boundary is excluded, whereas the half-plane in Figure 4.3(b) is a closed 
half-plane, because the boundary is included. The general definitions of 
open and closed half-planes are as follows. 


Definitions 


An open half-plane is a set of the form 
120 aRez + blima >e 

and a closed half-plane is a set of the form 
{z :0 Rez + blm 2 


where a,b,c € R and a,b are not both zero. 


Notice that an open half-plane can also be written in the form 
{z:aRez+bImz <c} 


(which is equally valid), by replacing a, b and c with their negatives. For 
example, by multiplying both sides of the inequality Rez > 1 by —1, we 
can write it in the alternative form —Re z < —1. It follows that the open 
half-plane shown in Figure 4.2(a) can also be written as 


{z : -Rez < —1}. 
Similar comments apply to closed half-planes. 


When asked to sketch a half-plane, you should first plot the boundary line 
ax + by = c, using either a broken line for an open half-plane (given by a 
strict inequality, < or >) or an unbroken line for a closed half-plane (given 
by a weak inequality, < or >). Then shade in one of the half-planes 
separated by the line. To determine which half-plane to shade, choose just 
one point not on the line (for example, 0) and work out whether or not it 


lies in the set. 


Try this procedure in the following exercise. 
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Exercise 4.2 


(a) Sketch the following sets. 
(i) {z:2Rez-—3Imz=-1} 
(ii) {z:Rez—Imz>0} 
(iii) {z:Rez+Imz< —1} 
(b) Use set notation to describe the set shaded in the following figure. 


A 


The four open half-planes shown in Figure 4.4 are particularly important 
in complex analysis. The half-planes above and below the real axis are 
called the upper half-plane and lower half-plane, respectively, and the 
half-planes to the left and right of the imaginary axis are called the left 
half-plane and right half-plane, respectively. 
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Figure 4.4 Four half-planes 


Complex numbers can be used to give particularly elegant formulas for 
circles in the complex plane. Consider the circles shown in Figure 4.5. 
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A 


w+ (y—1)? = 4 


xR 


(a) (b) 
Figure 4.5 Two circles: (a) {z : |z| = 1}, (b) {z : |z — il = 5} 


The circle z? + y? = 1 in Figure 4.5(a) is centred at 0 and has radius 1. 
Writing z = x + iy, we know that the modulus |z| of z satisfies 

|z|? = a? + y?. Therefore the equation of the circle is |z|? = 1, or, more 
simply, |z| = 1. So the circle is given in set notation as 


{z:|z|=1}. 
This particular circle is called the unit circle, and we will use it often. 


We can obtain the equation |z| = 1 in another manner by thinking 
geometrically. The circle consists of those points z in the complex plane 
that lie at a distance 1 from 0. As the distance from 0 to z is |z — 0| = |z|, 
we again see that the equation of the circle is |z| = 1. 


Let us apply this geometric method to obtain the equation of the circle 
with centre 7 and radius - shown in Figure 4.5(b). This circle is made up 
of those points z that lie at a distance 5 from i. The distance from i to z is 
|z — i], so the equation of the circle is |z — i| = 5. Therefore this circle is 
given in set notation as 


: 41l 
{z:|z—i| = 4}. 
In this case, the equation of the circle in complex form, namely 
is more concise than the equation 
2 2 
+ (y— 1)’ = 3 
using x and y. 


More generally, we have the following observation, in which we use the 
Greek letter a to denote the centre of a circle (a complex number). 


The circle with centre a € C and radius r > 0 can be written as 


{2;|2—a|=7}- 
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Next we look at how to use complex numbers to represent discs. A disc is 
the set of points inside a circle, possibly including the circle itself. 
Figure 4.6 shows two discs, both centred at 0. 


|z| = 2 


(a) (b) 
Figure 4.6 (a) Open disc {z : |z| <1} (b) Closed disc {z : |z| < 2} 


The boundary circle of the disc in Figure 4.6(a) is drawn as a broken curve 
to indicate that it is not part of the set. It follows that this disc comprises 
those points that lie less than a distance 1 away from 0, so it has 

equation |z| < 1. Discs that exclude their boundaries are called open discs. 


The boundary of the disc in Figure 4.6(b) is drawn as an unbroken curve 
to show that it is included in the set. This disc consists of points z that lie 
a distance less than or equal to 2 away from 0, so it has equation |z| < 2. 
Discs that include their boundaries are called closed discs. 


Two more examples of discs are shown in Figure 4.7. 
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(a) (b) 
Figure 4.7 (a) Open disc {z : |z —1—iļ| <1} (b) Closed disc 
{z: lz- il< $} 


The disc in Figure 4.7(a) is centred at 1 +i and has radius 1. It is an open 
disc because the boundary circle, shown as a broken curve, is excluded 
from the set. In particular, the points z = 1 and z =i where the circle 
touches the axes are not in the set. The disc is made up of those points z 


that lie less than a distance 1 away from the centre 1 +7, so it has equation 


jz- (1+i|<1, or |z-1-i] <1. 
The disc in Figure 4.7(b) with centre i and radius 4 is a closed disc, 


because the boundary circle, shown as an unbroken curve, is included in 


the set. For example, the points ži and 3i where the circle intersects the 


imaginary axis are both included in the set. This disc has equation 
tel 
|e =4| = oe 


More generally, we have the following definitions of open and closed discs 
using set notation. 


Definitions 

An open disc is a set of the form 
{z:|z-a| <r}, 

and a closed disc is a set of the form 
{z:|2-a| <r}, 


where a € C is the centre of the disc and r > 0 is the radius. 


Exercise 4.3 


(a) Sketch the following sets. 
(ij) {z:|z-—142i|=1} 
(ii) {z:|z-—1+42i| <1} 
(iii) {z:|z +2- 3i] < 3} 
(b) Use set notation to describe the set shaded in the following figure, 
which is a disc with centre —1 — i. 
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Next we will look at various other sets that are related to circles and discs. 


Figure 4.8 shows two shaded sets, each the outside of a disc. 
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(a) (b) 
Figure 4.8 (a) {z:|z]}>1} (b) {z:|z-1-1|>1} 


The set in Figure 4.8(a) comprises those points that lie outside the circle 
|z| = 1, excluding the circle itself (because the boundary is drawn as a 
broken curve). Points in this set lie at a distance greater than 1 from 0, so 
the set is made up of points z that satisfy the inequality 


|z| 1 


The set in Figure 4.8(b) is made up of those points that lie outside the 
circle centred at 1 + ¿ of radius 1, which, as you saw earlier, has equation 
|z —1-— i| =1. In this case, the set includes the circle itself, because the 
boundary is drawn as an unbroken curve. Points in this set lie at a 
distance greater than or equal to 1 from 1 +7, so the set is made up of 
points z that satisfy the inequality 


e—t=4| S14, 


In both these figures, the centres of the circles are marked by solid dots. 
We use solid dots rather than hollow dots, even though the centres do not 
belong to the sets, because hollow dots are reserved for points on the 
boundary of a set that are excluded from that set. 


Figure 4.9 introduces a new type of set called an annulus (the plural is 
annuli). An annulus is the set between two concentric circles, possibly 
including one or both of the boundary circles. 
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Figure 4.9 (a) Open annulus {z: 1 < |z| < 2} 
{z: 3 <|z-i] <3} 


(b) Closed annulus 


The annulus in Figure 4.9(a) consists of those points that lie strictly 
between the circles given by the equations |z| = 1 and |z| = 2. Both 
boundary circles are excluded, so the annulus is the set of points z that 
satisfy the inequalities 


1 < |z| <2: 
An annulus that excludes both its boundary circles is called an open 
annulus. 


The annulus in Figure 4.9(b) has boundary circles given by the equations 
|z — i| = § and |z — i| = 3. This time, both circles are included in the set, 
so this annulus is the set of points z that satisfy the inequalities 


ee 
<|2—-4| < 3: 


An annulus that includes both its boundary circles is called a closed 
annulus. 


Definitions 

An open annulus is a set of the form 
{2 <2 a = ro 

and a closed annulus is a set of the form 
tzari Ss |e =a <3), 


where a € C is the centre of the annulus and rg > rı > 0 are the radii 
of the boundary circles. 


Some annuli include one boundary circle but not the other; such annuli are 
not referred to as either open or closed. 


Figure 4.10 shows two punctured discs; these are discs from which the 
centre points have been removed. In each diagram, the centre point is 
indicated by a hollow dot, because it lies on the boundary of the set, but is 
not included in the set. 
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Figure 4.10 Punctured discs: (a) {z : 0 < |z| < 1}, (b) {z :0 < |z +il < 4} 
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Figure 4.10(a) is a punctured open disc. It consists of points in the disc 
{z : |z| < 1}, except the centre 0. Therefore this punctured disc is the set 
of points z that satisfy the inequalities 


0< |z| <1. 


Figure 4.10(b) is a punctured closed disc. It is the set of points z that 
satisfy the inequalities 


sh 
O< jeti = 5: 


The next exercise gives you practice at sketching sets related to circles and 
discs. 


Exercise 4.4 


(a) Sketch the following sets. 
(i) {z:|z+i| > 4} 
(ii) {2:$<|z+1] <2} 
(iii) {z:2<|z+2—- 3%] < 3} 
(b) Use set notation to describe the set shaded in the following figure, 
which is a punctured disc with centre 1 — 2i. 
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Each of the two diagrams in Figure 4.11 displays a ray or half-line, which 
is half a straight line with its endpoint missing (indicated by a hollow dot). 
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(a) (b) 
Figure 4.11 Rays: (a) {z : Argz = 7/4}, (b) {z : Arg(z — 1 — i) = 7/4} 
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The ray in Figure 4.11(a) comprises those points of the complex plane with 
principal argument equal to 7/4, so it has equation 


Arg z = 7/4. 


For Figure 4.11(b), we see that a point z lies on this ray if and only if the 
point z — (1 + i) lies on the ray in Figure 4.11(a). As 
z—(14+%1)=z-—1-i, it follows that the equation of Figure 4.11(b) is 


Arg(z — 1 — i) = 7/4. 


More generally, we have the following definition of a ray. 


Definition 
A ray or half-line is a set of the form 
{z : Arg(z — a) = 0}, 


where a € C and -mr <0 < 7r. 


Figure 4.12 shows two examples of sets that we call sectors. A sector is a 
set bounded by two rays that share a common endpoint. The sector may 
or may not include one or both of the boundary rays. 


(a) (b) 

Figure 4.12 Sectors: (a) {z : 2/4 < Arg z < 37/4}, (b) {z: |Arg z| > 57/6} 

The sector in Figure 4.12(a) consists of all points whose principal argument 

lies strictly between 7/4 and 37/4, so it is the set of points z for which 
T/4 < Argz < 37/4. 

This set is called an open sector because the boundary is excluded. 


The sector in Figure 4.12(b) is made up of those points whose principal 
argument is either less than or equal to —57/6, or greater than or equal to 
57/6. That is, the sector contains those points z that satisfy either 


Argz < —5r/6 or Argz> 57/6. 
We can write these two inequalities as the single inequality 


|Arg z| > 57/6. 
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The sector in Figure 4.12(b) is not called a ‘closed sector’ because even 
though the boundary rays are included in the sector, the point 0, which 
also lies on the boundary, is excluded. 


The four quadrants of the complex plane (defined in Subsection 2.1) are 
open sectors. For example, the upper-right quadrant is the set 


{z:0< Argz < 7/2}. 


Two more sectors are shown in Figure 4.13. In each of these sectors the 
boundary rays meet at vertices away from the origin. 
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Figure 4.13 Open sectors: (a) {z : |Arg(z — 1)| < 37/4}, 
(b) {z : Arg(z — 1 — i) <—a/2 or Arg(z— 1 — i) > 27/3} 


To find the inequality for the sector in Figure 4.13(a), first consider the set 
that is obtained by translating this sector by one unit to the left. This new 
set is itself a sector, comprising points z that satisfy the inequality 


|Arg z| < 37/4. 


Under the translation, the point z is moved to the point z — 1, so it follows 
that the original sector comprises points z that satisfy the inequality 


|Arg(z — 1)| < 37/4. 
Reasoning in a similar way, we find that the sector in Figure 4.13(b) 
consists of points z that satisfy either 

Arg(z-—1-—i)<-a/2 or Arg(z-— 1- i) > 20/3. 


Both sectors in Figure 4.13 are open sectors. The general definition of an 
open sector is as follows. 


Definition 
An open sector is a set of one of the forms 
{z:a< Arg(z—a) < d} 
or 
{z : Arg(z — a) < a or Arg(z — a) > b}, 
where œ € C and -nr <a<b<r7. 


4 Sets of complex numbers 


The complex number a in this definition is the location of the vertex of the 
sector, and a and b are real numbers that determine the angles of the 
boundary rays. 


Exercise 4.5 


(a) Sketch the following sets. 
(i) {z: Arg z = —27/3} (ii) {z : Arg(z — i) = 37/4} 
(iii) {z: |Arg z| < 27/3} 
(b) Use set notation to describe the set shaded in the following figure. 
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We can use standard operations on sets to create new subsets of the 
complex plane from old ones. Three of these operations are defined below. 


Definitions 
Let A and B be subsets of the complex plane. 
The union of A and B is 


AUB={z:ze€Aorze B}. 
The intersection of A and B is 

ANB={z:z2¢€Aand ze B}. 
The difference of A and B is 

A-B={z:ze€Aandz¢ B}. 


Remarks 


1. The set AM B is also commonly written as {z : z € A, z € B}; the 
comma takes the place of the word ‘and’. 


2. The difference A — B should be read as ‘A minus B’. 
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Figure 4.15 
A-—B,ANBandB-A 


Disjoint sets 


These operations are illustrated by the Venn diagrams in Figure 4.14; 
these are abstract depictions of the operations. (They are not sketches in 
the complex plane.) The sets A and B are enclosed by the circles in each 
diagram, and the shaded parts represent AU B, AN B and A — B, 
respectively. 


A B A B A B 
AUB ANB A-B 


Figure 4.14 Venn diagrams 


Notice that, as shown in Figure 4.15, the three sets A— B, AN B and 
B — A are mutually disjoint, meaning that no two of them have any points 
in common, and their union is AU B. 


We now examine the effects of these operations on the subsets A and B of 
the complex plane shown in Figure 4.16. 
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A={z:Rez> 1} B={z:|z—1| <1} 
Figure 4.16 An open half-plane A and a closed disc B 


The sets AU B, AN B and A — B are displayed in Figure 4.17. 
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{z:Rez> lor |z-1| <1} 


{z:Rez>1, |z-1|< 1} {z:Rez> 1, |z-1|>1} 


Figure 4.17 The sets AUB, AN Band A— B 
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Since A is determined by the single condition Rez > 1, and B is 
determined by the single condition |z — 1| < 1, the set AU B consists of 
points z for which Rez > 1 or |z — 1| < 1. The set AN B is made up of 
points that satisfy both conditions, Rez > 1 and |z — 1| < 1. Finally, the 
set A — B comprises points z for which the condition Rez > 1 is true and 
the condition |z — 1| < 1 is false. That is, A — B is determined by the 
inequalities Rez > 1 and |z — 1| > 1. 


We finish here by discussing complements of subsets of the complex plane. 


Definition 
The complement of a subset A of the complex plane is the set C — A 
of all the points of C that are not in A. 


We have already seen some examples of complements. For instance, 
Figure 4.8(a) illustrates the complement of a closed disc, and Figure 4.8(b) 
illustrates the complement of an open disc. Figure 4.18 provides two more 
examples. 


(a) (b) 


Figure 4.18 (a) A punctured plane C — {1+ i} = {z : |z — 1 — i| > 0} 
(b) The cut plane C — {x E€ R : x < 0} = {z: |Argz| < r} 


Figure 4.18(a) is the complex plane with a single point removed; such sets 
are called punctured planes. The punctured plane in Figure 4.18(a) is 
the complement of the single-point set {1 + i}. Figure 4.18(b) is the 
complex plane with the negative real axis and 0 removed. This set can be 
described by the equation |Arg z| < 7; we call it a cut plane. 


Definition 
A cut plane is the complex plane C with a half-line from the origin 


and the origin itself removed. 


In particular, the set C — {x € R : x < 0} is a cut plane, and this set 
can also be specified as {z : |Arg z| < T}. 


Note that some texts use the phrase slit plane instead of cut plane. 
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Figure 4.19 A disc filled with 
hatching 
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The next exercise gives you practice at applying set operations. 


Exercise 4.6 


Let 
A= {z:|Rez| <1} and B= {z:]|z|< 2}. 

(a) Sketch the following sets (on separate diagrams). 
(i) A (ii) B (iii) AUB (iv) ANB (v) A-B 
(vi) C-A 

(b) Complete the statement C — (AU B) = {z : A 


We summarise the various conventions for sketching subsets of C. 


Sketching conventions 

e The interior of a set is shown by shading. 

e Boundary curves that belong to the set are drawn unbroken. 

e Boundary curves that do not belong to the set are drawn broken. 


e Distinguished boundary points that belong to the set are drawn as 
solid dots (small, filled-in circles). 


Distinguished boundary points that do not belong to the set are 
drawn as hollow dots (small, empty circles). 


When sketching, there is some latitude as to which points you should mark 
on your sketch and whether you should calculate the complex numbers 
corresponding to those points. As a general rule, you should always mark 
distinguished boundary points of your sketch, such as points where two 
boundary curves meet at a corner, or distinguished points that are 
excluded from the set. You should also include points to help specify 
exactly what the sketch represents; for example, you may include some 
intersection points of boundary curves with the axes. However, do not 
include too many points, or your diagram will appear cluttered. Usually, 
you should write down the complex number corresponding to a point that 
you have included, provided that the complex number is relatively 
straightforward to determine. 


These conventions will remain in force throughout the module, although 
we will not always include shading. When sketching sets by hand you 
could consider replacing shading by hatching, as shown in Figure 4.19. 


Exercise 4.7 


Sketch the following sets, using the sketching conventions. 
a) {z:Imz> 0} 

b) {z:|z+1] <1} 

c) {z:0<|z+1+2:3| < 1} 

{z : |Arg(z +1 -— i)| < 2/3} 

{e:|e-1<|2-2)} 

C—{z:Rez> 1} 

g) {z:Imz>0}-—{z:|z+1| <1} 

h) {z: Argz = 7/6} U {z: Arg(z — V3 — i) = 0} 

i) {z: Argz=7/6}N{z: Arg(z — V3 — i) = 0} 


Hint: For part (e), interpret the inequality in terms of distances.) 
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Further exercises 


Exercise 4.8 


Sketch the following sets, using the sketching conventions. 


(a) {z:|Rez| < 1, |Imz| < 1} 

(b) {2: lz- il <2, 20} 

(c) {z:Rez+2Imz+3 > 0} 
(da) {z:Rez>0}U{z:Imz>0} 
(e) {z:|z| > 1,|Argz| < 7/4} 

(£) {z:|z+1+22| < 1} 

(g) {z: Rez >1,ļ|z— i| < 2} 

(h) {z:|e+il < |z + 2il} 

(i) {z:|z| <3}-—{z: |z| < 2} 
G) C-—{z:22+z-2=0} 


5 Proving inequalities 
After working through this section, you should be able to: 


e use the rules for rearranging inequalities and the rules for obtaining new 
inequalities from old ones 


e prove inequalities involving the moduli of complex numbers by using 
various forms of the Triangle Inequality. 
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5.1 Rules for rearranging inequalities 


In Section 4 we used equalities and inequalities to define subsets of the 
complex plane. In this section you will see how to prove new inequalities 
by deducing them from simpler known inequalities (such as |z| > 0, which 
holds for all z) using various rules. We begin by reminding you of the rules 
for rearranging a given inequality into an equivalent form; such equivalent 
inequalities are linked by the symbol ‘ ==> ’, which may be read as ‘is 
equivalent to’ or ‘if and only if’. 


Rules for Rearranging Inequalities 
For all a,b,c € R, the following rules apply. 
Rule 1 a<b <=> b-a>0. 

Rule 2 a<b = a+c<b+c. 
Rule 3 Ifc>0, thena<b <= ac < be. 


lIire<U, tima<o == ae > ive. 


il 1 
Rule 4 LEE is 2105, TURE @) SD See 
Rule 5 [fa,b>Oandp>0, thena<b <=> a? < PP. 


Rule 6 |al<b => -b<a<b. 


There are corresponding versions of Rules 1—6 in which the strict 
inequality ‘<’ is replaced by the weak inequality ‘<’. 


The next two rules can be used to deduce new inequalities from given ones. 
Here, however, the new inequalities are not equivalent to the old ones, since 
the old inequalities cannot be deduced from the new ones. Such deductions 
are written using the symbol ‘ => ’, which may be read as ‘implies’. 


Transitive Rule 
For all a,b,c E€ R, 


ax<haco<@ == a@<e@ 


For example, if x < 2, then x < 3 (because 2 < 3). 


Combination Rules for Inequalities 

For all a,b,c,d € R with a < b and c < d, the following rules apply. 
(a) Sum Rule a+c<b+d. 

(b) Product Rule ac<bd (provided that a,c > 0). 


For example, if 0 < n < 5, then (since 2 < 3), 
n+2<54+3=8 and 2n<3x5=15. 


There are also weak and weak/strict versions of the Transitive Rule and 
the Combination Rules, which you should be able to work out as they arise. 


The following example illustrates how the various rules are used in practice. 


Example 5.1 
Prove that 


On? >rt irr 3. 


Solution 


We rearrange the given inequality in order to find an equivalent, but 
simpler one: 


2 2 prEN 
A Srl) Ss : (Rule 3) 

1 
4> V2>14+- (Rule 5) 

ff 

il 
=> V2-1>- (Rule 2) 

if? 

1 

<= r> s = V24+1 (Rule 4). 
eae ( ) 


Since we are given that r > 3, and 3 > /2+1=2.414..., it follows 
from the Transitive Rule that r > V2 +1. Therefore the final 
inequality is true, so the first inequality must be true for r > 3 also. 


F -emark 

1. Example 5.1 could be solved, alternatively, by using Rule 1 to obtain the 
equivalent inequality r? — 2r — 1 > 0 and then completing the square. 
There is often more than one way to deal with a given inequality. 


2. In future we will not usually indicate which rule for rearranging a given 
inequality is being used. 


Exercise 5.1 


Prove that 
3r 
r2+2 


<1, forr> 2. 
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|Re z| 


Figure 5.1 Right-angled 
triangle with hypotenuse |z| 


Figure 5.2 Demonstration of 
the Triangle Inequality 
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5.2 The Triangle Inequality 


Many inequalities have a geometric interpretation. For example, the two 
inequalities 


Iz] < Va? +y? and yl < Vr? +y? 


can be used to represent the statement that, in a right-angled triangle, the 
hypotenuse is the longest side. They can be written in complex form as 
follows (see Figure 5.1). 


|\Rez| < |z| and |Imz]|< |z|. 


Or, equivalently, they can be written as 

-|z| < Rez < |z| and —|z| < Imz < |zlļ. 
Another elementary fact from plane geometry is that the length of any side 
of a triangle is less than or equal to the sum of the lengths of the other two 
sides. If z1, z2 are complex numbers, then 0, z; and z1 + z2 form the 
vertices of a triangle (see Figure 5.2) with side lengths |21|, |z2| and 
|z a Z|, SO 

|21 + z2| < [z1] + |zel. 
This is one form of an inequality called the Triangle Inequality, which will 
be used frequently throughout the module. 


Theorem 5.1 Triangle Inequality 
If Ziy E (C; then 
(a) [z1 + 22| < |zı| + |z2| (usual form) 


(b) |z1 — 22| > ||z1| — |z2|| (backwards form). 


An immediate consequence of the second part of this theorem is that 
ja — 22| > Jal- z| and |z — zg] > jz2| — zl. 


Proof Although part (a) follows from plane geometry, we give a proof 
using complex numbers that illustrates the use of several results about 
complex conjugates from this unit. 
We have 
|z + 22|? = (z1 + z2)(z1 + z2) (Theorem 2.1(c)) 
(z1 + 2) + 2) (Theorem 1.1(b)(i)) 
= 2121 + 2122 + 2221 + 270 
lal? + 21%] + 2% + |z2/? (Theorems 2.1(c), 1.1(a)(iii) 
and 1.1(b)(iii)) 


= jal? + 2 Re(z17) + |zel? 
< Ja? + 2) 2129] + |221 

= |z|? + 2\za||z2] + |221? 
= (|z| + |zal)? 


and so part (a) follows. 


(Theorem 1.1(a)(i)) 
(since |Re z| < |z|) 
(Theorem 2.1(b),(e)) 


Part (b) can be proved by a similar method; alternatively, note that 


z1| = |a — 22 + 22| < |z1 — 22| + |22], 
by part (a), so 

21 — 22 > 21| — |22 (5:1) 
Similarly, 

z2 — Z| = |z2| — [zıl 
and since |z2 — 21| = |z1 — z2|, we see that 

Zj — 22 > 29) — |21|« (5.2) 
Part (b) then follows from inequalities (5.1) and (5.2). a 


The backwards form of the Triangle Inequality also has a useful geometric 
interpretation, concerning the two circles centred at 0 through z1 and 22. 
It says that the distance from z2 to z1 is at least as large as the difference 
between the radii of these circles, as shown in Figure 5.3 for the case 

zl > |z9|. 


Several other versions of the Triangle Inequality are given in the following 
corollary. Each is a variant of one of the forms of the Triangle Inequality. 


Corollary 

ht 2, Fils Bjga009 Sn © Cy nem 
z| < |Re z| + |Im 2| 

b) |ai — 22] < lala 


(a 

( 

© katal all kal 
( 


SS 


znl < [zil + ll +- 


Zi Se) Æ ++ Ss Zal S leal = lea] ee 


ar [znl 


= |2nl- 


d) Z1 22 


e 


S 


Parts (a), (b) and (d) are variants of the usual form of the Triangle 
Inequality, whereas parts (c) and (e) are variants of the backwards form. 


Proof Part (a) is obtained by taking z1 = Rez and z3 = i Im z in the 
usual form of the Triangle Inequality. 
Parts (b) and (c) are obtained by substituting —z for z2 in Theorem 5.1. 


Parts (d) and (e) are obtained from parts (b) and (c) of this corollary and 
Theorem 5.1 by applying the Principle of Mathematical Induction — we 
omit the details. E 
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|z1 — 22 


[z| — |ze| 


Figure 5.3 Demonstration 
that |z = zol > |z1| = |z2| 
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The Triangle Inequality can be used to obtain estimates (also known as 
bounds) for the modulus of a complex expression involving z when we 
know that z lies in a certain set (such as a circle). The next example 
includes some typical applications. As indicated in the solutions to the 
example, it is not usual to refer explicitly to any of the variants (in the 
corollary) of the Triangle Inequality. However, use of the backwards form 
should be distinguished. 


Example 5.2 
(a) Prove the following inequalities. 
(i) |z?-—4z-—3]<15, for |z|=2 
(i =a tor 2) —2 
w 27 22) 2) te= 2 
(b) Find a number M such that 
z —4z-3 


PEE ag) oy: =9, 
e-e- a 


(a) (i) By the Triangle Inequality, 
EE + |—42| + |-3] 
= |e? +42] +3; 

0,100 le = 2, 
Els RG a ea aaa 
(ii) By the backwards form of the Triangle Inequality, 
2# => le — 7|; 
so; for lel = 2, 
z =i > K= i= 3 
(iii) By the backwards form of the Triangle Inequality, 
2? +2|> Iiz? — 2|; 


o> M= |= 2, 


(b) From part (a) we have, for |z| = 2, 
e= ele. = ee | 


Now 
2? —4z-3 | [22-42-38] 
(22 —7)(z24+2)|  |z22-—7| x |z22 +2] 
1 1 
= |e = 47 — 3 


x i 
|z2—7| eT ?] 
So, for |z| = 2, using the inequalities from part (a), we have 

2 
zł —4z-3 il id 6 
<15x =x ==-, 
(z2 — 7)(z? +2) | = 


a A 27 


Remarks 
1 


. Example 5.2(b) illustrates the fact that to obtain an upper estimate for 
a quotient, we need an upper estimate (in this case, 15) for the 
numerator and a lower estimate (in this case, 3 x 2) for the 
denominator. 


N 


. Equality is attained in the inequality 
|2? +2|>2, for |z|= 2, 
when z = 2i (or z = —2i), because 
(2i + 2| =|-4+ 2| = 2. 
In contrast, it is not possible to attain equality in the inequality 
|z? —4z -3| <15, for |z| =2, 


because it can be shown that the inequality remains true if 15 is 
replaced by certain smaller numbers, the smallest possible one of which 


is 74/7/3 = 10.69... 


Prove the following inequalities. 


1 1 
- <|— I < = 
(a) eee <1, for|a)=1 
2 1 I7 


Further exercises 


For |z| = 2, find an upper estimate for each of the following moduli. 
(a) |z+3] (b) |z— 4il (c) |3z + 2] (d) 1322 —5| 
(e) |27 +2 +1] 
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Exercise 5.4 


For |z| = 5, find a positive lower estimate for each of the following moduli. 


(a) |z—2| Œ) Jz +34] (e) [z-7 (€a) [22-7 


Exercise 5.5 


Find positive numbers m and M such that 


2+ 


m < 
z3—1 


|< m, for |z| =, 


Quaternions 


As you have seen, the complex numbers are formed by adjoining to 
the real numbers a new symbol 7 with the property i? = —1. In 1843 
the Irish mathematician William Rowan Hamilton (1805-1865), whom 
you met in the Introduction, realised that by adjoining to the real 
numbers three new symbols i, j and k with the properties 


=f =k? =k ==1 


we obtain a collection of numbers a + bi + cj + dk (where a,b,c,d € R) 
with almost all of the algebraic properties of a field. Hamilton called 
these numbers quaternions. The quaternions are peculiar in that 
multiplication of quaternions is not commutative; for example, it can 
be proved that 


William Rowan Hamilton ij =k whereas e= S 


Since they satisfy all the other properties of a field (all but property 
M5 from the ‘Arithmetic in C’ table after Theorem 1.1) the 
quaternions can be described as a non-commutative field. 


You have learned in this unit how the algebra of complex arithmetic is 
complemented by two-dimensional geometry in the complex plane. 
Quaternions are four-dimensional numbers, and they can be used to 
represent geometric objects in three and four dimensions. They play 
an important role in computer graphics, where quaternion algebra is 
used to manipulate three-dimensional images. They also feature in 
quantum mechanics, as an algebraic tool for representing the spin of 
elementary particles. 
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Solutions to exercises 


Solution to Exercise 1.1 
(a) (i) (244) +3é(-1438) =24+4-31-9 
=-7- 2% 
(ii) (2+4)(-14+ 31) = -2+ 61-1 -3 
=—5+ 50 
(iii) (—1 + 38)(-1— 38) = 1431-3149 =10 
(b) By part (a)(i), Rez = —7 and Imz = —2. 


Solution to Exercise 1.2 
(a) (xı + ty1) + (v2 + tye) 
= (xı + x2) + i(y1 + y2) 
(b) (xı + iy) — (x2 + tye) 
= (z1 — £2) + i(y1 — y2) 
(c) (er + iys)(02 + iyo) 
= 11 %q + 121 Yo + ty Xe — yi y2 
= (%1%2 — yry2) + i(£1Y2 + yi%2) 
(d) (x + iy)(@ — iy) = 2? — iy + tye + y? 
= ka? 


Solution to Exercise 1.3 


@) @ F=—07- 757% 
al. iei a lL 
G) 75 Upa- 71s 2 a 
aa L426 (1420-3) 

Gi) Sai (F323) 


8 t 


8 +i 
= = j l 
4+9 13 13 
zı +iyı (zı + iyı) (£2 — tye) 
(b) = 


T3 +iy2 (£2 + iy2)(x2 — iy2) 
_ (2122 + y1y2) + i(y122 — z142) 
z3 +Y 


PS (=> — (25 — T142 
= a +72 Se 


r3 +Y v3 +y 
Solution to Exercise 1.4 

Theorem 1.1(b)(i) 

Let z1 = xı + iyı and z2 = z2 + iy2. Then 


zı + z2 = (41 + z2) + i(y1 + y2), 


Solutions to exercises 


so 
zı + z2 = (£1 + £2) — i(yı + y2). 
Also, Z = x1 — iyı and Z = £2 — iy2, so 


Zi + 2% = (z1 + z2) — i(y1 + y2) 
= ži + 22, 


as required. 
Theorem 1.1(b)(iv) 
Let z1 = zı + iyı and z2 = z2 + iyo. Then 


zı T1T2 + Y1Y2 .{ Y1£2 — T12 
w 2a TN eee 8 
Z2 T3 + Y2 T3 + Yo 


by Exercise 1.3(b), so 


——- X1X2 + Yr1Yy2 .f Y1T2 — X1Y2 
(2)/z2) = i 


z3 + y3 r3 + y3 
Also, 27 = x1 — iyı and Z = £2 — ty2, SO 
A (== + — 
x3 + (—y2)? 
_((-y1)x22 — zı (— 
+i! vı) 2 — 
z3 + (—y2) 
= (23 A i) (4 = — 
= a) = 22 
Ly + Y2 Ly + Y2 
= (21/22), 


as required. 


Solution to Exercise 1.5 

(a) (21 +22)? 
= (z2 + z2)(z? + 22129 + z2) 
_ 33 2 F 22 2, 23 
= 2] + 22122 + z125 + 2122 + 22123 + 23 
= 2) 432i + 32122 + 28 


(b) (21 — 22)(2f + z122 + 25) 


= zi z z222 zizo z2 z2 
— »3 3 
E m 


(c) (a1 + a)(i — z2 + 2) 
= ZT = ze 2z9 F zz F ze zo = zy zk F a 
=4+% 
Alternatively, apply part (b) with z2 replaced 
by = 29. 
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Solution to Exercise 1.6 


(a) By the Binomial Theorem, 
(1+2)* =1+4i + 62? + 42° + 7° 
= 1 + 4i — 6 — 4i + 1 = —4. 


(b) By the Binomial Theorem, 


(3 + 2i)’ = 38 +3 x 3? x 2i +3 x 3 x (2i)? 
+ (21)? 
= 27 + 54i — 36 — 8i = —9 + 46i. 


Solution to Exercise 1.7 
(a) By the Geometric Series Identity, 
1+(1+i4+(14+0?% +A Hi’ 


_1-(1+i)4 
= 1-049) 
1—(-4 
= Hrag (by Exercise 1.6(a)) 
—i 
5xi 
=> = 55. 
—ixi 
(b) By the Geometric Series Identity and the hint, 
Pas =p 
= (z= i) + it ese +?) 
==) +i- z? — zi+ 1). 


So z — îi is one factor. 
Solution to Exercise 1.8 


2 Rez Imz —z Zz 


2+ 32 2 3 —2-—31 2-32 
3-4 3 1 3+2 —3 +i 
4i 0 —4i —4i 

5 5 0 —5 5 
0 0 0 0 0 


Solution to Exercise 1.9 
(a) ® = (2)i = —i 

(b) i* = (P?) =1 

(c) (141)? =1+2i + =2i 


(d) (1-1)? =1 — 2i + (—i)? = —2i 


= 1 

7-4 @-9025 2 2s 
1+i (14040 2i 
€) 77> ea 727? 


(g) 0+ = (+i +3) 

= 2i(1+7%) = -2+42i 
Alternatively, use the Binomial Theorem. 
(h) Use the identity a? — b? = (a+ b)(a — b): 


47" — (2— i}? 
= ((2 + i) + (2 — i))((2 + i) — (2 — i)) 
= 4x 2i = Bi. 


Alternatively, expand (2 + i)? and (2 — i)? 
separately. 


q 345i _ B+ 52 +39) 
2-31 (2—3/)(24+30) 
_6+4+19%-15 9 19. 
=- deg B 
n 3+2i  (3+2i)(1— 4i) 
0) ira ral a 
_8-10i+8 11 10, 
=- r r 


(k) By the Binomial Theorem, 
(3 + 4i)* — (3 — 4i)4 
= (34 +4 x 3? x (4i) +6 x 3? x (4i)? 
+4 x 3 x (4i)? + (47)*) 
— (34 +4 x 38 x (—4i) + 6 x 3? x Cary? 
+4 x 3 x (—4i)? + (—47)*) 
= 2(432i — 768i) = —672i. 
Alternatively, write 
(3 + 4i) — (3 — 4i)! 
= ((3 + 4i)? — (3 — 4i)? ((3 + 4i)? + (3 — 4i)?), 
and then observe that (3 + 4i)? = —7 + 24i and 


(3 — 4i)? = —7 — 24i, and simplify. 
(1) By the Geometric Series Identity, 
1+iti teo i 
1— i" 
q —1 
Serre 


(m) By the Geometric Series Identity, 
1-iti—---+i 


1-i (1-a(-i) -2 
1+i (1+a)(1-i) 2 
Alternatively, observe that 

am = (7)" = (—i)" = (-1)"2”, 


so by taking the complex conjugate of both sides of 


the equation 


L4G 4P + -+i si 


found in part (1), we obtain 


1g 4? pai Ii. 


Solution to Exercise 1.10 


Solution to Exercise 1.11 
Let z = xz + iy. Then Z = z — iy and 
ImZ = Im(z — iy) 
=y 
= —Im(z + iy) 


= — Imz. 


Solution to Exercise 2.1 
(a) With z1 = 3 + i, z2 = —1 + 2i, we have 
zı Z 3 Op 22 = [= 21, 


z +z =2+3i, 24-2 =4-1. 


35 z1 + 2zZ2 0 
ze 24 
1, Z] © 
jet fis sa 
—ze -14 Z1 — Z2 © 
=9y e —2 


Solutions to exercises 


(b) With z1 = 3 +i, z2 = —1 + 2i, we have 
A234, Bet 
zi +22 =2 +3, zı + z2 =2-— 31. 


37 eži +z 
Z206 2- 

14 zı © 
J- =l Lsa” 

-14 AR 
Z2 e@—2+4 

—35 ez + 22 


Solution to Exercise 2.2 

(a) (i) [l+i)=VPFP= V2 

(ii) |2 — 43] = y2 + (—4)? = v20 = 2v5 
(iii) |] = v2 =1 

(iv) |—5 + 122| = ,/(—5)? + 12? = 169 = 13 
(b) Let z = x + iy. Then Z = x — iy and 

—z = —t — îy. Hence 


Bl = V+ a = VFF = le, 
|-| = VE FC = VP FP = le. 


Note that these results are ‘obvious’ geometrically. 


Solution to Exercise 2.3 
(a) Since z1 — 22 = 4 — i, 

a — z| = VË + (-1} = v17. 
(b) Since z1 + z2 = 2 + 3i, 

zı + z2| = V2 + 32 = /13. 
(c) The distance from zg to —z; is 


(—21) — zəl = |z + zal =4/ 18. 
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Solution to Exercise 2.4 
(a) Here r = |i| = 1, and the obvious choice for an 
argument of i is 0 = 7/2. Thus 
i = 1(cos7/2+isin 7/2) 
=cosa/2+isin7/2. 
(b) (i) 2(cos 7/3 + isin 7/3) 
= 2(1/2 + iv3/2) 
= 1+ V3i 
(ii) 3(cos(—7/4) + 7sin(—7/4)) 
= 3(1/V2 + i(-1/v2)) 
3 wig 
= F 
Solution to Exercise 2.5 


In each case we use the strategy for determining 
principal arguments to find Arg z. 


(a) —4 lies on the negative real axis, so 
Arg(—4) = 7 (see Figure 2.12). Since |—4| = 4, a 
polar form of —4 is 
A(cos a + isin r). 
(b) 3V3 + 3i lies in the upper-right quadrant, and 


i) 
o = tan~! — = tan™! — = we 
3 V3 6 


A 


3v3 + 3i 


> 


Thus the principal argument 0 is 


6=@ (see Figure 2.13(b)) 
= /6, 
Since 
[3/3 + 3i] = y (8V3)? + 3? = V27+9 = 6, 


a polar form of 3\/3 + 3i is 
6(cos 7/6 + isin 7/6). 
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(An alternative way to calculate the modulus is to 
observe that 


[33 + 3il = |3||V3 + il 


= 3y (v3)? +1? 
=3%2=6;) 


(c) v3 — i lies in the lower-right quadrant, and 


ve 


Thus the principal argument 6 is 


6=—@ (see Figure 2.13(b)) 
= -—7/6. 
Since |V/3 — i| = 4/ (V3)? + (—1)2 = 2, a polar form 
of /3 — i is 


2(cos(—7/6) 4 


isin(—7/6)). 


(d) —1 — i lies in the lower-left quadrant, and 


—1 
= tan! — = tan™! 1 = i 


=L=% 


Thus the principal argument 6 is 
0 = —(r — ġ) (see Figure 2.13(b)) 
= —(n — 7/4) = -37 /4. 
Since |-1 — i| = y(=1)2 + (-1)? = v2, a polar 


form of —1—7 is 


V2(cos(—37/4) + isin(—37/4)). 


Solution to Exercise 2.6 
la| = |—1 — V3i| = 2 and, from Example 2.2(b), 
an argument of zı is —27/3; so 
zı = 2(cos(—27/3) + isin(—27/3)). 
From Exercise 2.5(b), 
z = 6(cos7/6 + isin 7/6). 
Thus, from formula (2.1), 
212 = 2 x 6(cos(—27/3 + 77/6) 
+ isin(—27/3 + 7/6)) 
= 12(cos(—a/2) + isin(—7/2)) 
=I% 


and 
ze = 2121 
= 2 x 2(cos(—27/3 — 27/3) 

+ 4sin(—27/3 — 27/3)) 
= 4(cos(—4a/3) + isin(—47/3)) 
= 4(-1/2 + iV3/2) 
= —2 + 2/31. 


Solution to Exercise 2.7 


Since |2i| = 2 and Arg(27) = 7/2, multiplying z by 
2i scales z by the factor 2 and rotates it 
anticlockwise through 7/2 about 0. 


A 
21z 


Tle az 


Solution to Exercise 2.8 
A polar form of 1 + /3i is 
zı = 2(cos7/3 + isin7/3) 
and, from Exercise 2.5(c), a polar form of v3 — i is 


za = 2(cos(—7/6) + isin(—7/6)). 


Solutions to exercises 


Thus, from formula (2.2), 
Z1 


= Z (cos(r/3 — (—7/6)) 
22 
+ isin(t/3 — (—7/6))) 
= cos T/2 + isin 7/2 


= 2. 


Solution to Exercise 2.9 


Since |2i| = 2 and Arg(2i) = 7/2, dividing z by 2i 
scales z by the factor i and rotates it clockwise 


through 7/2 about 0. 


A 


Solution to Exercise 2.10 
Since 1 +i = vV2(cos Tt /4 + isin 7/4), we have 
Gr 4 cost E E 


V2 

1 1 1 
“ala z) 
=97 9% 


Solution to Exercise 2.11 

Since 
zy =1+i=V2(cos7/4+ isinz/4), 
zo = 1 + V3i = 2(cos7/3 + isin 7/3), 
z3 = V3 +i = 2(cos r /6 + isin 7/6), 


we have 
212023 = V2 x 2 x 2(cos(1/4+ 71/3 + 17/6) 
+ isin(m/4+7r/3+7/6)) 
= 4V2(cos 37/4 + isin 37/4) 
1 i 
=1v3(- + =i) 


= —4 + 4i. 
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Solution to Exercise 2.12 
(a) Since 
V3 +i = 2(cos 7/6 + isin 7/6), 
De Moivre’s Theorem gives 
(V3 + i)* = 2*(cos 47/6 + isin 47/6) 
= 16(cos 27/3 + isin 27/3) 


1 v3. 
= 16(-5 44) 


= —8 + 8V3i. 


(b) Since 
1 — V3i = 2(cos(—m/3) + isin(—7/3)), 
De Moivre’s Theorem gives 
(1 — V3i)? = 23 (cos(—32/3) + isin(—37/3)) 
= 8(cos(—7) + isin(—7)) 
= —8. 


(c) Since 
1+%=V2(cos7/4+ isin 7/4), 
De Moivre’s Theorem gives 
(1 +4)!9 = (v2)? (cos 107/4 + isin 107/4) 
= 2°(cos 7/2 + isin 1/2) 
= 32i. 
(d) Since 
—1 +i = V2 (cos 37/4 + isin 37/4), 
De Moivre’s Theorem gives 
(—1 +1)’ 
= (V2) 8 (cos(—24r /4) + isin(—247/4)) 
= 2-*(cos(—6z) + isin(—6r)) 


al 


(e) Since 
V3 +i = 2(cos 7/6 + isin 7/6), 
De Moivre’s Theorem gives 
(V3 +1) 
= 2-°(cos(—6m/6) + isin(—67/6)) 
= 2-®(cos(—7) + isin(—7)) 


L 
64° 
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Solution to Exercise 2.13 


If you can ‘see’ what the principal argument is 
from your diagram, then write it down. Our 
calculations use the strategy for determining 
principal arguments from Subsection 2.2. 


(a) 


5 = 5(cos0 + isin 0) 
(b) 


=1/ ner 7) 
1 = C ae 
(c) 


—3i 


-3i = 3(cos(-2) + isin(~2)) 


Solutions to exercises 


1 
(d) Arg( V3 i) = (= tan! =) = -37 
ii 2+ 22 
so 
5 
-v3 —i = 2(cos( =) isin( =)) 
7 (g) 
A 
3+ 4i 
|2 + 2i] = V8 = 2V2, > 
2 T 
Arg(2 + 2i) = tan™! = = — 
rg(2 + 2i) = tan F 
so 
T T 
242i = 2V/2(cos Z + isin). 
4 4 |3 + 4i| = /25 = 5, Arg(3 + 4i) = tan™! $, so 
(e) 3 + 4i = 5(cos 0 + isin 8), 
—2 + 2i t where 6 = tan! $ z 0.927 rad. 
(h) 
A 
D À 
|-2 + 2i| = V8 = 2V2, 
3—4i 
2 3 
Arg(—2 + 2i) = 7 — tan`! s =, 
m |3 — 4i] = V25 = 5, Arg(3 — 4i) = — tan™! $, so 
3—4i=5 0 +isinð), 
-24 2i = 2V3( cos ŽE 4 isin) a 
4 4 where 0 = — tan! $ x —0.927 rad. 
(£) Alternatively, part (g) tells us that 


i 3 + 4i = 5(cos 0 + isin 0), 
where 0 = tan`! , so 


3 — 4i = 3 + 4i = 5(cos(—0) + i sin(—0)). 


ay =i 
|-v3-iļ=2, 
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Solution to Exercise 2.14 (e) 
A 
(a) 
A 
T 7 j 
M > 1/ [27/3 
—1 
(-2) sin(-2) 1 v3. 
cos| =- } +2sIn| —— ] = -—= —- —2 
cost +isinaz = —1 3 3 2 2 
(b) Solution to Exercise 2.15 
(a) |zo2 — z| = |(2 + 3i) -(1 +7) 
= |1 + 2il 
R = VI +4= v5 
Mia (b) |z2 — ai] = |(1 — 78) - (-2 + 3i) 
= |3 — 10i] 
= y9 + 100 = v 109 
E e ee eee (c) |z2— 2| =|-i-3| 
4(cos( =) +isin( =)) = —4i = |-24 
(c) , =2 
Solution to Exercise 2.16 
3 3/4 (a) Since 
7 1 + V3i = 2(cosa/3 + isin 7/3), 
De Moivre’s Theorem gives 
(1+ V3i)° = (2(cos 7/3 + isin 1/3))° 
= 2°(cos 52/3 + isin 57/3 
3(cos = 4 isin 3) = 4 i i i 
4 4 V2 V2 = 2|; — £) 
(d) 
= 16 — 16V3i. 
(b) Since 
3 
T6 1 +i = v2(cos7r/4+ isin 7/4), 
De Moivre’s Theorem gives 
—4 
(+i) = (v2(cos n/4+ isin x/4)) 
= 2-4/2 (cos(—4r /4) + isin(—47/4)) 
1 e e 
nm ., T 3⁄3 3, = }(cos(—7r) + isin(—7)) 
3(cos Z + isin 2) = +i =-ł, 
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(c) Since 
1 +i = v2(cosr/4+ isin 7/4), 
De Moivre’s Theorem gives 
é 6 
(1+i)° = (v2(cosm/4 + isin 7/4)) 
= 2? (cos 3r /2 + isin 37/2). 
Also, 
V3 — i = 2(cos(—7/6) + isin(—7/6)), 
so De Moivre’s Theorem gives 
(V3 — i) = (2(cos(—7/6) + isin(—7/6)))~? 
= 2-3(cos7/2 + isin 1/2). 
Hence 
(+i)? 
(v3 — 4) 


= 23(cos 32/2 + isin 32/2) 
x 273(cos 1/2 + isin 1/2) 
= cos 2r + isin 2r = 1. 
Solution to Exercise 2.17 
By De Moivre’s Theorem, 
(cos @ + isin 8)’ = cos 30 + isin 30. 


By the Binomial Theorem, 
(cos @ + isin 8)? = cos? 6 + 3 cos? 0 (isin 8) 


+ 3cos (isin 6)? + (isin 0)’ 


= cos? 6 — 3 cos 0 sin? 0 
+ i(3 cos? 0 sin 6 — sin? 0). 
The two expressions we have obtained for 
(cos 0 + isin 0)? are equal, so their real parts are 
equal and their imaginary parts are equal. 
Equating the two imaginary parts gives 


sin 30 = 3 cos? 0 sin 8 — sin? 0. 
Since cos? 0 = 1 — sin? 6, we have 
sin 30 = 3sin 0 — 4sin? 0, 
as required. 
Solution to Exercise 2.18 


Since (x + iy)! = a + ib, it follows that 
Ja + iyl|* = |(@ + iy)*| = la + ibl. 


Solutions to exercises 


Squaring the left-hand side gives 
(eti =t = (@? T, 


and squaring the right-hand side gives a? + b?. 
Hence 


(x? +y =a? H. 
Solution to Exercise 2.19 


If Z = z271, then 


Hence, by Theorem 2.1(c), 
l? =2=1, 


so |z| = 1, as required. 


Solution to Exercise 3.1 


Since —1 + V3i = 2(cos 27/3 + isin 27/3), a 
solution of z? = —1 + v3i is obtained by taking z 
to have modulus V2 and argument $(27/3) = 7/3. 


This gives 
z = V2(cos 7/3 + isin 7/3) 
1 3 1 3 
ole oe 
2 2 v2 v2 


Therefore the required solutions are 


1 v3. 
a(t) 


Solution to Exercise 3.2 


(a) Using the principal argument of 8i, we have 
8i = 8(cos t /2 + isin 7/2), 


and, using the strategy for finding nth roots, we 
deduce that the cube roots of 8i are 


zp = 81/3 (cos( Z + | + isin(Z + EN) 
where k = 0,1,2; that is, 

zo = 2(cos7/6 + isina/6) = V3 + å, 

z1 = 2(cos 57/6 + isin 57/6) = —V3 + i, 

z2 = 2(cos 3T /2 + isin 37/2) = —2i. 
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Since the principal argument of 8i is 7/2, the 
principal cube root of 87 is zo. 


Z1 Zo 


Z2 


(b) The principal argument of —i is —7/2; to 
avoid negative signs, we use the argument 37/2. 
Thus 


—i = cos 3r /2 + isin 37/2, 


and, using the strategy for finding nth roots, we 
deduce that the sixth roots of —i are 


37 /2 2 37/2 2 
a = cos( a +1) +isin( 2 =) 


T T Sa IT T 
= cos(“ + k=) + isin(7 + ke), 
where k = 0,1,...,5; that is, 

zo = cos T/4 + isin 7T/4, 

zı = cos TT /12 + isin 77/12, 

zo = cos 11r /12 + isin 117/12, 

zg = cos 57/4 + isin 57/4, 

z4 = cos 197/12 + isin 197/12, 

z5 = cos 23m /12 + isin 237/12. 
Since the principal argument of —i is —7/2, the 
principal sixth root of —i has argument —7/12 and 
hence it is 25. 


Z1 


20 


22 
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Alternatively, using the principal argument, we 
have 


—i = cos(—a/2) + isin(—7/2), 
and, using the strategy, we deduce that the sixth 
roots of —7 are 


T T ra T T 

Zk = cos(— 5 + ke) + isin(—4 + ke), 
where k = 0,1,...,5; that is, 

zo = cos(—7/12) + tsin(—7/12), 

zı = cos T/4 + isin T/4, 

zg = cos Tm /12 + isin 77/12, 

z3 = cos 117/12 + isin 117/2, 

z4 = cos 57/4 + isin 57/4, 

z5 = cos 197/12 + isin 197/12. 


In this case, the principal sixth root is 


zo = cos(—7/12) + isin(—7/12). 


Solution to Exercise 3.3 
(a) By the Geometric Series Identity, 
l=g == 2) es oie te, 
Thus if 
=F and 271; 
then 
1—z”"=0 and 1-20, 
so 
l+z4+2te-4+271 =0, 
as required. 


(b) By De Moivre’s Theorem and the corollary to 

Theorem 3.1, the nth roots of unity are of the form 
er ee 

where 


z=cos2n/n+isin27/n. 


Hence, by part (a), the sum of the nth roots of 
unity is 0. 


Solution to Exercise 3.4 
(a) The factorisation 


2? — Tiz +8 = (z + i)(z — 8i) = 0 


shows that the solutions are z = —i, 81. 
(b) Formula (3.1) with a = 1, b = 2, c = 1 — i gives 
_ —2+„/4—4(1—_ì) 
5 2 
=-1ltvi 
1 
= —1 + —(1 +i) (by Example 3.1). 


“V2 
So the solutions are 
(i) z) l; 
z=(- — —i, | -1- — | - —i. 
va) * va) 3 
Solution to Exercise 3.5 
(a) Putting w = 2° gives 
w? — Tiw +8 = 0, 
so w = —i or w = 8 (see Exercise 3.4(a)). Thus 
the solutions are the cube roots of —i and 8i. 


We found the cube roots of 8i in Exercise 3.2(a); 
these are 


By a similar method, or using the hint, we find 
that the cube roots of —i are 


_v3_1, v3_1, 
2 2° 2 2 
Hence the six solutions are 
V3 +i, -V3 +i, —2i, 
v3 V1, 


i a a a 
(b) Putting w = 2? gives 


and —2i. 


and i. 


w? + 4iw +8 =0, 


SO 


—4i + y —16 — 32 
w = ———— c; 


2 
that is, 


=(V12—2)i or —(V12 + 2)i. 


T -E 


Solutions to exercises 


Since 
(V12 — 2)i = (v12 — 2) (cost /2 + isin 7/2) 
and 


—(V12 + 2)i = (v 12 + 2) (cos 32/2 + isin 37/2), 
the four solutions are 


z = +(V12 — 2)!/? (cost /4 + isin 1/4) 
= “(VIB 2)'"( 
+(V3 — 


vat ya) 

1)2(1 +i) 

Z= cee acer cle 
=+ (VIB +2)!2(— + 3 += i) 


T 
+(V3 + 1)? (—1 + å). 


Solution to Exercise 3.6 


In each case we will express the given complex 
number in polar form using the principal argument. 


(a) (i) As —i =cos(—7a/2) + isin(—7/2), the 
square roots of —i are 


zk = cos(—7/4+ kr) + isin(—r/4+ kr), 
k = 0,1. Thus the principal square root is 


1 1 1 
z0 = ) (1-1), 


v2 v2 V2 


and the other root is 
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(ii) As 4i = 4(cos m /2 + isin t/2), the square roots 
of 4i are 


zk = 2(cos(7/4+ kr) +isin(7/4+ kr)), 
k = 0,1. Thus the principal square root is 
zo = V2 + V2i = V2(1 +3), 
and the other root is 


zı = 


Ay = 


zı = —v2(1 + i) 


(b) (i) As —1 = cosr +isin7z, the cube roots 
of —1 are 


O Tag gia Tak 
Zk = COS 3 Ea isin 3 3) 


k = 0,1,2. The principal cube root is 


1 3i 
zo = cos T/3 + isin T/3 = = 
and the other roots are 
zy = cos mT + isin T = —l, 
1—v3i 
z2 = cos 57/3 + isin 57/3 = 
A 
_ 14+ ¥v3i 


2 


zy=-l 


_1-¥v3i 


(ii) As —2 + 2i = 2V2(cos 37/4 + isin 37/4), the 
cube roots of —2 + 2i are 


T 2T se IT 2T 
a= V2(cos( 3+2) tisin( $4422) ), 


k = 0,1,2. The principal cube root is 
zo = V2(cos7/4+ isin 7/4) =1+4, 
and the other roots are 
zı = V2(cos 117/12 + isin 112/12), 
z2 = V2(cos 197/12 + isin 197/12). 


A 


0 242i 
z=1l+. 
V2 
21 1/4 i 
22 
(c) (i) As 
Gt — i) = cos(—37/4) + isin(—37/4), 
the fourth roots of Gt — i) are 
ax = cos( z | eZ) | isin( ekg), 


k = 0,1,2,3. The principal fourth root is 
zo = cos(—32/16) + isin(—37/16), 
and the other roots are 
zı = cos 57/16 + isin 57/16, 
za = cos 137/16 + isin 137/16, 
z3 = cos 217/16 + isin 217/16. 


A 


oles 


(ii) As —1 +i = V2(cos3m/4 + isin 37/4), the 
fourth roots of —1 + i are 


Zęk = 21/8 (cos( +k 
k = 0,1,2,3. The principal fourth root is 

zo = 2/8 (cos 37/16 + isin 37/16), 
and the other roots are 

z = 21/8 (cos 117/16 + isin 117/16), 

zy = 2/8 (cos 197/16 + isin 197/16), 

z3 = 21/8 (cos 277/16 + isin 277/16). 


(d) (i) As —1 =cosa + isin 7, the fifth roots 


of —1 are 


5 


2 
Zk = COS ae nal + isin Tik 
5 5 
k =0,1,...,4. The principal fifth root is 
zo = cos7/5+isin7/5, 


and the other roots are 


zı = cos 37/5 + isin 37/5, 


z2 = cos T + isin m = —1, 


zg = cos Tr /5 + isin 77/5, 


z4 = cos 9r /5 + isin 97/5. 


A 
Z1 


23 


20 


Z4 


Solutions to exercises 


(ii) As —16 + 163i = 32(cos 27/3 + isin 27/3), 
the fifth roots of —16 + 16/3: are 


27 27 .. (20 2T 
23> 2(cos( 2 + ==) +isin( 2 + KE), 
k =0,1,...,4. The principal fifth root is 
zo = 2(cos 27/15 + isin 27/15), 
and the other roots are 
zı = 2(cos 87/15 + isin 87/15), 
Z = 2(cos 147/15 + isin 147/15), 
z3 = 2(cos 47/3 + isin 47/3), 
z4 = 2(cos 267/15 + isin 267/15). 


A 


Z1 


Solution to Exercise 3.7 


(a) Since (x + iy)? = x? — y? + 2ryi, equating the 
real parts and imaginary parts of 

(a + iy)? =3+ 4i 
gives 

r? — y =3, wey =4. (S1) 
From the second equation, y = 2/z, and 
substituting this in the first equation, we obtain 


x 


that is, 

a? — 3z? —4=0 
or 

(a? — 4)(a? +1) =0. 
Since x? + 1 Æ 0, it follows that z? = 4, so z = +2. 
By equations (S1), when x = 2 we have y = 1, and 
when 2 = —2 we have y = —1. The two solutions 
are therefore 


xz +iy = +(2 +i). 
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(b) Since (a + iy)? = z? — y? + 2xyi, equating the 

real parts and imaginary parts of 
(x + iy)? = —5 + 12i 

gives 

2xry = 12. 


From the second equation, y = 6/z, and 
substituting this in the first equation, we obtain 


z’ — y’ = =H (S2) 


that is, 
a + 5a” —36=0 
or 
(z? +9)(2? —4) =0. 


Since z? + 9 Æ 0, it follows that x? = 4, so x = +2. 
By equations (S2), when x = 2 we have y = 3, and 
when x = —2 we have y = —3. The two solutions 
are therefore 


£z + iy = +(2 + 3i). 


Solution to Exercise 3.8 


(a) Substituting w = 2? in 24 — 22+ 1 +i = 0 gives 
w?—w+1+i=0, 


which has solutions 


1+//1-4 } 
p ED 
2 
1-4 il } 
= 3 E zV —(3 + 4i) = 3 =e 584 Hi. 
From Exercise 3.7(a), V3 + 4i = 2 + i, and hence 
1 2 
=-+-(2 } 


so w= or w= i: 

(You may have spotted the factorisation 
w? —w++1+i= (w-—i)(w-—1+i).) 

Thus z =+vi or z =+V1—i. Since 


i = cos T /2 + isin 1/2 


and 


1 —i = V2(cos(—7/4) + isin(—7/4)), 
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we obtain the four solutions 


z=+(cos7/4+ isin 7/4) 
and 


z = +21/4(cos(—m/8) + isin(—7/8)). 


A 


Tii T 
cos — + isin — 
4 4 


sa 7) 
isin 
4 


(b) Since the polynomial z? — 42? + 6z — 4 has real 
coefficients and is of odd degree, we expect there to 
be at least one real solution (because the graph of 
the real function f(x) = z? — 4x? + 6a — 4 crosses 
the x-axis). By trial and error (trying factors of 4), 
we find that z = 2 is a solution and hence 


23 — 4z? + 6z — 4 = (z — 2)(2? — 2z + 2). 


Since the solutions of z? — 2z + 2 = 0 are 


_2+vy4-4x2 
— z 

24+ /-4 , 
a ae 


the solutions of the original equation are 


z 


z=2,1+4+i,1-i. 


el+2 
o> 
2 

el-—1 


Solution to Exercise 3.9 
If z satisfies p(z) = 0, then 
anz” +---+a1z+a9 =0. 


Taking complex conjugates of both sides and using 
Theorem 1.1(b) gives 


0 = anz” +: +aız + ao 


=An2"+---+4,72+ 40 


= Anz" +++: + aıZ + ao, 


since ao, 1, ...,a@n are real. Hence p(Z) = 0, as 


required. 


Remark: The solution to Exercise 3.8(b) provides 
an example of this result, whereas Exercise 3.8(a) 
shows that if the coefficients of a polynomial p are 
not all real, then solutions of p(z) = 0 need not 
occur in complex conjugate pairs. 


Solution to Exercise 4.1 


Rez <0 
|z| > 2 
Imz < -1 
Argz > 0 


Solution to Exercise 4.2 
(a) (i) {z:2Rez —3Imz = —1} 


A 


Solutions to exercises 


(ii) {z : Rez — Imz > 0} 
A 


eg. z=1 
is in 
the set 


(iii) {z : Rez + Imz < —1} 


A 


e.g. z= 0 
is not in 
the set 


(b) The half-plane includes its boundary, which 
has equation 


iz- y= -1. 


At z=0, 5x — y > -—1, and since 0 is not in this 
half-plane, the half-plane is the set 


{z : 3Rez—Imz< —1}. 
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Solution to Exercise 4.3 
(a) (i) {z:|z-14+2i =1} 


A 


— 24 


(ii) {z:|z-—1+4 2i| < 1} 


A 


/ 
—2i è 


(iii) {2 : |z +2- 3il < 3} 


a s 
4 N 
e 
l= We 

A 
a 


A 


—2 


(b) This set is an open disc with centre —1 — i 
and radius |—1 — i| = V2, so it is the set 


{z:|z+1+4| < V2}. 
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Solution to Exercise 4.4 
(a) (i) {z:|z+¢ > 5} 


A 


-_ — 
wi =~ 
A \ 
/ \ 
/ \ 
/ \ 
/ \ 
f \ 
| 4 
l E a 
\ / 
\ / 
\ 4 
N / 
N 7 
N 7 
a | 


(iii) {2:2 < |z +2- 3i| < 3} 


A 


(b) This set is a punctured open disc with centre 
1 — 27 and radius 1, so it is the set 


{z:0< |z-—1+2i| < 1}. 


Solution to Exercise 4.5 
(a) (i) {z: Argz = —27/3} 


A 


27/3 


(ii) {z : Arg(z — i) = 37/4} 


3/4 


i = 


(iii) {z : |Arg z| < 27/3} 


(b) This set is a sector (not an open one) with 
boundary rays {z : Arg(z + 2i) = 0} and 
{z : Arg(z + 2i) = 7/4}, so it is 


{z:0< Arg(z + 2i) < 7/4}. 


Solutions to exercises 


Solution to Exercise 4.6 
(a) (i) A= {z:|Rez|< 1} 


A 


| 
| 
| 
| 
| 
| 
| 
| 
: 
-1i 
| 
| 
| 
| 
| 
| 
| 
| 


(ii) B= {z*|z) < 2} 


A 


| 
| 
| 
| 
| 
| 
| 
| 
| 
4 > 
| 
| 
| 
| 
| 
| 
| 
| 
| 


(iii) AU B = {z : |Rez| < 1 or |z| < 2} 


l 
| 
—14 V3i| 
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(iv) AN B= {z: |Rez| < 1,|z| < 2} 


A 


—1 + V3i 


-1- v3 | 21- V3 


(v) A- B= {z: |Rez| < 1,|z| > 2} 


A 


| | 

| A-BI 

| = 
—1 + V3i 1+ /3i 
—— | 1— V3i 

| 

| | 

l l 
(vi) C— A= {z:|Rez| > 1} 

A 
C-A 
—1 1 


(b) C — (AUB) is the set of points z that lie in 
neither A nor B; that is, 


C — (AUB) = {z: |Rez| > 1, |z| > 2}. 


Solution to Exercise 4.7 
(a) {z:Imz > 0} 


A 


(b) {z:|z+1| <1} 


A 


(c) {z:0<|z+1+23| < 1} 


A 


a s 
4 N 
/ \ 
I o —2i 
E 29; ; 
N y 


(d) {z: |Arg(z +1 -1)| < 1/3} 
Y 


, 


(e) {z: |z -= 1| < |z- 2|} 


A 


This set consists of all points z whose distance 
from 1 is less than or equal to its distance from 2. 


(£) C—{z:Rez>1} 


A 


Solutions to exercises 


(g) {z : Imz > 0}-—{z:|z+1|< 1} 


A 


7 
/ NI 
OSS o SZS 
—2 -l 0 


(h) {z: Argz = 7T/6}U {z : Arg(z — v3 — i) 


(i) The sets {z : Argz = 7/6} and 

{z : Arg(z — v3 — i) = 0} have no points in 
common: their intersection is the empty set, Ø. 
We make no attempt to sketch Ø! 


Solution to Exercise 4.8 
(a) {z:|Rez| < 1,|Imz| < 1} 


-14+i 1+i4 
OS a ee pe bo oe era 9 
| | 
| | 
| | 
| | 
| | 
| | 
i | 
| | 
| | 
| | 
| | 
| | 
As iecesgen a cpu B 

=| = =¥ 
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(b) {2: |z- il <2, [e123 


A 


3i 


—i 


(c) {z : Rez +2Imz +3 > 0} 


A 


r+2y+3=0 


(d) {z: Rez > 0}U {z : Imz > 0} 
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(e) {z: |z 


> 1, |Arg z| < 7/4} 


(£) {2:|z+1+4+2i|<1} 


A 


=2i 


(g) {z : Rez >1,|z— i| < 2} 


A 


ie 1+2 


j= 


(1+ V3)i 


d 
+ 


a Pana nen ett a 


(h) {2: lz +i] < |e + 2il} 


A 


(i) {2: le] <3} — {2 : |z| < 2} 


(j) Since 2? + z — 2 = (z + 2)(z — 1), we see that 
{z:2 +z-2=0}= {1,-2}, 
so the set is C — {1, —2}. 


A 


Solutions to exercises 


Solution to Exercise 5.1 
Rearranging the given inequality, we obtain 
3r 


—— <1 4 3r<r? 42 
r2 +2 


(since r? +2 > 0, for all r) 
= 0 <r? -3r +2 
4> 0< (r— 1)(r — 2). 
Since the final inequality is true for r > 2, the first 
inequality must be true for r > 2. 


Solution to Exercise 5.2 
(a) By the Triangle Inequality, 


3 +42?| < |3| + [427| = 3 + 4ļz|?. 
Hence, for |z| = 1, 
3 +42?|<7, 
SO 
1 1 
e lit eg 
34+422|— 7 


Now, by the backwards form of the Triangle 
Inequality, 


3+42?| > |4|z|? — |3|]. 


Hence, for |z| = 1, 


3+ 427| > |4—3] =1, 


so 
ee ee 
34+422|— 1 
Thus 
tal zi for |z| = 1 
77 |3 +427” , 


as required. 


(b) We first establish the right-hand inequality. 
By the Triangle Inequality, 


|23 Oe 1) < let De] +1, 


and, by the backwards form of the Triangle 
Inequality, 


jz? +1) > |z? — 1]. 
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Hence, for |z| = 3, 
|23 +2z+1| <34 and |z +1|> 8, 


SO 


as required. 


Next we establish the left-hand inequality. By the 
backwards form of the Triangle Inequality, 


2 +2z+ 1| > |z — 2|z| = 1, 

and, by the usual form of the Triangle Inequality, 
2 +1|< |z|? +1. 

Hence, for |z| = 3, 

2 +2z+1|>20 and |z +1) < 10, 


SO 
2” +2z+1| 5 20 _ 
2+1 |710 


2, 


as required. 


Solution to Exercise 5.3 


Throughout this solution and the next two 
solutions, the appropriate version of the Triangle 
Inequality is given in parentheses. 


(a) |z + 3| < |z| + |3| (usual form) 
=2+3=5, forļ|z|=2. 
(b) |z — 4i| < |z| + |4i| (usual form) 
=2+4=6, for |z| =2. 
(c) [3z + 2| < |3z|+|2| (usual form) 
= 3]z| +2 
=3x2+2=8, for |z| =2. 
(d) |32? — 5| < |3z?| + |5| (usual form) 
= 3|z|? +5 
=3x 2 +5=17, for|z|=2. 
(e) |2 +2z+1| < |z?/4+|z|+]1] (usual form) 
=|z|? + |z| +1 
=2+2+1=7, Tole) =o. 


Solution to Exercise 5.4 


(a) |z —2| > ||z| — |2|| (backwards form) 
=|5 = 2|=3,. for|z| =5. 

(b) |z + 3il] > ||z| — |32|| (backwards form) 
=|5-3|=2, for |z| = 4. 

(c) |z-—7| > ||z|—|7|| (backwards form) 
=|5-7|=2, for |2|=5, 

(d) |2z —7| > ||2z| —|7|| (backwards form) 
=|10=7|=3, dor |z| =5. 


Solution to Exercise 5.5 


First we obtain upper and lower estimates for 
|23 +1], for |z| = 4, using appropriate versions of 
the Triangle Inequality. We have 


|2 +1] < |z3|+|1| (usual form) 


=|zŠ +1 
=64+1= 65, for |z| = 4. 
Also, 
l2 +1] > ||z?|—|1|| (backwards form) 
= |z? — 1| 
= |64 — 1| = 63, for |z| = 4. 


Next we obtain upper and lower estimates for 
|23 — 1|, for |z| = 4. We have 


|2 — 1| < |z3|+|1| (usual form) 


=|zP +1 
= 64+1=65, for |z| =4. 
Also, 
l — 1| > ||z*|—|1|| (backwards form) 
= lie —1 
= |64 — 1| = 63, for |z| = 4. 
So 
2+1 3 
= a 
— PPUT] 
l 65 
< 65 x — =—, for |z| = 4, 
63 63 
and 
z2 +1 3 
=| = iE 
— TT 
1 63 
> 63 x — = —, for |z| =4. 
65 65 


Hence the given inequalities hold with m = 63/65 
and M = 65/63. 
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1 Complex functions and their properties 


Introduction 


In Unit Al we introduced complex numbers and described a number of 
fundamental operations using them; in particular, we investigated the 
solution of equations involving complex numbers. We now study complex 
functions and we find that many of the standard real functions 
(polynomial, rational, exponential, trigonometric and hyperbolic) have 
complex analogues with remarkable geometric properties. 


In Section 1 we establish the basic language associated with complex 
functions, such as sums, products, quotients and composites of functions. 
We also discuss the problems associated with forming inverses of complex 
functions. 


In Section 2 we discuss two special types of complex function, namely 
those with codomain R and those with domain a subset of R. Each of 
these types of function has a role to play in our understanding of the 
geometric effect of a complex function, which we study in Section 3. There 
we examine some particular complex functions in detail and sketch the 
images of various ‘grids’ under these functions. 


In Section 4 we introduce the complex exponential function and describe 
its geometric properties. The complex trigonometric and hyperbolic 
functions are then defined in terms of this exponential function. 


Finally, in Section 5, we introduce the complex logarithm function, which 
will have an important part to play in complex integration; we also discuss 
complex powers. 


Unit guide 


You should find that Section 1 is mainly revision and you should aim to 
work through it fairly quickly. Sections 2 and 3 are closely related, so you 
might try to study them in one session. Sections 4 and 5 are also closely 
related, and they contain a good deal of basic technical material which will 
be used throughout the module. 


1 Complex functions and their 
properties 


After working through this section, you should be able to: 


e determine the domain and rule of the sum, product and quotient of two 
complex functions 


e determine the domain and rule of the composite of two complex functions 


e determine whether a given complex function has an inverse function, 
and find that inverse function in suitable cases. 
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1.1 Defining complex functions 


The main aim of complex analysis is to extend the theory of calculus to 
include functions of a complex variable; such functions are called complex 
functions. 


Definitions 

A complex function f is defined by specifying: 

e two sets A and B in the complex plane C 

e arule that associates with each number z in A a unique number w 
in B; we write w = f(z). 

The set A is called the domain of the function f, and the set B is 


called the codomain of f. 


The number w is called the image of z under f, or the value of f 
at z, and we say that f maps z to w. 


For example, consider the expression 
f:C— C 

ze 2, (1.1) 
which defines a complex function with A = C and B = C, and with rule 
given by f(z) = z?. Under this function f, the image of z = 2i is 
w = f(2i) = (2i)? = —4, and, similarly, the image of 1 — i is (1 — i)? = —2i. 
These values are plotted in Figure 1.1; the points 27 and 1 —7 are shown in 
the domain (the z-plane) and the corresponding images are shown in the 
codomain (the w-plane). 


Yr VA 


21 $ a S 


v 
e 


ae —4 = f(2i) i 
E 


z-plane w-plane 


Figure 1.1 Images of points under the function f(z) = 2? 

We will often use this type of diagrammatic representation for specific 
complex functions, whereas a general complex function f: A — B may be 
represented by a diagram in which the sets A and B appear as ‘blobs’ 
(Figure 1.2). 
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Figure 1.2 Representation of a complex function f: A — B 
These diagrams make it clear why some texts refer to the codomain B as 
the range or target of f. 


Observe that in Figure 1.1 we have labelled the axes of the z-plane with x 
and y and labelled the axes of the w-plane with u and v, to help 
distinguish the two planes. We retain this convention for labelling the axes 
of the complex plane for many of the figures in this unit (where it seems 
helpful). In other units, however, we do not generally label the axes of the 
complex plane. 


Usually we will refer to a complex function f simply as a ‘function’, unless 
there is some particular reason to emphasise that f is a complex function. 
Other commonly used words for function are map, mapping and 
transformation. 


The notation (1.1) can be written more concisely in one of the forms 
fiz)=2 (EC) or zz? (zeC), 

where it is assumed that the codomain is C, or in one of the forms 
fiz)=2 or z=, 


where it is assumed that both the domain and codomain are C. To avoid 
uncertainty, we adopt the following convention. 


Convention 


When a function f is specified just by its rule, it is to be understood 
that the domain of f is the set of all complex numbers to which the 
rule is applicable, and the codomain of f is C. 


For example, the function 


fa = 


z—4 
has domain C — {i} because 1/(z — i) is defined for all complex numbers z 
other than z = i. Its codomain is C. 
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Exercise 1.1 


Using the convention above, write down the domain and codomain of each 
of the following functions. 


@) f@)=242 W) f=r5 © SG) = Aree 
D IOA 


1.2 The image set of a function 


If a function f has domain A and codomain B, then for each z in A the 
image w = f(z) is in B. However, it is not necessarily true that for each w 
in B, there is some z in A such that f(z) = w. For example, if 

f(z) = 1/(z — i), then the domain of f is C — {i} and the codomain is C 
(by the convention). However, there is no point z in the domain of f which 
maps to the point 0 (in the codomain); in other words, there is no z in 

C — {i} such that f(z) =0. 


Definitions 


Given a function f: A —> B, the image set of f, written f(A), is 
the set of all values f(z), where z € A. Thus 


PA) = {I)E 4). 
If f(A) = B, then the function f is said to be onto. 


Note that some texts use surjective rather than onto. 
Figure 1.3 depicts a function that is not onto because f(A) Æ B. 
f 


——_ > 


Figure 1.3 The image set of a function f 


Example 1.1 


Determine the image set of the function 


1 Complex functions and their properties 


Solution 
1 
The domain of f is A= C — {i} and f(z) = = 


-, SO we have 
i 


where the last line was obtained by rearranging w = 1/(z — i) to give 
z=i+1/w. Since z = i + 1/w exists and is not equal to i if and only 
if w Æ 0, we see that 


f(A) = {w : w £0} =C- {0}. 


In the preceding example, we found f(A) by defining w = f(z) and then 
expressing f(A) in the form {w : condition on w}. This is a useful strategy 
to adopt when approaching similar examples (even if you can ‘see’ what 
the image set is, as you may have done in Example 1.1). 


Exercise 1.2 


For each of the following functions f, determine the image set of f. 


(a) fo =i W) A= = ©) fem: 


Several important functions, such as 
z= Rez, z= Imz, z> |z|, z> Argz, 


have image sets that are subsets of the real line. For example, the function 
f(z) = Rez has image set f(C) = R, the whole real line (Figure 1.4). Such 
functions are called real-valued functions. Be careful not to confuse 
real-valued functions with real functions, which are functions whose 
domain and codomain consist of real numbers. 


A function f: A — B is called a real-valued function (of a 
complex variable) if f(A) C R. 


The function f is called a real function if AC R and BCR. 


w-plane 


Figure 1.4 ‘The image set of 
f(z) =Rez 
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Exercise 1.3 


Write down the image sets of each of the following functions. 


(a) flz)=l2]  (b) f(z) = Argz 


1.3 Sums, products and quotients of 
functions 
Let f and g be the functions 
f= : ECO md geyor 41 eo, 
The expressions f + g, fg and f/g are used to denote the following 


functions: 
1 


FDG EEC- 
EDE = HAI) = (2 +1) (z €C- {0}, 

1 1 pag 
WD = S= aa) CEC- oii) 


The domains of f + g and fg include only those points at which both f 
and g are defined. When forming the quotient f/g, we must also exclude 
from the domain those points z at which g(z) = 0. The points at which a 
function takes the value zero are called the zeros of the function. 


Definitions 

Let f: A — C and g: B — C be functions. 

The sum f + g is the function with domain AN B and rule 
(f + 9)(z) = f(z) + 9(2). 


The multiple Af, where A € C, is the function with domain A and 
rule 


(Af)(z) = Af (2). 
The product fg is the function with domain AN B and rule 
(f9)(z) = f (2)g(2). 


The quotient f/g is the function with domain AN B — {z: g(z) = 0} 
and rule 


(f/9)(2) = F(2)/g(2)- 


The next exercise gives you practice at combining functions. 
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Exercise 1.4 


Let f and g be the functions 


A= i (22010) md J= ai (zeC- {0,1}). 


Determine the domain and rule of each of the following functions. 


(a) f+g (b) fg (ce) f/g 


Starting from the two basic functions z +> 1 and z — z, we can build up 
any polynomial function of degree n 


p(z) = anz” + te" +--+ aız + a9, 


where ao, @1,.--,@n E C, an #0, by forming suitable sums, multiples and 
products. The domain of any polynomial function is C. Allowing quotients 
also, we can build up any rational function, that is, any function of the 
form 


where p and q are polynomial functions. It follows from the definition of 
quotient that the domain of such a rational function is 


C- {z:q(z) = 0}. 
For example, the rational function 
z 
Pe at 
has domain C — {i, —i}. 


1.4 Composite functions 


Let f and g be functions. The composite function g o f is obtained by 
applying first f and then g. Thus the rule of go f is 


(9° f)(z) = g(f(2)). 


The process of forming go f is called ‘composition of functions’ or 
‘composing functions’. 


For exarapléat 
Haes : Get): and o@ =F 41 Geo) 
dhenthedilest gefi 
(go f)(z) = g(1/z) = (1/2)? +1, 


whereas the rule of f og is 


(fogz) =f +1) = 1/2? +1). 
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But what is the domain of a composite function? In general, if f: A —> C 
and g: B — C, then the value g(f(z)) is defined if and only if 


z lies in A and f(z) lies in B. 


Thus if z1 and zg are elements of A such that f(z) € B but f(zo) ¢ B, 
then g(f(z)) is defined for z = zı but not for z = z2, as indicated in 


Figure 1.5. 
F (22) 
f g 
C 
B 
A 


Figure 1.5 Composition of two functions f and g 


We define the domain of g o f to be consistent with this. 


Definition 
Let f: A — C and g: B — C be complex functions. Then the 
composite function go f has domain 


{z€ A: f(z) € B} 
and rule 


(9° f)(z) = g(f(2)). 


To find the domain of g o f, we remove from A (the domain of f) each 
point whose image under f is not in B (the domain of g). Thus the 
domain of go f can be written as 


A~{z: fle) ¢ BY. 
Forera i 

a-rit WER). ad (2) = — ( € C — {i}), 
then the domain of go f is 

C-{z:2 4¢2C= {0 =Cafe: fags) = C= {0}. 


In practice, it often happens that the image set of f is contained in B 
(that is, f(A) C B) and in this case the domain of go f is A itself. (This 
always happens when the domain of g is C, of course.) For example, if 


Je) =— (EC-{i}) and g(2)=Argz (2 €C-{0}), 
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then A = C — {i}, B = C — {0}. Also, as you saw in Example 1.1, 
F(C- {i}) =C- {0}, 


which is (contained in) the domain of g. Thus the domain of go f is 
C — {i}. In fact, g(f(z)) = Arg(1/(z — i)) and the only complex number z 
for which Arg(1/(z — i)) is not defined is z = i. 


We remark that, in contrast to our approach, some texts require f(A) C B 
in the definition of go f. 
Exercise 1.5 


Let f and g be the functions 


‘a= z ee): aa gs A (z €C— {0,1}). 


Determine the domain and rule of each of the following functions. 


(a) gof (b) fog 


1.5 Inverse functions 
Let f be the function 
f(z) =3z (z€EC). 


Then for each number w in C, there is a unique number z = iw in the 
domain of f such that 


f(z) =f (su) =3 % sw =w. 


The corresponding function g: w œ> iw is called the inverse function of f 
because it ‘undoes’ the effect of f. To be precise, 


o(f(z)) = 3f (2) =3 x3z=z (zEC). 
Similarly, f undoes g: 
f(g(w)) = 3g(w) = 3 x iw=w (w EC). 


The inverse function of f is denoted by f~! (see Figure 1.6). 


Yr VA 
= 3 e 
f(z) = 32 —_— 
1 i 
ez = 3w 
£ Ù 
be a ei 
Fw) = du 
z-plane w-plane 


Figure 1.6 Images of points under the functions f(z) = 3z and f~!(w) = sw 
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Not every function has an inverse function. For example, consider the 
function 


fl =z CEU): 


Since f(2) = 4 and f(—2) = 4, we cannot assign a unique value z in the 
domain of f such that f(z) = 4 (Figure 1.7). 


A f) =7 ay 
aaa 
| a . 
z-plane w-plane 


Figure 1.7 Images of the points 2 and —2 under the function f(z) = 2? 


The problem here is that the function f is not one-to-one. In general, it is 
possible to define the inverse of a function only if that function is 
one-to-one. 


Definition 


The function f: A —> B is one-to-one if the images under f of 
distinct points in A are also distinct; that is, 


if 21, z2 € A and z ¥ zg, then f(z) F f(z). 


Note that some texts use injective rather than one-to-one. 
An equivalent statement of the one-to-one condition is that 


if w € f(A), then there is a unique z in A such that f(z) = w. 


This principle is illustrated in Figure 1.8, in which there is only one point z 
in A whose image under f is w. 


f 


a 


Figure 1.8 A unique point z in A such that w = f(z) 
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The uniqueness statement of the second version of the one-to-one condition 
makes it possible to define the inverse function f~! of f with domain f(A). 
This is illustrated in Figure 1.9. 


f 


d 


Figure 1.9 The inverse function f~!: f(A) — A 


Definition 
Let f: A — B be a one-to-one function. Then the inverse function 
f~t of f has domain f(A) and rule 

f~ (w) =z, 


where w = f(z). 


Thus there are two ways of proving that a function has an inverse function. 


Strategy for proving that an inverse function exists 
To prove that a function f has an inverse function: 


e cither prove that f is one-to-one directly by showing that if z1 Æ 22, 
then f(z1) # f (22) 


e or determine the image set f(A) and show that for each w € f(A) 
there is a unique z € A such that f(z) = w. 


Notice that the statement of the first strategy ‘if z1 Æ zo, then 
f(z) Æ f(z)’ is equivalent to 


f(a) = f (22) => 241 = 29: 


For the second strategy, one way of demonstrating that ‘there is a unique 
z € A such that f(z) = w is to find the rule for f~+ (if this is possible). 
For some functions this can be done by solving the equation w = f(z) to 
obtain a unique z in terms of w. We adopt the second strategy (rather 
than the first strategy) with this approach whenever it is possible, because 
it has the advantage that we thereby specify the function f~t. This 
strategy is illustrated in the next example. 
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Prove that the function 
1 

fe) =— @eC-{i) 
has an inverse function, and determine the domain and rule of f~t. 
Solution 
First we determine the image set of f. This is 

f(C — {i}) =C- {0} (from Example 1.1). 


Now, for each w € C — {0}, we wish to solve the equation 


1 


zZ-1 


— 


to obtain a unique solution z in C — {i}. This is achieved by the 
rearrangement 
Z=i1+—-. 
w 


Thus f is a one-to-one function, with image set C — {0}. Hence f has 
an inverse function f~! with domain C — {0} and rule 


fw) =it = 
w 


Usually when defining a function, we write z for the domain variable. To 
conform to this practice, we could rewrite the inverse function f~! in 
Example 1.2 in the form 


fie) =i+> (2€C-{0}), 


with z in place of w, after the required algebraic manipulations have been 
completed. It is not necessary to do this as a matter of routine. 


Prove that the function 


Je) = = kec- {i} 


has an inverse function f~!, and determine the domain and rule of f~t. 
(See Exercise 1.2(b).) 


As we pointed out earlier, the function f(z) = z? is not one-to-one (on C), 


so it does not have an inverse function. One way round this difficulty is to 
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reduce the domain of f (without changing the rule) so as to make the 
resulting function one-to-one. Note that reducing the domain of a function 
leads to a new function — a restriction of the original function — which 
should really be denoted by a different letter. In practice, we usually retain 
the same letter, particularly if the original domain is no longer under 
discussion. Here is an example of this. 


Example 1.3 
Let A = {0} U {z : —2/2 < Argz < 2/2}, as shown in Figure 1.10. 
Prove that the function 

f2)=2 (eA) 
has an inverse function f~t, and determine the domain and rule 
Olea 
Solution 


Let us first determine the image set of f. By writing 
z = r(cos + isin 0), we obtain 


OS 
=U w= 2 =r e Aee a m/2\ 
= OU to r°(cos20 + isin20):r>0, —1/2<0< T/2} 
= {0} U {w = p(cosġ + ising): p> 0, -n< <T}, 
where p =r’ and ¢ = 26. Thus f(A) =C. 
Now, for each w € C, we wish to solve the equation 
w= (1.2) 
to obtain a unique solution z in A. If w = 0, then equation (1.2) has 
the unique solution z = 0. If w Æ 0, then w can be written in the form 
w = p(cos¢ + isin ¢), 


where p > 0 and —r < ¢ < 7, and equation (1.2) has exactly two 
solutions: 


zo = pr!?(cos(d/2) + isin(¢/2)), 
z1 = p'!/?(cos(¢/2 + T) + isin(¢/2 + 7)) 


(by Theorem 3.1 of Unit A1), which are shown in Figure 1.11. 
Clearly, zo € A, since —1/2 < @/2 < 1/2, whereas z1 ¢ A. 


Thus f is a one-to-one function, with image set C. Hence f has an 
inverse function f~! with domain C and rule given by f~!(0) = 0 and, 
for w = 0; 


f-*(w) = p'/?(cos(4/2) + isin(¢/2)), 
where w = p(cosọ + isin), p>0,-7< <7. 


Figure 1.10 The set A= 
{0}U {z : =r /2 < Argz < 1/2} 


Figure 1.11 The two 


solutions of w = z? 
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Remark 


In this solution we chose ¢ to satisfy —a < @ < m so that 

—1/2< 6/2 < 7/2, and hence zo E€ A. Since ¢ = Arg w, for w Æ 0, it 
follows that zo is the principal square root yw of w. Furthermore, because 
we defined vO = 0 (see Subsection 3.1 of Unit A1), the rule for f~! can be 
written in the form 


fw) = Ve (we). 


The set A in Example 1.3 is not the only one on which the function 
zt» 2? is one-to-one with image set C. In the following exercise, you are 
asked to investigate another such set. 


Exercise 1.7 


Let A = {0} U {z2 : 0 < Argz < m}. Prove that the function 
f=? (zeA) 


has an inverse function f~t, and determine the domain and rule of f~!. 


Further exercises 


Exercise 1.8 


Write down the domain of each of the following functions. 


@ =e- O= OO 
1 1 1 

Osos OfO=—F>5 © fO=a5 

Exercise 1.9 

Determine the image set of each of the following functions. 

(a) f@)=2241 b) f= © fea 


(dq) fl)=lz-1 (e) fz) =Re(z+4) (£) f(z) = [Arg z| 


Exercise 1.10 
Let 
z— 1 Z 
Je) == and ge) =. 


Determine the domain and rule of each of the following functions. 


(a) f+g (b) 3f—2ig (c) fg (da) f/g 


2 Special types of complex function 


Exercise 1.11 


For the functions f and g of Exercise 1.10, write down the domain and rule 
of each of the following functions. 


(a) fog (b) gof (ce) fof 


Exercise 1.12 


Determine whether or not each of the functions f in Exercise 1.9 is 
one-to-one, and write down the inverse function of f, where possible. 


Exercise 1.13 


Let A = {0} U{z: =r /3 < Argz < 1/3}. Prove that the function 
f(z)=2? (2€ A) 


has an inverse function f~t, and determine the domain and rule of f~!. 


2 Special types of complex function 


After working through this section, you should be able to: 
e find the real and imaginary parts of a complex function 
e sketch a path 


e obtain (where possible) the equation of a path by eliminating the 
parameter from its parametrisation 


e find the image under a function of a path in simple cases 


e use the table of standard parametrisations. 


2.1 Real-valued functions 


In Section 1 we pointed out that various common functions, such as 

z — |z|, have image sets in R and are therefore called real-valued 
functions. Because the image sets of such functions lie in R, we do not have 
to resort to the z-plane/w-plane representation of the functions. In fact, 
we can sketch the graph of a real-valued function by introducing a third 
axis, which is at right angles to the complex plane (z-plane). We call this 
third axis the s-azis (rather than the z-axis because of possible confusion 
with the complex variable z = x + iy). The graph of the function z —> |z] 


is shown in Figure 2.1; it is the surface with equation s = |z| = y£? + y?. 
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£ 
Figure 2.1 Graph of s = |z| = y z? + y? 


The surface is an infinite cone with apex at the origin and with axis the 
positive s-axis. Any horizontal plane with equation s = c, where c is a 
positive constant, intersects the cone in a circle of radius c at height c 
above the (x, y)-plane, as shown in Figure 2.1. 


Notice that the equation s = c represents a plane in three dimensions — the 
plane perpendicular to the s-axis through the point (0,0, c) — and likewise 
the equations x = c and y = c also represent planes in three dimensions. In 
contrast, in the two-dimensional complex plane, the equation x = c 
represents the line parallel to the imaginary axis made up of complex 
numbers with real part c. 


Figure 2.2 shows the spiral-like surface s = Arg z. It is obtained by lifting 
(that is, translating vertically) each of the rays {z : Arg z = c}, where 

—r < c < m, in the z-plane to height c. Two such lifted rays, with c = 1/3 
and c = —7/4, are shown in the figure. Each lifted ray is the intersection 
of the surface with a plane with equation s = c, for some constant c. 


=n 


Figure 2.2 Graph of s = Arg z 


2 Special types of complex function 


Sketching such surfaces is rather demanding from an artistic point of view, 
and we do not expect you to be skilled at it. Do not spend more than a 
few minutes on the following exercise. 


Exercise 2.1 


Sketch the following surfaces. 
(a) s=Rez (b) s=Imz 


Real-valued functions of a complex variable arise naturally when we study 
complex functions. For example, if f(z) = 27, where z = x + iy, then 


f(z) = (£ + ty)? = (2? — y?) + diay; 


thus 
f(z) =utiv, 
where 
u=a?—-y’, v= 2xzy. (2.1) 


Here both z —> u and z+ > v are real-valued functions of the complex 
variable z. 


In general, for any complex function f, we can write f(z) in the form 
f(z) =u + iv, 


where u and v are real. The values of these real numbers change as z 
changes, giving rise to two real-valued functions z > u and z > v with 
the same domain as f. They are called the real and imaginary parts 
of f, written Re f and Im f, respectively. Using the notation for the real 
and imaginary parts of a complex number introduced in Unit A1, we have 


Re f: z> Re(f(z)) and Im f: z= Im(f(z)). 
Thus 


(Re f)(z) = Re(f(2)) and (Im f)(z) = Im(f(z)). 


Exercise 2.2 


Determine the functions Re f and Im f for the function f(z) = 1/z. 


If we are given two real-valued functions g and h with the same domain A 
in C, then we can combine them to obtain a function f: A —» C by 
writing 


f(z) =g(2)+ih(2) (ze A). 
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For example, consider 


g(z) = log |z| 


(where log x denotes the real-valued logarithm to base e of a positive 
number x, sometimes written as In or log, x in other texts) and 


h(z) = Arg z. 


Both g and h are real-valued functions with domain C — {0}, and the 
function 


f(z) = g(z) + th(z) = log |z| + i Arg z 
also has domain C — {0}. 


Figure 2.2 gave the graph of the surface s = Arg z, and the graph of the 
surface s = log |z| is shown in Figure 2.3; for each real number c, the 
horizontal plane s = c intersects the surface in a circle of radius e°. This is 
because 


s=c and #=—log|s| > log |e)= ec <= |z| = 60. 


We will discuss the function f(z) = log |z| + i Arg z and some of its 
properties later in the unit. 


Figure 2.3 Graph of s = log |z| 


2.2 Functions with domains in the real 
numbers 


In order to gain insight into the geometric effect of a given complex 
function f, it is helpful to be able to picture how the image point w = f(z) 
behaves as z moves around the domain of f. This subsection is about 
making these intuitive geometric ideas precise. 


When a point moves in a plane, it traces a curve or path as time passes. 
The position of the point on this path can be described by giving both the 
x- and y-coordinates of the point as functions of time, t. In this context, 
the real variable t is called a parameter. 


2 Special types of complex function 


For example, suppose that the x- and y-coordinates are given by the 
equations 


g=cost, y=sint (t€ [0,27)). 


Then, as time t increases from 0 to 27, the point 
z=x+iy=cost+isint 
moves around the circle [ with centre 0 and radius 1, starting (when t = 0) 
and finishing (when t = 27) at the point 1, as indicated in Figure 2.4. 
If we introduce the function 
y(t) =cost+isint (t€ [0,2z]), 


then the circle I is the image set of y; that is, [ = y([0,27]). The 
function y describes a mode of traversing the circle I. In general, a set T 
and the associated function y are the ingredients in our definition of the 
term ‘path’. 


Definitions 


A path is a subset I of C which is the image set of an associated 
continuous function y: J —> C, where J is a real interval. In this 
context, the function y is called a parametrisation (of T). If 


yt) = ot) +i) Cet), 

where ¢ and w are real functions, then the equations 
c=), y=vt) (tel) 

are called parametric equations (of T). 


If I is the closed interval [a,b], then y(a) and (0) are called the 
initial point and final point of I, respectively. 


Figure 2.5 illustrates these definitions in the case of a closed interval 
I = ja, b]. 


y Yt atiy=o(t) + w(t) 
E qla) 
eg p n 
a t b s 
q(b) 


Figure 2.5 A path I with parametrisation y: I —> C 


YA 
ilt=r/2 
T 
—1 1 
iA 
—i | t = 30/2 
Figure 2.4 Positions of the 
point z = cost + isin t 
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Remarks 


1. We often speak of ‘the path I’ without referring specifically to the 
associated parametrisation y. Sometimes it is convenient to speak of 
‘the path T : y(t) =... 


2. The condition that the function y: I —> C be continuous is included to 
ensure that the path I has no gaps in it. We will define the notion of 
continuity precisely in Unit A3, but meanwhile we point out that all 
functions y considered in this context are continuous. 


3. As in Figures 2.4 and 2.5, a path I is usually marked with an arrow (or 
arrows, if necessary) to show the direction in which it is traversed. (The 
arrow points in the direction of increasing values of t.) 


4. Observe that the initial point and final point can be equal. For 
example, if 
y(t) =cost+isint (t€ [0,27]), 
then the initial point 7(0) and the final point y(27) both equal 1, as 
shown in Figure 2.4. 


5. It is sometimes possible to eliminate the parameter t from the 
parametric equations to obtain the equation of the path in terms of x 
and y alone. For example, if 


xz=cost, y=sint (t€ [0,27]), 
then 
r? +y? = cos? t + sin? t = 1. 


However, unlike the parametric equations, the equation x? + y? = 1 
does not tell us, for example, which way the arrow goes on the path. 


6. It is often useful to plot a few points of the path to help us to 
understand the shape of a given path. This is done in the following 
example. 


Example 2.1 

Let y(t) =t Fit (t ER). 

Plot the points 7(—1), y(—4), (0), y(4), y(1) and hence sketch the 
path T with parametrisation y. Determine the equation of the path T 
in terms of x and y. 

Solution 


First we compile a table of the required values of x = t? and y = t°. 


il if 
il 1 
7 a l 
il il 
=; g i 
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YA 
We plot the points x + iy and hence sketch the path T in Figure 2.6. 


In order to eliminate t from the parametric equations x = t? and 
y = t?, we note that 


so T has the equation y? = 2°. 


In the following exercise, you are asked to sketch various paths. For each 
path, you may find it helpful to compile a table of values (as we did in 
Example 2.1), but you may find that you can just use the equation of the 
path in terms of x and y to create your sketch. 


Exercise 2.3 


Figure 2.6 The top half of T 


Sketch the paths I with the following parametrisations. A 


(a) yt)=1+% (ER) the bottom half has equation 
(b) y(t)=t? +it (te [-1,1)) y = —29/? 

(c) y(t) =1-—t+i (te [0,1)) 

(d) y(t) = 2cost + disint (te [0, 27]) 


In each case determine the equation of I in terms of x and y. 


has equation y = x°/4, whereas 


It is important to realise that a given set can be considered as many 
different paths by using different parametrisations. For example, the 
functions 


y(t)=t (t€[0,1]) and y(t)=t? (te [0,1)) 


are both parametrisations of the real interval [0,1] in C. As indicated in 
Figure 2.7, for the parametrisation y(t) = t, the progress of the point along 
the interval [0, 1] is uniform — for example, it is halfway along at time 

t= 5: But for the parametrisation y(t) = t, the speed of the point varies 
with t — for example, in the time interval 0 < t < 5; the point has travelled 
one-quarter of the distance along the interval [0, 1], and in the time 
interval z <t< 1, it travels the next three-quarters. (In fact, in Unit A4, 
you will see that the speed of the point at time t is given by the modulus 


of the derivative of y at t.) 


t=0 t=4 t=1 t=0 t=3 t=1 
o—__>___e—________® e—a 
0 1 1 0 1 1 
2 4 
Cash) =t Teyi = 


Figure 2.7 Two parametrisations of T 
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Various types of sets (such as line segments and arcs of circles) occur 
frequently in this module as paths. We will normally use a standard 
parametrisation for each of these, as indicated in the following table. 


Set Standard parametrisation Diagram 
Line through = 
ends y(t) =(1-tha+tB8 (tER) 
YA 
t=1 
Line segment from (=a hare teni t -or 
a to B bs ii : ed 
T 
YA 
Circle with 
centre a, radius r: y(t) =a+r(cost+isint) (te [0,27]) t=_7 t=0,27 
|z-al=r 
x 
YA 
t= Nih 
: : \ 
Arc of circle with pa r 
centre a, radius r Ve) Soret rey: E t : 
> 
x 
YA 
ib|t=r/2 
Ellipse in standard 
form: 
gA y? y(t) =acost+ibsint (t€ [0,27]) 7 
eve —a a x 
a b 
where a,b > 0 
—ib | t = 37/2 
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Parabola in standard 
form: 

y? = 4ax, 
where a > 0 


y(t) = at? + iat (t ER) 


Sy 


Right half of hyperbola 
in standard form: 
ae i y(t) =acosht+ibsinht (t € R) 
a2 bo 
where a,b > 0 


? 


Exercise 2.4 
For each of the following paths, write down the standard parametrisation 
and obtain the corresponding parametric equations: 
(a) the line through —2 and i 
(b) the line segment from 1 to 1+i 
(c) the circle with centre 1 + ¿ and radius 1 
(d) the parabola y? = z. 


Let us now consider how the image point w = f(z) behaves as the point z 
moves around the domain of the function f. We make the following 
definition. 


Definition 


Given a function f: A —> B and a subset S of A, the image 
under f of S, written f(S), is 


f(S) = {f(z): 2 € S}. 


Remarks 
1. We often write ‘f maps S to T’ to mean f(S) =T. 


2. If S = A, then, as noted earlier, f(S) is also described as the image set 
of f. 
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Suppose that f(z) = z? and that the point z moves around the unit circle 
|z| = 1. In this case, our knowledge of the function f tells us that the 
image w of z satisfies |w| = |z2| = |z|? = 1, and 


if 0 is an argument of z, then 20 is an argument of w 


(see Figure 2.8). Thus if z moves once around the circle |z| = 1 
anticlockwise, then w moves twice around the circle |w| = 1 anticlockwise. 
Yr VA 
faz 
> 
lz) =1 Perl = 1 
> > 
T u 
z-plane w-plane 


Figure 2.8 Image of the circle |z| = 1 under the function f(z) = 2? 


This geometric observation can be made precise by using the 
parametrisation 


y(t) =cost+isint (t € [0,27]) 


of the unit circle |z| = 1 traversed once anticlockwise. Now, from 
equations (2.1) in Subsection 2.1 we know that for f(z) = 27, with 
z = x + iy and w = f(z) = u + iv, 
u =x? — y, v=2cy. (2.2) 
The parametric equations corresponding to the parametrisation y are 
xz=cost, y=sint (t€ [0,2z}), (2.3) 


and, on substituting these in equations (2.2), we obtain 
u = cos? t — sin? t, v = 2 cos tsin t; 
that is, 
u = cos 2t, v=sin2t (te [0,27]). (2.4) 
An alternative way to obtain these equations is to observe that 
u + iv = (x + iy)? = (cost + isin t)? = cos 2t + isin 2t, 
by De Moivre’s Theorem, and then equate real and imaginary parts. 


Equations (2.4) are the parametric equations for the image circle |w| = 1. 
From these equations we can verify our earlier assertion that as t increases 
from 0 to 27, z moves once around the circle |z| = 1 anticlockwise while w 
moves twice around the circle |w| = 1 anticlockwise. 


2 Special types of complex function 


In the next definition we assume that a complex function f is ‘continuous’. 
This is to ensure that if y is the parametrisation of a path, then f o y is 
also the parametrisation of a path. Continuous functions and their 
properties are discussed in Unit A3. 


Definition 

Let f be a continuous function, and let [ be a path in the domain 
of f. Then f(T) is called the image path (under f of r). If T has 
parametrisation y, then f(T) has parametrisation f oy, which is the 
function with rule t œ> f(7(t)). 


Remark 


If y is the standard parametrisation of I, then f o y is certainly a 
parametrisation of f(T), but it need not be the standard parametrisation 
of f(T). For example, consider again the function f(z) = 22, which maps 
the unit circle [I to itself. The standard parametrisation of I is 

y(t) = cost + isint (t € [0,27]), but, as we have seen, 

(f oy)(t) = cos 2t + isin 2t (t € [0,27]) is a parametrisation of T, but not 
the standard one. 


The two approaches for finding image paths that we applied to the function 
f(z) = 2? and the unit circle are summarised in the following strategy. 


Strategy for determining an image path 


Let f be a continuous function, and let [ be a path with 
parametrisation 


y(t) = ot) + iv) (te J). 
To find the image path f(T) 
e either use the geometric properties of f 
e or substitute x = (t), y = y(t) into the equation 
utiv= f(x + iy), 


and then, by equating real parts and imaginary parts, obtain 
expressions for u and v in terms of t. (These expressions are the 
parametric equations of the image path f(T) associated with the 
parametrisation f o y.) 


You will practise applying this strategy in the next section. 
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Exercise 2.5 


Determine the real and imaginary parts, Re f and Im f, of each of the 
following functions. 


(a) fZ)=2 (b) f@)=iez ©) fe=" (d) f(z) = ll 


Exercise 2.6 


Sketch each of the paths [ with the following parametrisations. 
(a) y(t) =1-—it (t€R) (b) y(#)=i+(1-at (te [0,1)) 
(c) y(t) =cost—isint (t€ [0,2z7]) 


Exercise 2.7 


For each of the following parametrisations y, find the equation of the 
corresponding path T in terms of x and y only. Sketch and classify the 
path in each case. 


(a) y(t)=(1-t)(1+i)+ti (£ER) 
(b) y(t) =2cost+3isint (t€ [0,27]) 
(c) y(t) =1+2cost—(1—2sint)i (t€ [0, 27]) 


Exercise 2.8 


Determine the standard parametrisation for each of the following sets: 


(a) the circle with centre 1 — i and radius 3 
(b) the ellipse 2x? + 3y? = 6 
(c) the parabola 8y? = x. 


Exercise 2.9 
Sketch the path with parametrisation 
y(t) = (cost + isint) — 4 (cos 2t + isin 2t) (t€ [—7, m]) 


T T 3T 

first plotti for t= = +-, +— 
by first plotting y(t) for 0, wtp ty 
Verify that the equation of the path is 


A(x? +4)? — (x? +4?) + fe = &. 


T. 


Exercise 2.10 


Determine the image under the function f(z) = yz of each of the following 
sets: 


(a) the negative real axis (b) the circle |z| = 1. 
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3 Images of grids 


After working through this section, you should be able to: 


e sketch the image of a given Cartesian grid under various complex 
functions 


e sketch the image of a given polar grid under various complex functions. 


3.1 Cartesian and polar grids 


To obtain a clear picture of the geometric effect of a given complex 
function, we can consider the images of many lines or paths in the domain 
of the function. In order to do this in a systematic way, we introduce two 
types of grid. 


The first type of grid is a Cartesian grid consisting of lines of the form 

x =a and y = b, usually evenly spaced in each direction (Figure 3.1(a)). 
The second type consists of circles with centre 0 and rays emerging from 0; 
it is called a polar grid because of the connection with the polar form 

z = r(cos0 + isin 0). Each of the circles has an equation of the form r = a, 
where a is a positive constant, and each of the rays has an equation of the 
form 6 = b, where b is a constant in the interval (—7, 7] (see Figure 3.1(b)). 


ge=—-2e=-12=0 g= 27=2 


Figure 3.1 (a) A Cartesian grid (b) A polar grid 


Exercise 3.1 


Plot the polar grid consisting of the circles r = 1, r $, r + and the 
rays 0 = 0, G= dem /3; = +27/3, O=T. 
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3.2 Images of Cartesian and polar grids 


In this subsection we examine the images of Cartesian and polar grids 
under three different complex functions to give us insight into the 
geometric effects of these functions. The images are found by using the 
strategy for determining an image path given at the end of Subsection 2.2. 


In each case we have also highlighted (by using shading) the effect of the 
function on a particular set bounded by parts of the grid. 


Before we consider these examples, you should try the following exercise, 
the results of which will be used in the examples to follow. 


Exercise 3.2 


Eliminate t from each of the following pairs of parametric equations. (In 
each case, a is a real constant, with a Æ 0 in parts (b) and (c).) 
(a) u=a-t, v=a+t (b) u=a?-— t, v=2at 


—t 
Gaus an 
a? + t? a +t? 


Images of grids under f(z) = (1 + i)z 


The first function we consider is the linear function f(z) = (1 + i)z. For 
convenience we define w = f(z). According to the strategy for determining 
an image path, one method for finding images of sets under f involves 
splitting both z and w = f(z) into real and imaginary parts, say z = x + iy 
and w = u + iv. The equation w = (1 + i)z then becomes 

u + iv = (1 + i)(x + iy) = (z — y) + i(x + y). 
Equating real and imaginary parts gives 

u=r—-y, v=T+y. (3.1) 
We wish to find the image of a Cartesian grid under f, and to this end let 
us first work out the image of a vertical line x = a, where a is a real 


constant. It is convenient to think of this line as a path, and represent it 
by the parametric equations 


xr=a, y=t (tER), 


so that the line now has a direction: ‘pointing upwards’. Substituting the 
expressions for x and y into equations (3.1) gives 


u=a-t, v=a+t. 


We can now eliminate t from these equations, as you were asked to do in 
Exercise 3.2(a), to obtain 


u +v = 2a, 


which is the equation of a line in the w-plane. 


The line = a and its image line u + v = 2a are illustrated in Figure 3.2. 


yh U4 
f(z) =(1+ az 
oii. ~ 
p= : 
2ar 37/4 
a & 2a ù 
u+u=2a 
z-plane w-plane 


Figure 3.2 Image of a vertical line under f(z) = (1+ i)z 


The next exercise asks you to find the images of horizontal lines under f. 


Exercise 3.3 
Determine the image of the line y = b, where b € R, under the function 
f(z) =(1t iz. 
Sketch the images of the lines y = 1 and y = 0. 


Now that we have worked out the images of horizontal and vertical lines 
under f, we can find the image of a Cartesian grid under f. The result is 
illustrated in Figure 3.3. 


z-plane 


w-plane 
Figure 3.3 Image of a Cartesian grid under f(z) = (1+ i)z 


The vertical lines in the grid in the z-plane all have equations of the form 
x = a, for various values of a. As we have seen, these lines are mapped 

by f to lines that slope from top-left to bottom-right (negative gradient) in 
the w-plane. The horizontal lines in the z-plane have equations y = b, for 
various values of b, and these are mapped by f to lines that slope from 
bottom-left to top-right (positive gradient) in the w-plane. 
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z-plane 


Each line in the w-plane in Figure 3.3 is labelled by the equation of the 
corresponding line in the z-plane to help you appreciate how the grid is 
transformed. We continue this convention whenever we sketch images of 
grids. 


By studying Figure 3.3, you can see that the image of the grid in the 
z-plane is another grid in the w-plane, but one that is rotated anticlockwise 
about the origin by 7/4. Furthermore, the grid is scaled by the factor v2, 
as shown in Figure 3.3. The figure illustrates the effect of the 
transformation on a shaded square, which is scaled and rotated under f. 


Another way to understand the behaviour of f is to write 1 + i in polar 
form as 


1+i=V2(cos7/4 + isin 1/4). 


The geometric effect of multiplying z by 1+ i, which is what f does, is to 
scale z by the modulus of 1 +i (namely V2) and rotate z anticlockwise 
about the origin by the principal argument of 1 + i (namely 7/4). 


Figure 3.4 shows the image of a polar grid under the same function f. 
Each circle r = a in the z-plane, where a is a positive constant, is scaled by 
a factor v2, and each ray 0 = b, where b € (—7,7], is rotated anticlockwise 
by 7/4. 


Once again, each curve in the w-plane is labelled by the equation of the 
corresponding curve in the z-plane. 


f(z) =(1+i)z v 


Figure 3.4 Image of a polar grid under f(z) = (1+ i)z 
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Images of grids under f(z) = 2? 


Our next example is the function f(z) = 2°. As before, we let w = f(z) 
and write z = x + iy and w = u + iv. From equations (2.1) in 
Subsection 2.1, we know that 

u =r? — y, v= 2y. (3.2) 
Let us use these equations to find the image under f of the vertical line 
x = a, where a is a positive constant. The line x = a has parametric 
equations 


zr=a, y=t (tER), 
so the parametric equations of the image of z = a are 
“=e =f, v=2at GER). 


In Exercise 3.2(b) you were asked to eliminate t from this pair of 
equations, to obtain 


v? = 4a? (a? — u). 


This is the equation of a parabola, provided that a Æ 0, as illustrated in 
Figure 3.5. 


—2a7i 


z-plane 


Figure 3.5 Image of a vertical line under f(z) = 2? 


In the exceptional case when a = 0, we obtain the parametric equations 


u = —t? and v = 0, so the image of the vertical line in this case is the 0 
negative real axis together with the origin. As t increases, the point u-+ iv =§$=————_-#__ 
moves along the negative real axis in the w-plane, first from left to right 2-0 


(until it reaches 0), and then back again. This is illustrated in Figure 3.6. 


Now try the next exercise, which asks you to find the images of horizontal 
lines under f. 


Figure 3.6 Image of the line 
Exercise 3.4 x = 0 under f(z) = 2? 


Determine the image of the line y = b, where b € R, under the function 
f(z) = 2. 
Sketch the images of the lines y = 1 and y = 0. 
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Figure 3.7 shows the image of a Cartesian grid under f. Notice that for 

a Æ 0, the vertical lines x = a and x = —a both map to the same parabola 
v? = 4a? (a? — u), because (—a)? = a?. Likewise, for b Æ 0, the horizontal 
lines y = b and y = —b both map to the parabola v? = 4b?(u + b). 

We can see the effect of the function on the shaded square in the z-plane: 


it is mapped to the shaded set in the w-plane bounded by parts of four 
parabolas. 


VA 
PT2 y= +32 
f2) =z? 
— ae 
y= 
y=1 
y=0 ia > 
—4 4 u 
= -—1 
y=-2 
/ / 
Z 
VA Ş e= El y= El 
z-plane 


w-plane 


Figure 3.7 Image of a Cartesian grid under f(z) = 2? 


As with the previous example, we can better understand the geometric 
effect of f by writing z in polar form as z = r(cos 0 + isin 0), so 


w = 2° = r?°(cos 28 + isin 20). 


From this formula we see that f squares the modulus of each complex 
number and doubles the argument. These properties are demonstrated 
using a polar grid in Figure 3.8. The radii of the concentric circles in the 
z-plane are all squared, and the arguments of the rays are all doubled. For 
example, the ray in the z-plane with argument 7/4 is mapped to the ray in 
the w-plane with argument 7/2, the positive imaginary axis. In fact, 
because arguments are doubled, any ray in the w-plane is the image of 
precisely two rays in the z-plane. For instance, the positive imaginary axis 
is also the image of the ray with argument —37/4, because doubling 
—37/4 gives —37/2 = 1/2 — 2r. 


3 Images of grids 


z-plane 


Figure 3.8 Image of a polar grid under f(z) = 2? 


In Figure 3.8 and some other similar figures later in the unit we have used 
different scales for the z-plane and w-plane in order to display the features 
of the grids clearly. 


Images of grids under f(z) = 1/z 


Our last example is the function f(z) = 1/z, which has domain C — {0}. It 
is useful to observe that if we multiply the top and bottom of 1/z by Z, 
then we obtain another expression for f(z), namely f(z) = Z/|z|?. Next, if 
we let w = f(z), and write z= x + iy and w = u + iv as usual, then we see 
that 


Equating real and imaginary parts gives 
x 


y 
= =p) J3 oS = SS; 3.3 
x2 +y? r? + y? ( ) 


We can now find the parametric equations of the image of a vertical line 
x = a, where a is a non-zero real constant. The parametric equations of 
the line x = a are 


r=a, y=t (tER), 
so the parametric equations of the image of x = a are 


a t 


=> =-=; (tER). 
e+e © a? + t? veh 


u 


Eliminating t from these equations, as in Exercise 3.2(c), gives 


u? +v? =u/a. 
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We can rewrite this equation as 
(u—1/(2a))? + v? = 1/(2a)?, 

which is the equation of a circle with centre 1/(2a) and radius 1/(2|a|). 
This circle passes through the origin and the point 1/a, as shown in 
Figure 3.9. As t increases from —oo to oo, the image point u + iv moves 
clockwise around the circle, starting and finishing at the origin. However, 
the origin itself is excluded from the image, because as t approaches —oo 
or oo, the point u + iv on the circle gets closer and closer to the origin 
without actually reaching it. 

YA VA 
te f(z)=1/z u? +v? = u/a 

eS 


= 
8y 
Sy 


1/a 


z-plane w-plane 


Figure 3.9 Image of a vertical line under f(z) = 1/z 


It remains to consider the image of the line x = a, when a = 0. This line is 
v split into two parts, the positive and negative imaginary axes, by the 
point 0, which is excluded from the domain of f. You can check that f 
maps the positive imaginary axis in the z-plane to the negative imaginary 
axis in the w-plane, and it maps the negative imaginary axis in the z-plane 
to the positive imaginary axis in the w-plane. The image of the line z = 0 
under f is shown in Figure 3.10. 


Sy 


In the following exercise, you are asked to find the images of horizontal 
lines under f. 


Figure 3.10 Image of the line Exercise 3.5 


= 0 unde =1 
ý DEA ie Determine the image of the line y = b, where b € R, under the function 


fer= 1/2 
Sketch the images of the lines y = 1 and y = 0. 


Figure 3.11 shows the image of a Cartesian grid under f(z) = 1/z, with 
different scales for the z-plane and the w-plane. The shaded square in the 
z-plane is mapped to a set in the w-plane bounded by parts of four circles. 


Once again, we can gain insight into the geometric effect of f by writing z 
in polar form as z = r(cos@ + isin 0), so 

1 
— = —(cos(—@) + 7sin(—@)). 
2 
This formula shows that f changes the modulus of z to its reciprocal, and 
reverses the sign of the argument of z. This is demonstrated by the 
transformation of the polar grid in Figure 3.12. 
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Figure 3.11 Image of a Cartesian grid under f(z) = 1/z 


In Figure 3.12 a circle centred at the origin in the z-plane of radius a is 
mapped by f to a circle centred at the origin in the w-plane of radius 1/a, 
and the ray with argument b is mapped to the ray with argument —b. 


f(z) =1/z 


z-plane 


Figure 3.12 Image of a polar grid under f(z) =1/z 
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The following exercises provide some practice in determining images of 
Cartesian grids and polar grids for complex functions. In such exercises, 
your geometric knowledge of the function f may save you from getting 
involved in parametrisations. 


Exercise 3.6 


For the function f(z) = iz + 1, sketch the images of 
(a) S= {z:0< Rez <1, 0< Ime = 1} 

(b) the polar grid of Figure 3.1(b). 

Exercise 3.7 


Sketch the image of the polar grid of Figure 3.1(b) under the function 
f(z) = 2, omitting the circle with equation r = 3. (Its image is rather 
large.) 


Exercise 3.8 


Find the image of the polar grid of Figure 3.1(b) under the function 


f(e) = vZ. 


Further exercises 


Exercise 3.9 


Sketch the images under each of the following functions f of the Cartesian 
grid and polar grid shown in Figure 3.1. 


(a) fe)=z+i (b) fl) =22 (o) f&)=2-iz 
(d) f(z) = i2? 


4 Exponential, trigonometric and hyperbolic functions 


For instance, Figure 3.13 illustrates the vector field of the function 


Figure 3.13 Vector field of f(z) = 2? 


Vector fields are widely used in science to represent physical 
phenomena. For example, the arrows in Figure 3.13 might represent 
the velocities of particles in a flowing fluid. The particles on the 
positive real axis are propelled rightwards along the positive real axis. 
Other particles follow trajectories that guide them towards the origin. 
The arrows shrink as they approach the origin, indicating that the 
origin is fixed by the function. You will learn about fluid flows in 
Uie IDL. 


4 Exponential, trigonometric and 


hyperbolic functions 


After working through this section, you should be able to: 


state and use the definition and basic algebraic properties of the 
exponential function and describe its geometric properties 


state and use the definitions and basic algebraic properties of the 
trigonometric functions and hyperbolic functions 


prove simple identities involving the exponential function, the 
trigonometric functions and the hyperbolic functions. 


4.1 The exponential function 


The real exponential function x > e”, which is illustrated by the graph in 
Figure 4.1, plays a key role in a wide range of mathematical subjects. It is 
natural to ask whether this function has a complex analogue; that is, how 

is e* defined where z is a complex number? 


Sv 


Figure 4.1 Graph of y = e” 


133 


Unit A2 Complex functions 


134 


A fundamental property of the real exponential function is that 


T1 


e 


e72 — etl tee 


for all z1, £2 E€ R. 


Ideally, then, the complex exponential function should satisfy 
ee”? = et, for all 21, 22 E C. (4.1) 
In particular, if z = x + iy, then it should be true that 


e” = eT TY = ete”, 


Since e” is defined, because z is real, it remains only to define et”, where y 
is real. The following manipulation of power series suggests a definition 
of e”. The power series for e”, where x € R, is 
oy rL r’ 
e = totg ae 
Let us now try replacing x with zy in this formula. We cannot justify doing 
so at this stage because iy is not a real number; nonetheless, the outcome 


is illuminating. 


We obtain 


a 3 
— y , y 
= (G-fte)tif- $4). 


The expressions in parentheses are the power series for cos y and sin y, 
respectively. Thus it seems plausible to define e’”Y by 


e = cosy + isin y; 


this formula is known as Euler’s Identity (or ‘Euler’s Formula’), named 
after the Swiss mathematician Leonhard Euler (pronounced ‘oiler’), whom 
we met in Unit Al and whom we will meet again later. 


Definition 
For all z= z + iy in C, 

e” = e” (cosy +isiny). 
The function 

z= e (zEC) 


is called the exponential function, and is denoted by exp. 
Thus exp z = e’. 


Before verifying that the exponential function does indeed satisfy 
equation (4.1), we make some remarks about the definition and then 
evaluate e* for several complex numbers z. 


4 Exponential, trigonometric and hyperbolic functions 


Remarks 
1. Notice that if z is real, so z = x + 0i (that is, z = x), then 


e* = e” (cos0 + isinO) = e”. 


Thus the restriction of the (complex) exponential function to R gives the 
real exponential function, as we would expect. In particular, for 0 € C, 


e =1. 
2. Also, if z = 0 + iy, then P 

e” = (cosy + isiny), eit /2 =i 

which gives Euler’s Identity etir] 
y + 
e” = cosy + i siny. atari — e0 
. =1 
Thus the number e” has modulus 1 and argument y, and so lies on the gone 
unit circle {z : |z| = 1}. Some important examples are given in 
Figure 4.2. : 
i ee f Figure 4.2 Some values of 

In particular, e = —1; that is, the exponential function on the 

eT+1=0. unit circle 


This striking equation contains five of the most important numbers in 
mathematics, together with two of the most important symbols. It is 
known as ‘Euler’s Equation’, or even sometimes ‘Euler’s Identity’, 
although it is not to be confused with the more general formula 

e = cosy + isin y that we call Euler’s Identity. 


Express each of the following numbers in Cartesian form. 
(a) een (b) e2tin/3 (c) e` (ltir) 
CoE eE OOE E E G UUO 
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The next result gives a number of basic identities involving the exponential 
function, including equation (4.1). Here and subsequently we adopt the 
convention that, unless otherwise stated, identities hold for all values of 
the variables in the identity for which the identity has meaning. For 
example, the first identity below holds for all z1 and zg in C. 


Theorem 4.1 Exponential Identities 
(a) Addition e^t? = e*1e” 

(b) Modulus |e?| = e®e? 

(c) Negatives e`? = 1/e’ 

( 


d) Periodicity e7?" = e? 


Remarks 


1. One consequence of part (a) is that 
(ec)? =, forb ER, nez. (4.2) 
This is a restatement of De Moivre’s Theorem (Theorem 2.2 of 
Unit A1) in a concise form. 
2. Since the real exponential function is always positive, part (b) shows 
that e” £0 for all z € C. 


3. Part (d) shows that the exponential function is periodic with 

period 271, meaning that exp takes the same value at z and z + 277, for 

any complex number z. 
Proof We prove parts (a), (b) and (c), leaving part (d) as an exercise. 
(a) Let z1 = zı + iyı and zg = x42 + iyo. Then 

ete = e" (cos y1 + isin yi )e*? (cos y2 + isin y2) 
= e"l e”? (cos y1 + isin yi )(cos y2 + isin y2) 

“2 ( (cos y1 COS y2 — sin yı sin y2) 

+ i(sin yı cos y2 + cos yı sin y2)) 


= e172 (cos(y1 + y2) + isin(yı + y2)) 
— e71 t22 oily +y2) 


=e€ 


= e”! T2 


since z1 + zg = (41 + z2) + iyı + y2). 
(b) Let z = x + iy. Then 
|e*| = |e” (cosy + isin y)| 
= |e”||cos y + isin y| 
— e”, 
since e* > 0 and cos? y + sin? y = 1. Hence |e*| = eR°. 
(c) By part (a), 
ee? =e? * = e9 = 1, 


Hence e~* = 1/e?. a 
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Exercise 4.2 


(a) Prove part (d) of Theorem 4.1. 
(b) Prove that 
le*|<el?l, forall z € C. 


(c) Is the function exp one-to-one? 
(d) Determine each of the following sets. 


G) {rens} (ii) {z : e7 = —1} 


The result of Exercise 4.2(b) will prove to be useful later in the module. 


The exponential function provides an alternative, concise notation for 
expressing a non-zero complex number in polar form. 


Given a non-zero complex number z with modulus r and argument 9, 
both 


z=r(cos@+isin@) and z= re” 


are acceptable ways of writing z in polar form. 


For example, 
1 +i = vV2(cosr/4+ isin r/4) = V2e'"/4. 


Using this concise version of polar form, it is easy to compute powers such 
as (1 +i)!? as follows: 


(1 + Hr = (ae 
= (/2)!0(¢in/4)10 


= 32¢l0in/4 (by equation (4.2)) 
= 32¢5iT/2 

= 32e'7/? (exp has period 277) 
= 321. 


Compare this calculation with that of Exercise 2.12(c) of Unit A1. 


Exercise 4.3 


By writing v3 + i in polar form, using the exponential function, 
evaluate (v3 + i)~®. 
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Figure 4.3 Points z + 2n7i 
on the vertical line through z 
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The geometric effect of the exponential function 


Theorem 4.1(d) shows that the (complex) exponential function is not 
one-to-one, since 

er tent — e? (4.3) 
but z+ 2ri Æ z. Repeated application of equation (4.3) gives the following 
fact. 


eo S gf (nez). 


Therefore each of the points 
z+ 2nri, neEZ, 


has the same image under the exponential function. These points lie on the 
vertical line through z, as shown in Figure 4.3. We will use this observation 
to investigate geometric properties of the exponential function. 


As in Section 3, the aim is to plot the image of a grid of lines of the form 
x = a and y = b, for suitable real constants a and b. To do this, let w = e7, 
where z = x + iy and w = u + iv, so 


u + iv = e? = e” (cosy + isin y). 
Hence 

u = e€ cosy, v= e” siny. (4.4) 
First we consider the image of a line of the form x = a, for a real 


constant a, with parametrisation y(t) = a + it (t € R). Substituting x = a 
and y = t into equations (4.4), we obtain the following property. 


The function exp maps the line x = a to the path with parametric 
equations 


u= Cost, u= sind (eR). 


This is the circle with centre 0 and radius e° (Figure 4.4). 


YA = VA 
C= G4 f(z) =e 
a 
Li |w| = e? e" (cost + isin t) 
a+i 
> > 
a x et u 
z-plane w-plane 


Figure 4.4 The line {x + iy : x = a} and its image circle {w : |w| = e°} 


4 Exponential, trigonometric and hyperbolic functions 


Notice that 


e as t increases, the image point w moves anticlockwise around the image 
circle, passing through e° whenever t is an integer multiple of 27 


e the image of the line {x + iy : x = 0} is the unit circle {w : |w| = 1} 


e as a increases, the image circle of the line x = a expands, the centre 
remaining fixed at 0. 


Next consider the image of a line of the form y = b, for a real constant b, 
with parametrisation y(t) = t + ib (t € R). Substituting x = t and y = b 
into equations (4.4), we obtain the following property. 


The function exp maps the line y = b to the path with parametric 
equations 


u=e'cosh, v=e'sinb CER) 


This is the ray from 0 (excluded) through cosb + isin b (Figure 4.5). 


“| f(z) =e "| 
e'(cosb + isin b) 
ib t+ ib 
— 
y =b cosb + isin b 
T ù 
z-plane w-plane 


Figure 4.5 The line {x + iy: y = b} and its image ray 

{w = pe? : p =b, p> 0} 

Notice that 

e as t increases, the image point w moves outwards along the image ray 
e the image of the line y = 0 is the positive real axis 


e as b increases, the image ray of the line y = b rotates anticlockwise 
about 0. 


Combining these observations, we can now plot the image of a grid of lines 
of the form z = a and y = b. For our grid, we choose the values of a to be 
integers (as usual) but, because trigonometric functions are involved, it is 

convenient to choose the values of b to be integer multiples of 7/2. 


In Figure 4.6 the image circles of the lines x = —2, —1,0,1,2 are shown, as 
are the image rays of the lines y = —37/2, —1, —7/2,0,7/2,7. (Note that 
the lines y = —r and y = 7, for example, have the same image.) 
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One effect of this choice of values for b is that the image of each grid 
rectangle in the z-plane is a quarter-annulus in the w-plane. In particular, 
notice that the two shaded rectangles in Figure 4.6 map to the same 
quarter-annulus. 


Notice also that, since |e7| = e®*, points in the right half-plane 


{z : Rez > 0} have images lying outside the circle {w : |w| = 1}, whereas 
points in the left half-plane {z : Rez < 0} have images lying inside this 
circle. 


w-plane 


z-plane 


zZ 


Figure 4.6 Image of a Cartesian grid under f(z) = e 


Finally, notice that Figure 4.6 reveals an important property of exp, 
illustrated in Figure 4.7, which will prove useful in Section 5, where we 
discuss possible inverse functions for the exponential function. 


zZ 


The image of the strip {x + iy: —a < y < m} under f(z) =e 
is C — {0}. 
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iT 


Xy 
Sv 


z-plane w-plane 

Figure 4.7 The image of the strip {x + iy: —a < y < 7} under f(z) = e? 
is C — {0} 

Exercise 4.4 

Sketch the image of each of the following sets under the exponential 
function. 

(a) {e+iy:-l<a<0, -7/4<y< 7/4} 

(b) {a@+iy:-l<a<l1, r<y< 27} 

(c) {xa+iy:0<y< 2r} 


4.2 Trigonometric functions 


In the study of real functions there seems, at first sight, to be no 
connection between the trigonometric functions « —> sin x and 

xz +— cos x, defined geometrically, and the exponential function z —> e”. 
Certainly, their graphs (Figure 4.8) do not suggest any connection. 


yr yr Wg 
y=sinz Y = Cos xt 
15 1 1 
T ' x x 
20 20 1 
ee -_14 


Figure 4.8 Graphs of y = sin z, y = cos x and y = e” 


However, the definition of the complex exponential function makes use of 
real trigonometric functions, and it turns out that this complex exponential 
function can be used to define complex trigonometric functions. 


141 


Unit A2 Complex functions 


142 


The key to such a definition is Euler’s Identity 
e? —cosO+isino, OER, 
together with the consequence 
—i0 


e” = cos — isin, OER, 
which holds because cos(—0) = cos 0 and sin(—0) = — sin 0. Eliminating 
first sin 0 and then cos 0 from these equations, we obtain 
l, ; l lay À 
cos 0 = 5 (en +e) and sinf = aie ae), (4.5) 
i 


These equations suggest the following definitions. 


For all z in C, 
ee iz —iz : aa lz 12 
cosz=—-(e*+e ”) and sinz=—(e”—e ”). 
2 2 
These functions are called the cosine function and sine function, 
respectively. 


1. We occasionally use the phrase ‘complex cosine function’, rather than 
just ‘cosine function’, to emphasise that we are working with a complex 
function. (A similar comment applies to the sine function.) 


2. If z is real, then these definitions give equations (4.5). 
With these definitions, the functions cos and sin enjoy most (but not all) 


of the properties of the corresponding real trigonometric functions. Before 
stating these properties, we determine some values of these functions. 


Example 4.2 
Evaluate each of the following numbers in Cartesian form. 
(a) sini (b) cos(a + i) 


Solution 


eae : 
(a) sini = A 2) 


-i 
Di 
(b) cos(7 +i) = 


1 
(ent le" = ae -e "y 
et(T+i) en tt) 


etl ae ee 


DIR dle dle ble 
Foe Fie eeN Fare 
m 
s 
3 
Si 
4 
si 
= 
3 
fan} 
m 
S 


using the fact that e" = e" = —1. 


4 Exponential, trigonometric and hyperbolic functions 


Remarks 

1. Notice that 

sini] = (e — e~!) ~ 1.175 >1 
and 
cos(m + i)| = 5(e + e7!) ~ 1.543 > 1. 


Thus the well-known properties of the real sine and cosine functions 


sinz|<1 and |cosz|<1, where <x €R, 
do not always hold when «x is replaced by a complex number z. 


2. The solutions to Example 4.2 suggest that there is a connection 
between the complex trigonometric functions and the hyperbolic 
functions. This will be made clear later in the section. 


Exercise 4.5 


Evaluate each of the following complex numbers in Cartesian form. 


(a) sin(7/2 + i) (b) cosi 


In order to describe the algebraic properties of the complex sine and cosine 
functions, we need to introduce the full range of complex trigonometric 
functions. First, however, we determine the zeros of sin and cos. 


Theorem 4.2 


(a) The set of zeros of the sine function is 
Ia: aime = 0} = [om m € A) 
(b) The set of zeros of the cosine function is 


{z : cosz = 0} = {(n + $)r : n € Z}. 


The theorem says that the only zeros of the complex sine and cosine 
functions are those of the real sine and cosine functions. 


Proof 
(a) Using the definition of sin z, we have 
l; , 
snz =0 <> ge —e™)=0 
et” = e 
e2'2 = 1 


2iz E€ {2nri:n E€ Z} (see Exercise 4.2(d)) 
zE{nr:nE€ Z}, 
which proves part (a). 


Itti 
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(b) Using the definition of cos z, we have 


on 
coz = 0 < gle te) =0 


2iz € {(2n+1)ri:n €Z} (see Exercise 4.2(d)) 
z€{(n+4)m:ne€Z}, 
which proves part (b). 


[ttt 


The other complex trigonometric functions tan, sec, cot and cosec are 
defined as in the real case. 


For all z in C— {(n + 4)r : n € Z}, 


Mm z 


and secz = ; 
osz COS Z 


For all z in C — {n7 : n € Zy, 


S 
tamne = 


COS Z 
CO 


and cosecz = ——. 
in z sin z 


We now record the basic algebraic identities satisfied by these complex 
trigonometric functions. All of these identities are the same as identities 
satisfied by the real trigonometric functions. 


(a) Addition 
sin(z1 + 22) = sin 21 cos Z2 + cos 21 sin zg 
cos(z1 + 22) = cos z1 Cos 22 — sin z1 sin zg 
ne 4 7 2 tan zı + tan Zo 
1 — tan zı tan z2 
(b) Squares 


2 


cos? z + sin? z = 1 


sec’ z = 1 Ttan? 

cosec” z = 1 + cot? z 
(c) Negatives 

sin(—z) = —sinz 

cos(—z) = cos z 


tan(—z) = — tan z 
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(d) Periodicity 
sin(z + 27) = sin z 
cos(z + 27) = cos z 


tan(z + 7) = tanz 


We prove three of these identities in the next example, and ask you to 


check some more of them in Exercise 4.6. 


itl 


Example 
Prove the following identities. 

(a) sin(z, + 22) = sin 21 cos zg + cos z1 sin 22 
(b) cos(—z) = cos z 


(c) sin(z +27) = sinz 


Solution 


(a) Starting with the right-hand side, we have 


sin Z1 COS Z2 + COS Z1 Sin Z2 
= + (eit =e e-i) l (gin a e (72) ae Lea a e-i) l (e72 
2i 2 2 2i 
= e ae ella ey) g i(z1—-z2) _ E i(zi4 72)) 
l 


ue (et +72) ws ella z2) e i(z1—za) _ a dlen 2) 


D ) 
= pray E e (ata) 
= sin(z1 + 22), 
as required. 


(b) We have 
cos(—z) = ne + e-4)) = 5(e* +e") = cos z, 


as required. 


(c) We have 
Sunes 2) = = (eft? — e™i(2+27)) 
z = Tan) 
= v = en) (since eo — pW Pri _ 1) 
= Sil Z, 


as required. 


a e172) 


bolic functions 
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Theorem 4.3 is by no means an exhaustive list of trigonometric identities. 
For example, we have not included identities such as 


sin(z1 — 22) = sin z1 cos Z2 — cos 21 sin 22, 
cos(z1 — 22) = cos 21 Cos Z2 + sin 21 sin zg 


and 
sin 2z = 2sin z cos z. 


However, these can readily be deduced from the identities in Theorem 4.3. 


Exercise 4.6 


(a) Prove the following identities. 
(i) sin(—z) = — sin z (ii) cos(z + 27) = cos z 


(b) Deduce the following identities from Theorem 4.3. 
tan zı — tan z 
(i) cos2z = 2cos? z — 1 (ii) tan(zı — 22) = Per 


4.3 Hyperbolic functions 


Earlier in this section we referred to a relationship between complex 
trigonometric functions and the real hyperbolic functions 


sinhx = (e — e77) and cosha = 4(e" + e7”), 


whose graphs appear in Figure 4.9. 


The complex hyperbolic functions are defined by the same formulas as for 
the real hyperbolic functions. 


Figure 4.9 Graphs of Definitions 
y = sinha and y = cosh x For all z in C, 


1 il 
sinh z = ae —e*) and coshz= z +e”). 


For all z in C — {(n+$)mi: n € Z}, 


sinh z 1 
and sech z = ———. 
osh z = Be an cosh z 


tanh = 


For all z in C — {nai : n € Z}, 


- and cosech z = — : 
sinh z sinh z 


In these definitions we have used the facts that 
{z:sinhz = 0} = {nri : n € Z} 

and 
{z : cosh z = 0} = {(n + į )ri : n € Z}. 
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4 Exponential, trigonometric and hyperbolic functions 


All these zeros lie on the imaginary axis. 


These ‘zero sets’ are readily deduced from the zero sets of the sine and 
cosine functions by using the following result, which shows the close 
relationship between the complex hyperbolic functions and the complex 
trigonometric functions. 


Theorem 4.4 
For all z in C, 


sim(7z)—asmlue am] Goe) = cosh Zz. 


Proof For z€C, 


Pi Pi 1 
— (etl) — emili) = ~gile* — e) =isinhz 


i 1 
cos(iz) = an + e)) = w + e7) = cosh z. = 


The hyperbolic functions satisfy a number of basic identities, summarised 
in Theorem 4.5. We omit the proofs, which can all be deduced either from 
Theorem 4.3, by using the identities in Theorem 4.4, or directly from the 
definitions. 


Theorem 4.5 Hyperbolic Identities 
(a) Addition 
sinh(z, + z2) = sinh z1 cosh z2 + cosh 21 sinh 22 
cosh(z; + z2) = cosh z1 cosh z2 + sinh 21 sinh z2 
tanh z1 + tanh z2 
e 1 + tanh zı tanh z2 
(b) Squares 
cosh*z — sinh? z= 1 
sech?z = 1 — tanh? z 
cosech*z = coth? z — 1 
(c) Negatives 
sinh(—z) = — sinh z 
cosh(—z) = cosh z 
tanh(—z) = — tanh z 
(d) Periodicity 
sinh(z + 271) = sinh z 
cosh(z + 27%) = cosh z 
tanh(z + mi) = tanh z 
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The following example and exercise show that the hyperbolic functions 
play an important role in the determination of the real and imaginary 
parts of sin z and cos z. 


Example 4.4 
Let z = x + iy. Prove the following identities. 
(a) sin z = sin z cosh y + i cos x sinh y (b) |sin z|? = sin? z + sinh? y 
Solution 
(a) We have 
sin(x + iy) 
= sin x cos(iy) + cos x sin(iy) (Theorem 4.3(a)) 
= sin z cosh y + icosxsinhy (Theorem 4.4). 
(b) We have 


|sin(a + iy) 
2 


F 
= sin? x cosh” y + cos? x sinh? y (part (a)) 

= sin? z(1 + sinh? y) + cos? xsinh? y (Theorem 4.5(b)) 
= sin? z + sinh? y (sin? x + cos? z) 


= sin? x + sinh? y. 


Let z = x + iy. Prove the following identities. 


(a) cosz = cos x cosh y — i sin x sinh y (b) |cos z|? = cos? z + sinh? y 


Exercise 4.8 


Express the following complex numbers in Cartesian form. 
(a) esr (b) ee™/2 (c) e2ni/3 (d) e~ 37Ti/2 (e) e2tni 
(£) edtni/2 (g) e(7Ti/6)-1 (h) (cos 0+ sin 0) 


Buara ama A Oh 
Exer cise 4.9 


(a) Express the following complex numbers in the polar form re”? 
1 i 


(i) Ta (ii) —1-—i = (iii) 1+v3i 


(b) Hence evaluate the following complex numbers, giving your answers in 
Cartesian form. 


. 3 
o (5-5) ava 
Exercise 4.10 


Express the following complex numbers in Cartesian form. 
(a) sin(r + 2i) (b) cos(t/2 — i) (c) tani 


In parts (a) and (b) you can work from the definitions of sin and cos, or 
use identities established in the section. 


Exercise 4.11 


Prove the following identities. 
(a) e =e (b) sin2z = 2sin z cos z (c) sinz = sinZ 

(d) cosh(z1 + z2) = cosh 21 cosh z2 + sinh 21 sinh 22 

(e) cosh? z — sinh? z = 1 

In parts (a), (b) and (c), work from the definitions of e7, sin 2z and sin z; 
in parts (d) and (e), use identities established in this section. 


5 Logarithms and powers 


After working through this section, you should be able to: 


e determine the principal logarithm Log z of a non-zero complex number z, 
and describe the geometric effect of the function z ++ Log z 


e determine the principal power z“, where a € C, of a non-zero complex 
number z. 


5.1 Logarithms of complex numbers 


In real analysis the natural logarithm function log (that is, the logarithm 
to base e, sometimes denoted In or log.) is defined as the inverse function 
of the exponential function. Since x +> e” is a one-to-one function on R 
with image set (0,00), the inverse function log has domain (0,00), and is 
defined by the rule 


logy =z, where y =e”. 
The graph of the function log can be obtained by reflecting the graph 
of y = e” in the line y = z (Figure 5.1). 
Now consider the complex exponential function f(z) = e”. In trying to 
define an inverse function f~! for f, we encounter the fact that f is not a 
one-to-one function. For example, 


-+ = f(-2ri) = f(0) = f(2ri) = f(4ri) =- = 1. 


5 Logarithms and powers 


Figure 5.1 Graphs of y = e” 
and y = log x 
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iT 
p 
A 
> 
—-— — a 
—inT 


Figure 5.2 A horizontal strip 
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To get around this difficulty, we seek a set A (preferably as large as 
possible) on which f(z) = e” is one-to-one. We then restrict f to the 
set A, retaining the name f for the restricted function with domain A, and 
define an inverse function f~! with domain f(A). This approach was used 
in Subsection 1.5 with the function f(z) = 22. We will find (just as we did 
for the function f(z) = 2?) that there are many choices for the set A. The 
choice in the following example is motivated by the periodicity property 
etn — e7, for all z in C, 


which suggests that A should be chosen in such a way that it does not 
contain two points that differ by 277. 


Example 5.1 
Let 
A={x+iy:—17<y<r}, 
which is a horizontal strip (Figure 5.2). Prove that the function 
dig) e (eA) 
has an inverse function f~t, and determine the domain and rule 
of fo 
Solution 
First we determine the image set of f: 
f(A) = {e7:z2€ A} 


=Wwoe Vy eRe msy a 


=w= e s eR, —7 =< ya 7} 
= {w = pe’? : p>0, 1 < o <7} 
=C- {0}, 
where p = e” and ¢ = y. (In fact, we have already observed that 
f(A) =C — {0} in Figure 4.7.) 
Now, for each w € C — {0}, we wish to solve the equation 
w= e7 (5-1) 
to obtain a unique solution z in A. 
Each w in C — {0} can be written in the form 
w= pe’, where p > 0 and -7 < Ọ < 7, 
and equation (5.1) is then 
pe’? = e = e?e, where z = x + iy. 


Equating moduli on both sides of the equation pe’? = ee”, we obtain 
p = e”, and on dividing both sides by p we obtain e’? = e”. 


Remarks 


1. Since ¢ = Argw and p = |w] in this solution, the rule for f~! can also 
be written in the form 


fw) =log|w|+iArgw (w 0). 


2. Example 5.1 is important because it will be used shortly in defining 
logarithms of complex numbers. 


Let A= {x + iy :0 < y < 2r}. Prove that the function 
Fe) =e (zeA) 


has an inverse function f~!, and determine the domain and rule of f7!. 


The solution to Example 5.1 and Remark 1 that follows it show that if 
w #0, then the equation e* = w has infinitely many solutions of the form 


z = log |w| + i(Argw + 2nr), nez. 


Each of these solutions is called a logarithm of w. The infinitely many 
logarithms of w correspond to the infinitely many arguments of w, which 
are all of the form 


Argw+2n7, nez. 


Some texts use the notation ‘log w’ to denote a particular logarithm of w, 
determined by a particular choice of argument. However, to prevent 
confusion, we will avoid this ambiguous notation, and instead we will 
almost always use the logarithm of w that corresponds to the principal 
argument of w (that is, n = 0). This solution, 


z = log |w| + i Arg w, 


of e* = w is called the principal logarithm of w, written Log w. (Note the 
capital L in Log, corresponding to the capital A in Arg.) 


5 Logarithms and powers 
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Thus the inverse function f~! of Example 5.1 can be written as 


fw) =Logw (we C— {0}). 


Definitions 
For z € C — {0}, the principal logarithm of z is 
Log z = log |z| + i Arg z. 


The corresponding principal logarithm function is called Log. 


Remarks 
1. If z is real and positive (that is, z = x + 0i, where x > 0), then 
Log z = Log x = log z, 


where log x denotes the usual real logarithm of x, as expected. Thus the 
restriction of Log to (0,00) is log. 


2. Note that the definition of Log applies if z is a negative real number. 
For example, 


Log(—2) = log |—2| + i Arg(—2) = log 2 + iz. 
3. Since Log is the inverse function of the function 
f= (2e{atiy:—r<y<n}), 


we have the following two identities. 


Pera, for 2 © 10), 


Log(e*)=z, forzé€{xz+iy:-at<y<mT}. 


The latter identity is false if z lies outside the strip 
{r +iy:-r<y< rT}. 
For example, if z = 277, then 


Log(e?"*) = Log 1 = log 1 = 0 £ 2ri. 


4. The function Log has domain C — {0}, and its image set, written in 
terms of w, is {w : —7 < Imw < T}, as shown in Figure 5.3. 


Yt Log UA 


a 


Q > > 
x u 
——— - 
it 
z-plane w-plane 


Figure 5.3 Log has domain C — {0} and image set {x + iy: =r << y <7} 
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Evaluate the following complex numbers in Cartesian form. 


(a) Logi (b) Log(V3—%) (c) _Log(4 + 4i) 


The real function log satisfies various identities, such as 
log(a12%2) = log xı + log z2, for 71, £2 > 0, 

and 
log(1/x) =—logz, for x >Q. 


It is natural to hope that similar identities will hold for the complex 
function Log, and this is indeed the case, provided that suitable 
restrictions are placed on the variables involved. 


Part (b) does not hold if Arg z = 7, as you can check by choosing z = —1. 


Proof 
(a) If Arg 21, Arg z2 € (—r/2,m/2], then Arg z1 + Arg zg € (—7, 7], so 


Arg(z122) = Arg z1 + Arg z2. 
(You met this property of Arg in Subsection 2.3 of Unit Al.) Hence 
Log(2122) = log |z122| + i Arg(2122) 
= log |z1| + log |z2| + i (Arg z1 + Arg 22) 
= (log |z1| + i Arg z1) + (log |z2| + i Arg z2) 
= Log zı + Log z2. 
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(b) Since 1/z = Z/|z|? and Argz #7, it follows that 
Arg(1/z) = Argz = — Arg z. 
Hence 
Log(1/z) = log |1/z| + i Arg(1/z) 
= log(1/|z|) + i Arg(1/z) 
= — log |z| — i Arg z 
= — Logz. E 


Remark 


Using properties of Arg described in Subsection 2.3 of Unit A1, it can be 
shown that the identity in Theorem 5.1(a) holds in the following form for 
any values in the domain C — {0} of Log: 


Log(z1z2) = Log z1 + Log zg + 2n7i, (5.2) 
where n is —1, 0 or 1, depending on whether Arg z; + Arg z2 is greater 
than 7, lies in the interval (—r, 7], or is less than or equal to —7. 


For example, if z1 = z2 = —1, then 

Log(z12z2) = Log1 = 0, 

Log z1 + Log z2 = (log 1+ im) + (log1 + im) = 277. 
Thus the identity (5.2) holds with n = —1 in this case. 


The geometric effect of the function Log 


We now briefly discuss the geometric effect of the function Log, drawing on 
our knowledge of the geometric effect of the exponential function z —> e” 
obtained in Subsection 4.1 and depicted in Figure 4.6. Since Log is the 
inverse function of the restriction of the exponential function to the 
horizontal strip {z : =r < Imz < T}, we can understand the geometric 
effect of Log by ‘reversing’ the effect of exp observed in Figure 4.6. Thus 
Log maps circles with centre 0 and radius r onto line segments of the form 
u=logr, =r <u < m (where w = u + iv), and it maps rays Arg z = 8 onto 
lines of the form v = 9. Figure 5.4 shows the image of this polar grid under 
the function Log. 


Notice that 


e points lying outside the unit circle {z : |z| = 1} have images lying in the 
right half-strip, whereas non-zero points inside the unit circle have 
images lying in the left half-strip 


e the Log function behaves in a rather strange manner near the negative 
real axis. For example, as z approaches the point —1 on the negative 
real axis from above, the image point w = Log z approaches the point iz, 
but if z approaches —1 from below, then w = Log z approaches the 
point —iz (which is not in the image set of Log). This strange behaviour 
occurs near the negative real axis because of the particular definition of 
Arg that we have chosen (and the fact that Log z = log |z| + i Arg z). We 
consider this behaviour further in Unit A3. 


5 Logarithms and powers 


Figure 5.4 Image of a polar grid under f(z) = Log z 


Exercise 5.3 
Classify the following statements as True or False. 
(a) The image under the function Log of the ellipse 
4r? + 9y? = 1 
lies in the right half-plane. 


(b) The image under the function Log of the ray 0 = 7/4 lies in the right 
half-plane. 


(c) There is a point z € C such that 
Logz = 1 + 42. 

(d) There is a point z € C such that 
Logz =1+ ti. 
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Leonhard Euler and logarithms 


The first person to recognise the many-valued nature of complex 
logarithms was the prolific Swiss mathematician and scientist 
Leonhard Euler (1707-1783). In a letter to another Swiss 
mathematician Gabriel Cramer (1704-1752) in 1746, Euler wrote: 


I have finally discovered the true solution: in the same way that 
to one sine there correspond an infinite number of different 
angles I have found that it is the same with logarithms, and 
each number has an infinity of different logarithms, all of them 
imaginary unless the number is real and positive; there is only 
one logarithm that is real, and we regard it as its unique 
logarithm. 


(Speziali, 1983, p. 428, cited in Bottazzini and Gray, 2013, p. 82) 


In Euler’s time, ‘imaginary’ meant ‘complex and not real’. 


As the quote demonstrates, Euler’s understanding of logarithms was 
remarkably advanced; his work on complex numbers led to 
considerable developments in the subject. He was the first to publish 
the equation et? = cos x + isin x (Euler’s Identity) which he obtained 
not by defining e’ from that formula as we have done, but by defining 
the exponential and trigonometric functions in terms of series, and 
then proceeding with a method similar to that presented at the start 
of Subsection 4.1. 


5.2 Powers of complex numbers 


In this subsection we define the expression z“, where z is any non-zero 
complex number and a is any complex number. In Subsection 3.1 of 

Unit Al you saw that any non-zero complex number z has n nth roots and 
that the expression z!/" is reserved for just one of these roots, called the 
principal nth root of z. It seems likely, therefore, that there is going to be 
some difficulty in defining the expression z“ in a unique way. 


Recall first that if a > 0 and z € R, then a” satisfies the equation 


a= et loga 


It is tempting to define z“ by means of a similar formula, namely 
‘2% = e%l08%> where ‘log z’ is a logarithm of z. 

The problem is, however, that any non-zero complex number z has 

infinitely many logarithms, so the formula above would give rise to 

infinitely many possible values of z“. To avoid confusion, we will define 2 

using Log z, the principal logarithm of z. 


pä 


For z,a € C, with z Æ 0, the principal ath power of z is 


a 


z“ = expla Log z). 


The function z —> z° is called the principal ath power function. 


. It can be shown that this definition agrees with the usual meaning of z“ 


if a =n or a = 1/n, where n is a positive integer. For example, if a = n 
and z Æ 0, then 
en Log z = els 2 +---+ Log z 


= clog 2 ET. eh0g 2 


=z xXx xX Z= 2". 


. This definition assigns no value to 0°. However, in Subsection 3.1 of 


Unit A1, we defined 0” and 0!/" to be 0, for n = 1,2,3,.... 


. Some texts take a different approach and allow both ‘log z’ and z“ to 


represent infinitely many different values, and specify, when 
appropriate, which value is being considered at a given time. 


Example 5.3 


Express each of the following numbers in Cartesian form. 


o (b) (A+ 4) # 


Solution 
(a) We have 
(-1)'? = exp($ Log(—1)) 
= e"/2 (since Log(—1) = iz) 


=i, 
as expected! 
(b) Since 1+ i= V2(cos7/4 + isin 7/4), we have 
(1 + 1)* = exp(i Log(1 + 4)) 
= exp(i(log V2 + im/4)) 
= exp(—7/4 + ilog V2) 
= e~"/4(cos(log V2) + isin(log V2)). 
(c) We have 
it = expli Logi) 
=exp(i(ia/2)) (since Logi = in/2) 
=e tl? 


a real number! 


5 Logarithms and powers 
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Express each of the following numbers in Cartesian form. 


(a) (1+é)*/8 bet 


Show that for a = 1/n, where n is a positive integer, the definition of z% 
given above agrees with the definition of z!/" given in Subsection 3.1 of 
Unit Al (where we used the notation p = |z| and ¢ = Arg z). 


(a) Find non-zero complex numbers 21, 22 and a for which the equation 
z729 = (2122)% does not hold. 


(b) Prove that 2%z° = z°+ for all z € C — {0} and a, 8 € C. 


Further exercises 


Express each of the following complex numbers in Cartesian form. 
(a) Log(—2) (b) Log(i) (c) Log(1+i) (d) Log v3 


(e) Logi- v3  (® toe( =) 


Express each of the following complex numbers in Cartesian form. 


(a a a ay 


Solutions to exercises 


Solution to Exercise 1.1 

(a) Domain C, codomain C. 

(b) Domain C — {—2}, codomain C. 
(c) Domain C — {0}, codomain C. 
(d) Domain C — {—i, i}, codomain C. 


Solution to Exercise 1.2 


(a) The domain of f is C. The image set of f is 
f(C) = {3iz:z € C} 


(b) The domain of f is C — {—i}. The image set 
of f is 


. 3z +1 , 
f(c-(-) ZH ec (-a} 
1 — iw , 
={w z= 3 +i} 
= {w:w #3} 
=C- {3}, 
where we have used the fact that the equation 
1— iw 
w—3 ne 
or, equivalently, 1 — iw = —iw + 3i, has no 
solutions. 


(c) The domain of f is C. The image set of f is 
F(C) = {Imz: zE C} 
={y:y ER} (z=7x + iy) 
=R. 
Solution to Exercise 1.3 
(a) The domain of f is C. The image set is 
F(C) = {zr ER: x > 0}. 
(b) The domain of f is C — {0}. The image set is 
f(C — {0}) = (—7, 7]. 


Solutions to exercises 


Solution to Exercise 1.4 
(a) f +g has domain C — {0,1} and rule 
(F + 9)(2) = f(z) + g(2) 
1 z+% 
ta 
z g-=z 


2z—-1+31 
~s ~ 


zZ 


(b) fg has domain C — {0,1} and rule 
(f9)(2) = fl2)g(2) 


= 


1 z+3i 
gg z2-=z 
O z+ 3i 
— | 


(c) f/g has domain C — {0, 1, —3i} and rule 


aI 
(F/9)(2) = 25 


1 z+ 31 
~ = (= — -) 
ž=1 
z+ 3i 
(Note that 0 and 1 are excluded from the domain 


of f/g even though (z — 1)/(z + 3i) is defined at 
these points.) 


Solution to Exercise 1.5 
(a) The domain of go f is 


domain of f — fz: : ¢C-— (0n}} 


=C-{0)- {eter} 


= (C — {0}) — {1} = C — {0,1}. 
The rule of go f is 


ae (1/z)+3i _ z+3iz? 
IF) = aa e 
(b) The domain of f o g is 
domain of g — fz : an ¢ C- cor} 
=(C- {0 i= fz: a g o} 


= (C — {0, 1}) — {—3i} = C — {0, 1, —3i}. 
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The rule of fog is 
3i 
ro =1/ (=) 
2 


a = 2 


z+ 3i 


Solution to Exercise 1.6 


First we determine the image set of f. This is 
C — {3}, from Exercise 1.2(b). 


Now, for each w € C — {3} we wish to solve the 
equation 
3z+1 
w= - 
Z+t 


to obtain a unique solution z in C — {—i}. This is 
achieved by the rearrangement 


_l—iw 


w-3` 


Thus f is a one-to-one function, with image set 
C — {3}. Hence f has an inverse function f~! with 
domain C — {3} and rule 


Solution to Exercise 1.7 
Let us first determine the image set of f, which is 
f(A) ={w=2?:2€ A} 
= {0} U {w = 27:0 < Argz < T}. 


By writing z = r(cos@ + isin 0), we see that f(A) 
is equal to the union of {0} and 


{w = r7(cos 20 + isin 20) :r >0,0 <0 <r}. 


Let p = r? and ¢ = 26; then f(A) is the union 
of {0} and 


{w = p(cos¢+isingd): p>0,0< ¢< 2r}, 


so f(A) =C. 
Now, for each w € C we wish to solve the equation 
w= 2" (S1) 


to obtain a unique solution z in A. If w = 0, then 
equation (S1) has the unique solution z = 0. If 
w #0, then w can be written in the form 


w = p(cosġ + isin ġ), 
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where p > 0 and 0 < ¢ < 27, and equation (S1) 
then has exactly two solutions 


29 = p'!?(cos($/2) + isin($/2)), 
z = p!? (cos(¢/2 +m) +isin(¢/2+7)), 


by Theorem 3.1 of Unit Al. Clearly, zo € A, since 
0 < 6/2 < m, whereas z1 ¢ A. 


Thus f is a one-to-one function, with image set C. 
Hence f has an inverse function f~! with domain 
C and rule given by f~!(0) = 0 and 


F (w) = p'/?(cos(¢/2) + isin(¢/2)), 
where w = p(cosd+ising), p>0,0< ¢< 2r. 


Remark: Using the definition of the principal 
square root ,/w given in Subsection 3.1 of Unit A1, 
we see that 


f (w) = Vw 


for values of w for which 0 < ¢ < m. However, 
f-+(w) and yw differ for 7 < ¢ < 27. For 
example, the number w = —7 has polar form 


cos(37/2) + isin(37/2), 
and 0 < 37/2 < 27, so 
-ifi 


V 


f!(—i) = cos(3r/4) + isin(3r/4) = 


However, —i also has polar form 


cos(—1/2) 4 


isin(—7/2), 
and =r < —T/2 <7, so 
4 


Vi = cos(—1/4) + isin(—2/4) = T= 


Solution to Exercise 1.8 

(a) C 

(b) C- {1} 

(c) C- {-i, i} 

(d) C—{z:Rez=0} = {z : Rez # 0} 
(e) C- {z : |z| =1} = {z : |z| #1} 
(£) C- {$(1 + v3i),—1,4(1 — v3i)} 


Solution to Exercise 1.9 
The image set of each f is determined as follows. 
(a) {2z+1:z€C} 
= {w : z = (w — 1)/2 € C} 
={w:weEC}=C 
(b) {1/@ -1):z €C- {1}} 
= {w:z=(1+w)/w #1} 
=w wA 0 = CH0} 
(c) {z/(z-1):2€C-— {1} 
= {w:z=w/(w-1)#1} 
= {w:w#1}=C- {1} 
(d) {|z — 1| :z € C} = {r : r > 0} = [0, œ) 
(e) Writing z = x + iy, we see that 
{Re(z+i):zEC}={z:xER} =R. 


(£) {Arg z| : z € C — {0}} 
= {|0| : 0 € (=r, r]} = [0,7] 


Solution to Exercise 1.10 


Observe that f has domain C — {0} and g has 
domain C — {1}. 
(a) f +g has domain C — {0,1} and rule 
g=1 z 
(F +9)(2) = —— + 
ž g= 
_ 22 —2z+1 
= z(z=1) 
(b) 3f has domain C — {0} and 2ig has domain 
C — {1}; hence 3f — 2ig has domain C — {0,1} and 
rule 


l _ 3(z—1) Qiz 
(3f — 2ig)(2) = Aa 
827? —624+3-2i2? 
7 z(z—1) 
_ (3— 2i)z? — 6243 
E z(z — 1) 
(c) fg has domain C — {0,1} and rule 
z= l A 
(f9)(2) = x 
z z=1 
=1. 


(d) f/g has domain 
(C — {0, 1}) — {0} = C — {0,1} 


Solutions to exercises 


and rule 


(f/9)(z) = = 


Solution to Exercise 1.11 


(a) The domain of f o g is 
A 


domain of g ~ fz: — £C- {0} 


=(€- (1) - {2:4 =o} 
= (C— {1}) — {0} = C — {0, 1}. 
The rule of f o g is 


(b) The domain of go f is 


domain of f — fas a 


= (C- (0) - f: == } 
= (C— {0}) - ø =C - {0}. 
The rule of go f is 


(c) The domain of f o f is 
z—-1 
z 


domain of f — f : 


= (C— {0}) 
= we 10,1) 


gc-(0}} 
1=0} 


{z:z 
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The rule of fo f is 


FF) = 
oe 


Il 
— 
l 
ZTN 
x 
| | & 
m. 
So 


Solution to Exercise 1.12 


The functions in parts (a), (b) and (c) are 
one-to-one, as we now show. We already know 
their image sets from Exercise 1.9. 


(a) For each w € C, the image set of f, we wish to 
solve the equation 


w=2z+1 


to obtain a unique solution z in C, the domain 
of f. This is achieved by the rearrangement 


z = (w — 1)/2. 
Thus f is a one-to-one function, with image set C. 


Hence f has an inverse function f~t with domain 
C and rule 


fF (w) = (w= 1)/2. 


(b) For each w € C — {0}, the image set of f, we 
wish to solve the equation 


w = 1/(z— 1) 


to obtain a unique solution z in C — {1}, the 
domain of f. This is achieved by the 
rearrangement 


z = (1 + w)/w. 


Thus f is a one-to-one function, with image set 
C — {0}. Hence f has an inverse function f~! with 
domain C — {0} and rule 


F (w) = (1+ w)/w. 


(c) For each w € C — {1}, the image set of f, we 
wish to solve the equation 


w = z/(z— 1) 
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to obtain a unique solution z in C — {1}, the 
domain of f. This is achieved by the 
rearrangement 


z = w/(w-— 1). 
Thus f is a one-to-one function, with image set 


C — {1}. Hence f has an inverse function f~! with 
domain C — {1} and rule 


fw) = w/w- 2). 
(Note that fT} = f in this case.) 


(d) This function is not one-to-one, because (for 
example) 


f(2)=|2-—1]=1 and 

f(0) = |0-1) =1. 
(e) This function is not one-to-one, because (for 
example) 

fli) =ReG+7)=0 and 

f(0) = Re(0 + i) = 0. 
(£) This function is not one-to-one, because (for 
example) 

fO) = |Argi| = |r/2| = 7/2 and 

f(-t) = |Arg(—4)| = |=7/2| = 7/2. 


Solution to Exercise 1.13 
Let us first determine the image set of f, which is 
f(A) ={2:zE A} 
= {0} U {w = 23: =r /3 < Arg z < 17/3}. 


By writing z = r(cos 0 + isin 0), we see that f(A) 
is equal to the union of {0} and 


{w = r3(cos 30 + isin 30) : r > 0, —1/3 < 0 < 1/3}. 


Let p = r’ and ¢ = 30; then f(A) is the union 
of {0} and 


{w = p(cos¢+isingd):p>0, =r <<}, 


so f(A) =C. 
Now, for each w € C we wish to solve the equation 
w= 23 (S2) 


to obtain a unique solution z in A. If w = 0, then 
equation (S2) has the unique solution z = 0. If 
w #0, then w can be written in the form 


w = p(cos¢ + isin ġ), 


where p > 0 and —r < ¢ < r, and equation (S2) 


then has exactly three solutions: 


2 = p’ (cos + isin), 


2 
a= pe (cos($ + =) + isin( $ + 


4 
z= pus GE + =) +isin( $ + 


by Theorem 3.1 of Unit Al. Clearly, zo € A, since 
—1/3 < 6/3 < 1/3, whereas z1 and z are not in A. 


Thus f is a one-to-one function, with image set C. 
Hence f has an inverse function f~t with domain 


C and rule given by f~'(0) = 0 and 


F (w) = p'/(cos(¢/3) + isin($/3)), 


27 
3 
Ar 


3 


)) 
)) 


where w = p(cosġ + isin), p> 0, -t™<o<T. 


(Observe that for w #40, =r < < 7, we have 
ġo = Arg w, so 2g is the principal cube root of w, 
namely w!/3. Also, 01/3 = 0, by definition, so 


Fw) =w (we C).) 


Solution to Exercise 2.1 


Observe that in each of the following sketches we 


have rotated the x- and y-axes about the s-axis to 


help illustrate the shape of the surface. 


(a) The surface with equation s = Re z is the 
plane that contains the y-axis and any line given 


by s =a and y = c, for some constant c. 


S 


(b) The surface with equation s = Im z is the 
plane that contains the x-axis and any line given 


by s = y and x = c, for some constant c. 


Solutions to exercises 


s=Imz 


Solution to Exercise 2.2 


For z € C — {0}, 
ol 1 ey 
IMS a alge 
So 
x 
ee (ze C— {0}) 
and 
Zy 
ae a (z e C— {0}). 


Solution to Exercise 2.3 
(a) Since y(t) = 1 + it (t € R), we have 
Tsi yt: 


Hence I is the line with equation x = 1, as shown. 


YA 


(b) Since q(t) = t? + it (t € [-1,1]), we have 
£ = P, yt: 


A brief table of values is as follows. 
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Eliminating t from the equations z = t?, y = t, we 
obtain 


y =T; 

the equation of a parabola. 

(c) Since y(t) = 1 — t+ it (t € [0,1]), we have 
C= 1%, y=. 

Eliminating t from these equations, we obtain 
y=1-a, 

the equation of a line. 


When t = 0, we have x = 1, y = 0; when t = 1, we 
have x = 0, y= 1. Hence the path T is as shown. 


YA 


(d) Since y(t) = 2cost + 5isint (t € [0,27]), we 
have 


x=2cost, y=dsint. 
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A brief table of values is as follows. 


T T 3T 5r 3n Tr 
t | 0 —- = — T — — — 2r 
4 2 4 4 2 4 
Ll2 V 0 -yV 2 -V2 0 ~2 2 
5 5 —5 —5 
0 — — 0 — -5 — 0 
"LW v2 v2 v2 
Hence the path T is as shown. 
YA 
A e 
2 
3T T 
= — t = — 
: 4 4 
Tr 
t=r t= 0 X 
—2 t=2r * 
om TT 
= — t= — 
: 4 4 
—5i/t= on 
2 


Eliminating t from the equations x = 2 cost, 
y = 5sint, we obtain 


2 2 
e Ea 
4 25 


the equation of an ellipse. 


Solution to Exercise 2.4 


In each case we use the table of standard 
parametrisations. 


(a) y(t) = (1 — t)(-2) + ti 
=2(t—1)+7t (tER). 
Hence 
g=], =k 
(b) y(t) = (1 -¢)(1) + t(1 +4) 
=1+ti (te [0,1)). 
Hence 


C=, y=t. 


Solutions to exercises 


(c) y(t) = (1 +i) + l(cost + isin t) Solution to Exercise 2.6 


— =1+cost+(1+sint)i (t€ [0,27]). (a) y(t)=1—it (teR) 


x=1+cost, y=l1+sint. 


1 


(d) The parabola is in standard form with a = 3, 


so the standard parametrisation is 
y(t) =} + Zit (CER). 
Hence 
y= st. 
(Of course, you may feel that the parametrisation 


y(t) = +i (t ER) 


pacer (b) =i (=at (EE (0,1) 
Solution to Exercise 2.5 yA 
(a) Since f(z) =Z = x — iy, we have 


a ee. 
Im f: z= -y (zEC). 
(b) Since f(z) = iz = —y + iz, we have 
Re f: z= —y (z€OC), 
Im f: zz (zeEC). 


(c) Since 
f) = 2 (c) y(t) = cost — isin t 
= (x + iy)’ = cos(—t) + isin(—t) (te [0,27]) 
= 2? — 3xy? + i(3x°y — y’), 
we have 


Re f: z1 r? — 3ry? (zE€C), 
Im f: z1 3r y -y (z€C). 

(d) Since f(z) = |z| = yx? + y?, we have 
Ref: z> yr? +y? (z€C), 


Im f: z+>0 (z EC). 


Solution to Exercise 2.7 

(a) y(t) = (1-t)(14+i)4+ti 
=1-t+1; 

so the parametric equations are 


g=1-t, y=1 (tER). 
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The path T is the line y = 1. 


YA 
——_____¢—__e—__—__ 
i 1+: 


Xy 


(b) From the table of standard parametrisations, 
y(t) =2cost+3isint (t€ [0,27]) 


is a parametrisation of the ellipse 


2 2 
x yY 

a aa G 
m 

YA 
ob (t= a2 
Tr 
t= 0 
23 T 


(c) Since y(t) = 1 + 2cost — (1 — 2sin t)i, the 
parametric equations are 

x=1+2cost, y=] +2simt, 
where t € [0, 27]. Hence 

(x — 1)? =4co°t and (y+1) = 4sin?t, 
so 

(z-1)} +(y +1 =4. 
This is the equation of the circle with radius 2 and 
centre 1—4. 


YA 
r 
T 
t=r t=0 
—l— i t = 27 
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Solution to Exercise 2.8 
(a) y(t) =1-—i+3(cost+isint) (t€ [0,27]). 
(b) The equation 2x? + 3y? = 6 is equivalent to 


for which the standard parametrisation is 
y(t) = V3cost+iv2sint (t€ [0, 27]). 

(c) The equation 8y? = x is equivalent to 
y’ = ȘT, 

for which the standard parametrisation is 


y(t) = P+ pit (tER). 


Solution to Exercise 2.9 


We have 
y(t) = (cost + isin t) — }(cos 2t + isin 2t) 
= 5 cost = 7cos 2t + i($ sint = 7 sin 2t), 
where t € [—7,7]. Hence the table of values is as 
follows (where each non-zero value of x and y is 
given to two decimal places). 


T T 37 
t = ial 2 T 
4 2 4 
x 0.35 0.25 —0.35  —0.75 
y 0.10 0.50 0.60 0 


Plotting these points, we obtain the following 
rough sketch of the path (which is a curve called a 
cardioid). 


YA 
ja 
4 
pat 
2 
pat 
t=7 4 . 
t= -r m. L 
t=- 
4 
T 
— 
2 
Pius 37 
© 4 


Since 


—1 =} = l sint — H sj 
x = 5 cost — 3z cos2t, y= 5sint— ņ3sin2t, 


we have 
xr? + y? = (4 cos? t — ; cost cos 2t + b cos? 2t) 
+ (4 sin? t — $ sin tsin 2t + pa sin? 2t) 


= 1 (cos? t + sin? t) 


— 4(cos t cos 2t + sin t sin 2t) 


+ 75 (cos? 2t + sin” 2t) 
= } — 4 cos(2t — t) + $ 
= ea = cost 


= 75 (5 — 4cost). 
Hence 
Aa? +y- $a? +o?) + be 
= a(S — 4cost)? — 3(5 — Acost) 
+ (2 cos t — cos 2t) 


= (4 - 2 cost + 4 cos’ t) = (3 3 cost) 


+ (4 cost — 3(2 cos” t —1)) 


= 3. 
~~ 64? 
as required. 


Solution to Exercise 2.10 


The principal square root function f(z) = yz 
maps z = r(cos ð + isin 0), where 6 = Arg z, to 
w = r"? (cos 6/2 + isin 0/2). 
(a) If z is on the negative z-axis, then 0 = 7, so 
its image w is such that Arg w = 7/2. Thus the 
negative real axis maps to the positive v-axis in the 
w-plane. 

v 


The image of 
the negative 
x-axis 


Sy 


w-plane 

(b) The image of the point z with modulus 1 and 
principal argument 6 € (—7, 7] is the point w with 
modulus 1 and principal argument 

6/2 € (—1/2, 1/2]. 


Solutions to exercises 


Hence the image of the circle |z| = 1 is the 
semicircle shown below, with one endpoint missing. 


VA 


i 


Solution to Exercise 3.1 


YA 


0 = 27/3 0=7/3 


0 = -27/3 


0 = -1/3 


Solution to Exercise 3.2 


(a)u=a-t, v=a+t; 
adding these equations, we obtain 
uty =2a. 
(b) u=a?°-tť, v= 2at; 
hence 
=o 
Nad? 
SO 
2 
v 
ae 


which gives 


v? = 4a? (a? — u). 
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a —t 
a Geet ere 


squaring each of these expressions and adding the 
results, we obtain a=t, y=b (tER). 


Solution to Exercise 3.4 


The line y = b has parametric equations 


2 2 
2 a u= t Substituting these in 
? ? 
(a2 +)? (a2 + #2)? a i 
so =t =Y V= “ry 


Di a? +t ee _u (from equations (3.2)) gives the parametric 

(a2 +PP a+ a equations of the image of the line y = b under the 
: . function f(z) = z*. Thus 
Solution to Exercise 3.3 


; ; u=tť-— b, v=2tb (ER). 
The line y = b has parametric equations 


Eliminating t, we obtain 


g=t, y=b (tER). ae : 
v“ = 4b°(u+ b°), b#0, 


Substituting these in 


which is the equation of a parabola. 
U=X-Y, v=zt+y . 
When b = 0 we obtain the parametric equations 
(from equations (3.1)) gives the parametric 


equations of the image of the line y = b under the 
function f(z) = (1 + i)z. Thus which are equations for the non-negative u-axis. 
u=t—b, v=t+b (tER). Therefore the images of the lines y = 1 and y = 0 
are, respectively, 
the parabola v? = 4(u + 1), 


the non-negative u-axis, i.e. v = 0, u > 0. 


u=t?, v=0 (tER), 


Eliminating t, we obtain 
v — u = 2b, 


which is the equation of a line. They are shown below, as are the directions of 


The images of the lines y = 1 and y = 0 are, increasing t. 


respectively, VA 


v-u=2 and v—u=0. 
v? = 4(u + 1) 
They are shown below, as are the directions of 

increasing t. (The directions were not asked for in 
the exercise, but it is illuminating to include them 


anyway.) Z 


Sy 


—2i 


The image of y = 1 


The image of y = 0 
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Solution to Exercise 3.5 
The line y = b has parametric equations 

cs=t, y=b (tER). 
Substituting these in 

T _ y 

"= ety V Hy 
(from equations (3.3)) gives the parametric 
equations of the image of the line y = b under the 
function f(z) =1/z. Thus 


t —b 
=n = —— { (ER). 
“= ge PLR ( ) 
In the case b Æ 0, we obtain, on eliminating t, 
2 2 ¥ 
u’ +v? = p 


which is the equation of a circle through the origin, 
though the origin itself is excluded from the image. 
When b = 0 we obtain the parametric equations 
1 
u= =, 
t 


which are parametric equations for the real axis, 
excluding the origin. 


v=0 (teR-{0}), 


Therefore the images of the lines y = 1 and y = 0 
are, respectively, the circle u? + v? + v = 0, 
excluding the origin, and the line v = 0, u 4 0. 
They are shown below, as are the directions of 
increasing t. 


Sv 


wtu+v=0 


t=0|—i 


The image of y = 1 


The image of y = 0 


Solutions to exercises 


Solution to Exercise 3.6 


(a) The function f(z) = iz + 1 has the following 
geometric effect: it rotates the point z 
anticlockwise about the origin through 7/2 and 
then translates the result to the right by one unit. 
Thus 

e the image of the line y = 0 is the line u = 1 

e the image of the line x = 1 is the line v = 1 

e the image of the line y = 1 is the line u = 0 

e the image of the line x = 0 is the line v = 0; 
and the image of S is S (in the w-plane), as shown 
in the figure. 


(b) Using the geometrical interpretation above, we 
obtain the image of the polar grid as follows. 


vA 0=0 


Solution to Exercise 3.7 


If z has modulus r and argument 0, then 

w = f(z) = 2° has modulus r? and argument 390. 
Thus the image of the polar grid (with the circle 
r = 3 omitted) is as shown in the following figure. 
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Solution to Exercise 3.9 


(a) The function f(z) = z +7 translates the 
point z one unit in the y-direction. The images of 
the Cartesian grid and the polar grid are shown 
below. 


Solution to Exercise 3.8 

If z has modulus r and principal argument 0, then 
w = f(z) = Vz has modulus r!/? and principal 
argument 0/2. Thus 


-pl 
e the image of the ray 0 = b, where b is a constant be oa 


in the interval (—7, 7], is the ray 0 = b/2 


e the image of the circle with radius r and centre 
the origin is the semicircle (with one endpoint 
missing) given by 


lw] = Vr, 0 € (n/2, 7/2]. 


Hence the image of the polar grid is as shown 
below. 


Image of polar grid 


(b) The function f(z) = 2z doubles the modulus 
of the point z, but leaves its argument unchanged. 
The images of the Cartesian grid and the polar 
grid are as follows. 
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w-plane 
Image of Cartesian grid 


w-plane 


Image of polar grid 


(c) The function f(z) = 2 — iz rotates the point z 
about the origin through 7/2 clockwise and then 
translates it 2 units to the right. Thus the images 
of the Cartesian grid and the polar grid are as 
follows. 


Solutions to exercises 


w-plane 


Image of Cartesian grid 


w-plane 


Image of polar grid 
Alternatively, for the Cartesian grid we can use the 
parametric approach, as follows. 


The image of z is 
w= f(z) =2-—iz 


=2+y- 12, 
so 
u=2+y, v=. (S3) 
The line x = a has parametric equations 
r=a, y=t (eR). 
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Substituting these in equations (S3) gives the 
parametric equations of the image, 


u=24+t, v=-a (tER), 

which is the line v = —a. 

Similarly, the line y = b has parametric equations 
(t € R). 


x=t, y=b 


Substituting these in equations (S3) gives the 
parametric equations of the image, 


(tER), 
which is the line u = 2 + b. 


u=2+b, v=-t 


(d) Since f(z) = iz? = i x z? and multiplication 
by i corresponds to rotation about the origin 

through 7/2 anticlockwise, the images are found 
by rotating those in Figures 3.7 and 3.8 through 
7/2 anticlockwise. 


VA 
4i 


—4i e= +] 


w-plane 


Image of Cartesian grid 


p=]? 


w-plane 


Image of polar grid 
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Solution to Exercise 4.1 
(a) e™ = e? (cos 2r + isin 27) = 1 


(b) et = e? (cos - +isin =) 


e? 
= 5 (1+ v3i) 
(c) e+") = e™t(cos(—r) + isin(—7)) 
= —1/e 
Solution to Exercise 4.2 


(a) extent = eže" 
=A 


% 


(Theorem 4.1(a)) 


because e?" = 1 (see Exercise 4.1(a)). 
(b) |e?| = e°% (Theorem 4.1(b)) 
<e, 
because Rez < |z| and z —> e” is an increasing 
function. 


(c) The (complex) function exp is not one-to-one 


0 ani — 1 


because e~“ = e 


(d) (i) By equating moduli on each side of the 
equation e*+’” = 1, we see that e” = 1, and hence 
et = 1 also. Therefore 

ety — 1 <> e” =1 and cosy + isiny = 1 

4> r= 0 and y = 2n7, 

where n € Z. It follows that 

{z : e = 1} = {2nri : n € Z}. 
(ii) By equating moduli on each side of the 


equation e*+’Y = —1, we see that e” = 1, and hence 
eY = —1. Therefore 
erty — _] e” = 1 and cosy+isiny =-—1 


<=> £=Oand y= (2n + 1)r, 
where n € Z. It follows that 
{z : e = —1} = {(2n + I)ri: n € Z}. 
Solution to Exercise 4.3 
Since V3 + i = 2(cos = + isin =) = 2e'7/6, we have 
(V3 + i)? = (2e'"/6)-6 
= oho) 8 
= 2-6 -—6xin/6 


=e = 1/64, 


Solution to Exercise 4.4 


(a) 
cos7/4+ isin 1/4 
jol =1/e + 
L/e 1 ù 
|w| = 1 
cos(—7/4) + isin(—7/4) 
(b) 


(c) 


Solutions to exercises 


Solution to Exercise 4.5 


los ; : . 
(a) sin(r/2+%) = m — ¢7 ila /2+i)) 


= enn _ e1717/2) 
i 
Lazi 
= + (ei — e(—i)) 
1 
= <=(e+e"') 
Lec oe 
(b) cosi = ae +e '*") 
1 
= AG +e) 


(which equals sin(7/2 + i), in fact). 


Solution to Exercise 4.6 


1g 
(a) (i) sin(—z) = oer eil) 
1 —iz iz 
z e7) 
l z —iz 
7 =z e”) 
= —sinz 


Cig per) 


1 
2 

= Fee? i ge) 
iL 


(b) (i) cos2z = cos(z + z) 
= cos Z COS Z — Sin z Sin z 


(Theorem 4.3(a)) 


= cos’ z — sin? z 


=2cos*z—1 (Theorem 4.3(b)) 
(ii) tan(z1 — 22) 
= tan(z1 + (—z2)) 
t tan(— 
= SN) E 
1 — tan zı tan(— 22) 
tan zı — tan z2 


= — Th 4.3 
1+ tan z1 tan 22 i (c)) 
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Solution to Exercise 4.7 (ii) We have 
(a) By Theorem 4.3(a), |-1 — i| = V2 and Arg(—1 — i) = —37/4, 
cos z = cos(x + iy) so 
= cos x cos(iy) — sin z sin (iy) —1 — i = V2e7377/4, 
= cos x cosh y — sin z (i sinh y) (iii) We have 
= cos 7 cosh y — i sin z sinh y. iyya =o ond Aa AE, 
(b) Using part (a), 30 


|cos z|? = cos? x cosh? y + sin? x sinh? y 14 V3i = 27/3, 
2 aw, ee 

= cos’ (1+ sinh* y) + sinf x sinh 

2 ( — v) 5 a á (b) (i) We have 

= cos x + sinh“ y (cosf x + sin^ x) 


ae oe 
= 2 + 412 ee = e7Ti/4 3 
= cos’ x + sinh* y. (= =) ( ) 
. . — p—3ri/4 
Solution to Exercise 4.8 =E i 
i 
(a) e°™ = e? (cos 3r + isin 37) = A E V2 
=—l (ii) We have 
(b) ee7’/? = e(cos 7/2 + isin 7/2) (1+ V3i)~7 = (2e7/3)-7 
a — 9-7 9-7/3 
(c) 27/3 = e? (cos 27/3 + isin 27/3) =2-Te-™/3 (exphas period 2ri) 
20 2 E 2 2 
(d) e737i/2 = e” (cos( 37/2) H isin( 37/2)) = 2-8(1 _ V3i). 
=% 
(e) e?t"i = e?(cosr + isin r) Solution to Exercise 4.10 
ae lo orn oe 
= —e (a) sin(7 $ 2i) _ ao _ grr) 
(£) e3+™/? = e (cosr/2 + isin 1/2) i E "E 
3. = — (e tinte ir) 
=et 24 
1 
(g) e'%/9)-1! = el (cos 1/6 + isin 1/6) = ae 8" see) 
v3, 1, 4 = ee 
= Oe de’ 2a ee) 
a 2 gD 
(h) efcos@+isin®) — ecos0(cos(sin 8) + isin(sin 8)) — -i(§ > ) 
Solution to Exercise 4.9 = —isinh 2. 
(a) (i) We have Alternatively, using Theorems 4.3(a) and 4.4, we 
Li Li po "ave 
2 = 1 and Arg Va Va 5T sin(a + 2i) = sin 7 cos 2i + cos 7 sin 2i 
so = 0+ (—1) x (ésinh 2) 
1 a ri ii = —isinh2 
Z ie nifA — g Tijs asinn 2. 
2 v2 
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(b) cos(t/2 — i) = C + en ilt/2-a)) 
ra lr as 
= (ecT? 4 ete!) 
= 5 (ei — ei) 
ese ty. 
= ( í ); 
= isinh 1. 


Alternatively, using Theorems 4.3(a) and 4.4, we 
have 


cos(m/2 — i) = cost /2cosi + sin 7/2 sini 
=0+1xisinh1 


= isinh1. 
(c) tani = 2. 
osi 
i sinh 1 
= — i (Theorem 4.4) 
=itanh 1 


Solution to Exercise 4.11 
(a) Writing z = x + iy, and observing that e” is 
real, we obtain 
e = erty 
= eT ety 
= e*ely 


= e” (cosy — isin y). 


= e” (cos(—y) + isin(—y)) 
= e” (cosy — isin y). 


Hence 7 = e. 


(b) We have 
1 5. 

sin 2z = ze” =g”) 

and l l 
F e’* E e g7 + e 
2sin z cos z = 2 x | ————— | x | —————_ 
2 2 
N , 
zZ F (e = eo). 


Hence sin 2z = 2sin z cos z. 


Solutions to exercises 


(c) Using part (a), we see that 


ae . 
sin z = = (e7 — e~**) 


2i 
= 5 -) 
a 
1 — - 
= - (e7 e~”) 
2(—i) 
= -+(e = e7) 
a 
— Le a) 
a 
=sinZ. 
(d) We have 


cosh(z1 + 22) 
= cos(i(z1 + 22)) 
= cos(iz1 + iz2) 


(Theorem 4.4) 


= cos(tz1) cos(iz2) — sin(¢z1) sin(iz2) 
(Theorem 4.3(a)) 

= cosh z4 cosh z2 — (i sinh z1)(isinh z2) 
(Theorem 4.4) 


= cosh z1 cosh zg + sinh z sinh 22. 


(e 


t 


Using Theorem 4.4, we see that 
cosh? z — sinh? z = cos? (iz) — 7? sin? (iz) 

= cos? (iz) + sin? (iz) = 1, 
by Theorem 4.3(b). 


Solution to Exercise 5.1 
First we determine the image set of f: 

f(A) = {e* : z € A} 
={w=e*:2ER, 0<y< 2r} 
= {w= ee :xER, 0<y< 2r} 
= {w = pe: p> 0, 0<¢ < 2x} 
=C- {0}, 

where p = e” and d= y. 
Now, for each w € C — {0}, we wish to solve the 
equation 

w=e* 

to obtain a unique solution z in A. Each w in 


C — {0} can be written in the form 


w =pe'®, where p>0and0< ¢ < 2r, 
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and the equation w = e7 is then (d) True. (Since 
pe’? = e = e?et, where z = x + iy. 1+ ti E {w: -r <Imw< rT}, 
Thus, by equating moduli in the equation above, there is a z € C such that Log z = 1 + zi.) 


we see that x and y must satisfy 
Solution to Exercise 5.4 


p=e" and e? =e, 


that is, (a) (1+ i)? = exp(2 Log(1 + i)) 
_ i f 

where n € Z. For n = 0, the solution is = exp(3 log 2 + im /6) 
— 91/3 617/6 


z=a+iy=logp+i¢d, 
y3( V3, 1. 
which lies in A, since 0 < @ < 27, whereas the =2 3 3 
other solutions (with n 4 0) lie outside A. 
wae = 2-7/3 (/3 + i) 
Thus f is a one-to-one function, with image set l 
C — {0}. Hence f has inverse function f~! with (b) itt! = exp((1 + i) Log i) 


Sone ap anid rals = exp((1 + Nix) (Exercise 5.2(a)) 
f (w) = log p + id, ont /2¢in/2 


where w = pe'?, p > 0,0<¢< 2r. —1/2, 


a 


Solution to Exercise 5.2 Gulutioi io Ewro Eh 


(a) Logi = log || + i Argi Since z“ = exp(a Log z), we have 


=log1 +i =i2 i 
2 2 Zn = ep( > Log 2) 
(b) Log(v3 — i) = log |V3 — i| + i Arg( v3 — i) f 
=log2— it = exp( =(oe 2 +iArgz)) 
oa E ij Sl E tt, Ae 
(c) Log(5 + 5) = Pela? si] +i Arg(5 + 52) 7 exp( (log + id)) 
T 
= log — = 
ET (where p = |z|, ¢ = Arg z) 
T 
Solution to Exercise 5.3 = pi/neiein 
(a) False. (The ellipse 4x? + 9y? = 1 lies entirely = pil” (cos $ +isin $), 
inside the unit circle |z| = 1, so its image lies in the n " 
left half-plane.) which is the principal nth root of 
(b) False. (The ray 0 = 7/4 lies inside, on and z = p(cos $ + isin @) because ¢ is the principal 


outside the unit circle |z| = 1, so its image is not argument of z (see Subsection 3.1 of Unit A1). 


confined to the right half-plane.) 


(c) False. (Since 1 + 4i does not lie in the strip 
{w : =r < Imw < T}, which is the image set of the 
function Log, there is no z € C such that 

Logz = 1+ 4i.) 
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Solution to Exercise 5.6 
(a) Consider z1 = —1 = z2 and a= $. Then 
ag = (-1)(-1)'” 

=ixi (Example 5.3(a)) 


= -1. 
However, 
(2122) = ((-1) x (-1))'? 
11/2 
= 1, 


so 2729 £ (2122). 
(b) By definition, 
z“ = exp(a(log |z| + i Arg z)), 
2? = exp(G(log |z| + i Arg z)), 
so, using Theorem 4.1(a), 
2% 78 — ealloglz|+i Arg z) ob (log |z|+i Arg z) 
— pa(log|z|+i Arg z)+6 (log |z|+i Arg 2) 


= e(atB) (log |z|+7 Arg z) 


by definition. 


Solution to Exercise 5.7 
(a) Log(—2) = log |—2| + i Arg(—2) 
=log2+in 
(b) Log(i®) = Log(—#) 

= log |—i| + i Arg(—?) 


= —in/2 
(c) Log(1 +i) = log |1 + i| + ¢ Arg(1 +i) 
= log V2 + in/4 
(d) Log V3 = log V3 + i Arg V3 
= log V3 


(e) Log(i — V3) = log |i — V3| + i Arg(i — V3) 


= log2+ one 


(0 Los( 5) D ose Al ec 
= log1+i(—7 


= -in/4 


Solutions to exercises 


Solution to Exercise 5.8 


(a) i™ = exp(—i Log i) 
= exp(—i(0 + im/2)) 
= et/? 
(b) (—i)' = exp(i Log(—i)) 
= exp(i(0 — im/2)) 


(c) (1 — i} = expli Log(1 — i)) 
= a (log |1 — i| + i Arg(1 — i))) 
xp(i(log V2 + i(—7/4))) 
= H log V2 + 1/4) 
= e™/4(cos(log V2) + isin(log V2)) 
(d) (—1)' = exp(iLog(-1)) 
= exp(i(0 + ir)) 


=e" 
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Unit A3 
Continuity 


Introduction 


In Unit A2 we introduced complex functions and began to study the way 
in which they map subsets of C into C. In this unit we look more closely 
at such functions and prove that many of them have the property of being 
continuous. 


Roughly speaking, a function is continuous if it always maps nearby points 
in the domain to nearby points in the codomain. More precisely, a 
function f is continuous if any convergent sequence 21, 22, 23,-.. in the 
domain of f, with limit a (say), is mapped by f to a convergent sequence 
f (21), f(z2), f(z3),.-. in the codomain of f with limit f(a), as indicated in 


Figure 0.1. 
f(a) 
f et 
ea 


Figure 0.1 A convergent sequence mapped by f to another convergent 
sequence 


Continuity is important in complex analysis because, in many cases, the 
easiest way to prove that a given function has a certain property is to use 
the fact that the function is continuous. For example, to prove that for a 
given polynomial function p there is a complex number 8 with |8| < 1 such 
that 


Ip(z)| < [p(6)|, whenever |z| < 1, 


we can make use of the fact that p is continuous and appeal to a general 
result about continuous functions called the Extreme Value Theorem 
(which you will meet in Section 5). In this case, the fact that p is 
continuous on the closed disc {z : |z| < 1}, together with the Extreme 
Value Theorem, tells us that such a point 8 exists. To actually calculate 6, 
and calculate the maximum value of |p(z)| on the disc, is, in general, a 
difficult task. 


In Section 1 we define the notion of a convergent sequence and describe 
many properties of such sequences. We also discuss divergent sequences. In 
Section 2 we use the notion of a convergent sequence to define a continuous 
function in the way described above. We then give an alternative, 
equivalent way to define a continuous function, and we describe rules for 
combining and composing continuous functions. Using these rules, 
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together with a list of basic continuous functions, we can show that most 
of the functions introduced so far are continuous. 


In Section 3 we define the limit of a function, a notion which is closely 
related to continuity; this will be an essential tool in Unit A4 when we 
come to discuss differentiability of complex functions. 


In Sections 4 and 5 we discuss different types of subsets of C that we will 
need throughout the module: open sets, connected sets, regions, closed sets, 
bounded sets and compact sets. 


Unit guide 


This unit introduces many basic concepts that are essential tools in the 
study of complex analysis, and it also contains a larger than average 
number of proofs. Many of these proofs are short, but some are rather 
tricky, and we have tried to ease your study by indicating those proofs that 
may be omitted on a first reading. Once you are familiar with all the basic 
concepts, it should be much easier for you to follow these proofs. 


1 Sequences 


After working through this section, you should be able to: 


explain the statement ‘the sequence (zn) is convergent with limit a’ 
e recognise certain basic null sequences 


e show that a sequence is null by working from the definition, and by 
using the Squeeze Rule 


e use the Combination Rules for sequences 
e explain the statement ‘the sequence (zn) tends to infinity’ 


e use the Subsequence Rules to recognise divergent sequences. 


1.1 Convergent sequences 


Ever since learning to count, you have been familiar with the sequence of 
natural numbers 


1,2,3,4,5,6,.... 
You will have also encountered many other sequences of numbers, such as 


1,35, 7, 91er 
1111 1 1 


In this section we study sequences of complex numbers. We begin with a 
definition and some notation. 


1 Sequences 


Definitions 


A (complex) sequence is an unending list of complex numbers 
215 225 235++-- 


The complex number zņ is called the nth term of the sequence, and 
the sequence is denoted by (zn). 


Remarks 


1. Note that a real sequence (a sequence of real numbers) is a particular 
type of complex sequence. 


2. The sequences specified in this definition and exemplified below all have 
first term z1. Sometimes it is convenient or necessary to start with a 
term other than z1. For example, the sequence 

i 
ne)? 


begins with 22. 


W229 jets 


A sequence is often defined by stating an explicit formula for the nth term. 
This can be done in more than one way. For example, the expression (7”) 
denotes the sequence 


ae ee ee 
eae haere 
as does 


in =i", n=1,2,.... 


Although round brackets ‘(’ and ‘)’ are used for many purposes in 
mathematics, the meaning of notation such as (i?) should always be clear 
from the context. (In other texts you may see the notation {i”} used in 
place of (i”).) 

When zn is given by a complicated expression, it is usually best to use the 
second of the two ways above of representing a sequence. For example, you 
may find it clearer to write 


zmn =(n+1}, w=1,2,.., 
rather than ((n + 1)?). 


It is often helpful to picture how a given sequence behaves by plotting the 
first few terms in the complex plane; two examples are shown in Figure 1.1. 
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Z8 | Z4 


Z7 
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Figure 1.2 z,, = (0.97)”, 
Wl 2y285 
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i 3 e e ° e... — _ _ — 
29> £26 Sts LA = £8. 8 * 
© © © © > D D > 
2 4 6 8 —1 1 
—{i è 273 = Z7 ==: 


(a) (b) 


Figure 1.1 (a) 2, = 2n +i; n=1;2,:.. (b) zn =, n= 1,2, 


Exercise 1.1 


Plot the first four terms of each of the following sequences. 
(A) an =i, MEN eis (Bcza = lmt ini, nH 1,2) << 
le) = 2i). n=l 


The terms of the sequence illustrated in Figure 1.1(a) lie on the line y = 1 
and march out to the right as n increases; the terms of the sequence in 
Figure 1.1(b) go round and round the origin (on the circle |z| = 1) as n 
increases. These sequences do not appear to be convergent; that is, as n 
gets larger and larger, they do not settle down near any single point of C. 
By contrast, consider the following sequence, whose first few terms (correct 
to two significant figures) are plotted in Figure 1.2: 


zn = (0.9), n=1,2,.... 


n 1 2 3 4 5 6 7 8 


Zn | 0.9% —0.81 —0.732 0.66 0.597 —0.53 —0.48i 0.43 


From this diagram, we observe that the sequence (zn) spirals around the 
origin, getting closer and closer to it. Indeed, it seems likely that we can 
make the terms as close as we please to 0 by taking n large enough. More 
precisely, no matter how small an open disc centred on the origin we 
consider, the terms of the sequence (zn) will eventually lie inside the disc. 
For example, if we take the radius of the disc to be 0.6, then 


|zn| < 0.6, for alln > 4. 


More generally, it appears that for each radius £ > 0, there is an integer N 
such that 

|n| <e, foralln >N. (1.1) 
We will prove this statement later in the section — see Theorem 1.2(b). 


In fact, statement (1.1) gives a precise definition of what it means for a 
sequence (2n) to be convergent with limit 0. Moreover, this statement can 


be readily adapted to give a precise definition of what it means for a given 
sequence (zn) to be convergent with limit a: the terms of (zn) must 
eventually lie in any open disc, centred at a, no matter how small its 


radius (where eventually means ‘for all but a finite number of values of n’). 


Definitions 


The sequence (zn) is convergent with limit a, or converges to a, 
or tends to a, if for each positive number e, there is an integer N 
such that 


lZn —al<e, foralln>WN. 
If (zn) converges to a, then we write 
e either lim zn =a 
n—> oo 
© OF zn > Qa as n > CO. 


If the limit a is 0, then (zn) is called a null sequence. 


The definitions are illustrated in Figure 1.3. 


Remarks 


1. 


The statement ‘lim zn =a’ is read as ‘the limit of zn as n tends to 
n—- Ooo 


infinity is (equal to) a’, and ‘zn + a as n — oo’ is read as ‘zn tends 
to a as n tends to infinity’. 


. The Greek lower-case letter £ (epsilon) is used to denote a positive 


number, as is commonplace in real and complex analysis. 


. If a sequence (zn) is convergent, then it has a unique limit. To see this, 


observe that if (zn) has limits a and 6 with a 4 8, and if we put 
E= sla — 6|, then the open discs 


{z:|z-a|<e} and {z:|z- | <e} 


do not overlap (Figure 1.4), and the terms z,, cannot eventually lie in 
both discs. 


. If a given sequence converges to a, then this remains true if we add, 


delete or alter a finite number of terms. Loosely speaking, ‘a finite 
number of terms do not affect convergence’. 


We often have recourse to the following lemma, which follows immediately 
from the definition of convergence. 


Lemma 1.1 


The sequence (zn) converges to a if and only if (zn — æ) is a null 
sequence. That is, 


Zn > Qa as n— œ 4> Zn — Q —> 0 asn > oo. 


1 Sequences 


Figure 1.3 A convergent 
sequence 


| {z:lz-al< ła- 6|} 


o 
\ 
Vo) 
bo 
N 
4 \ 
, >s) 
N d 


{z:|z- Bl < 3l- Bl} 


> 


Figure 1.4 ‘Two discs, 
centred at a and 8, which do 
not overlap 
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Equivalently, (zn) converges to a if and only if the real sequence 

an = |n — a|, n = 1,2,..., is null. 

A sequence (zn) is said to be constant if there is a number a with 2n =a, 
n=1,2,.... Clearly, this sequence converges to a, because for each 
positive number £, we have |z,, — a| = 0 < €, for n =1,2,.... 


You will need to be familiar with techniques for finding limits of 
convergent sequences. First we give examples of simple null sequences and 
then we discuss rules for dealing with more complicated sequences. 


Example 1.1 
Prove that the sequence zn = i/n, n = 1,2,..., is null. 
Solution 


We need to show that for each positive number €, there is an integer 
N such that 


Le tor alla > WN; (1.2) 


n 
But |i/n| = 1/n and we know that 


1 il 
= <8 SS ih > =. 
n E 


Therefore statement (1.2) is true if we choose N to be any positive 
integer greater than 1/e because, with this choice, if n > N, then 
m > ile. Thus 


il 
=<, ior allm > N, 
n 
as required. Hence (zn) is a null sequence. 
For an example of how N is chosen in Example 1.1, suppose that e = 0.12. 


Then 1/e = 8.3, to two significant figures, so we can choose N to be any 
integer greater than 8.3; say, N = 9. Then 


1 
— < 0.12, foralln>9. 
n 


Note that, in the solution to Example 1.1 and in general, the integer N 
becomes larger as the positive number £ becomes smaller, as you would 
expect. 


Exercise 1.2 


Prove that each of the following sequences is null. 


(a) n= lyn, w= 1, 2n (b) n= haf, eH 12, ce, 


Proving that a sequence is null from the definition can be tricky, as 
illustrated above. We now introduce a result that enables us to avoid using 


the definition in many cases. Consider, for example, the sequence 
qr 
aa 
Figure 1.5 suggests that (zn) is a null sequence, and further evidence for 
this is provided by the inequality 
E ee 

1+ J/n| 1+ Jn 14+ Yn Vn’ 
which shows that |z,| is squeezed between 0 and 1/,/n. Since we know 


that the sequence (1/./n) is null (by Exercise 1.2(a)), it seems likely that 
(zn) must be null also. This is confirmed by the Squeeze Rule. 


Zn NR ER 


[zn] = 


(1.3) 


Theorem 1.1 Squeeze Rule 
If (an) is a real null sequence of non-negative terms, and if 
leal E O O m= lle Deces 


then (zn) is a null sequence. 


Proof We need to show that for each positive number €, there is an 
integer N such that 


for all n > N. 


But, since (an) is null, there is an integer N such that 


lenl <€, (1.4) 


lan|<e, foraln >N. 


We are given that a, > 0 for all n, so |an| = an. Hence, with the value 


of N we have just found, 
lZn| <an <e, foraln>N, 


so statement (1.4) does indeed hold. a 


When the inequality 
|znl < an 


holds for n = 1,2,... (or even for all but a finite number of terms of the 
sequence), we say that the real sequence (an) dominates the sequence (2n) 
(Figure 1.6). For example, we saw in inequality (1.3) that the sequence 


Zn = rjad T vn), 


is dominated by the known null sequence 


an = 1//n, 


R= AD hws, 


Tees 


1 Sequences 


A 
9 Zi =i/2 
23 
29 
22 26710 28 Z4 
o—_ ee ad Oo 
1 
2 
Z 
g n 
@ 23 


Figure 1.5 First eleven terms 


qe 


of the sequence zn = ; 


{le ee 


1+ Jn 


an 


thus (zn) is null by the Squeeze Rule. This illustrates the strategy for using Figure 1.6 ‘The terms zn 
and an satisfy |z,| < an 


the Squeeze Rule — we suspect that (zn) is null, and we prove it by 
choosing a suitable dominating null sequence. We ask you to apply this 
strategy in the following exercise. 
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Exercise 1.3 


(a) Prove that 


ATD 
7 E n=1,2,..., 
n+n 


is a null sequence. 
(Hint: First calculate |0.6 + 0.8%.) 


(b) Use the inequality 2” > n, for n = 1,2,... (which can be proved by 
the Principle of Mathematical Induction), to prove that 


Gy — OLA. R= Aces 


is a null sequence. 


We now give two types of null sequences, namely (1/n?) for p > 0 and (a”) 
for |a| < 1, which we refer to as basic null sequences. The proof of the 
next theorem is postponed until Subsection 1.3. 


Theorem 1.2 Basic Null Sequences 


The following sequences are null: 


(a) (=). for p>0 
(by e tor lel < 1. 


For example, choosing p = 5 and a = 0.9i gives null sequences 


(=) and ((0.9i)"), 


both of which were discussed earlier. 


Using the basic null sequences supplied by the theorem, it is possible to 
deduce the convergence of many sequences. For example, if 


zn = 1+ (4i), n=1,2,..., 
then 
zn — 1 = (4i), n=1,2,.... 


Since (G9”) is a basic null sequence (because [4i] = - < 1), the sequence 
(zn) is convergent with limit a = 1 (by Lemma 1.1). Usually, however, it is 
not so easy to recognise the limit of a sequence (even when this exists). 
Instead we can try to apply the following Combination Rules (which are 
proved in Subsection 1.3). 


Theorem 1.3 Combination Rules for Sequences 


If lim z, =a@ and lim wy, = £, then 
n—> oo n—> oo 


(a) Sum Rule (zn + wn) =at B 


(Azn) = Aa, where AEC 


lim 
n—-Cco 
(b) Multiple Rule lim 


(c) Product Rule (awn) = oE 


lim 
n—-0o 


(d) Quotient Rule lim (=) =- provided that 8 Æ 0. 


TSN Wn 


Remarks 


1. When applying this theorem we usually refer to it simply as the 
‘Combination Rules’, and similarly we refer to the ‘Sum Rule’, the 
‘Multiple Rule’, and so forth. Later on we will meet other sorts of 
combination rules, so to avoid confusion we will sometimes refer to this 
theorem as the ‘Combination Rules for sequences’. 


We follow similar conventions with other sets of rules of this type. 


2. The Sum Rule can be described in words as ‘the limit of the sum is the 
sum of the limits’, and the other rules can be described in a similar way. 


3. In applications of the Quotient Rule, it may happen that some of the 
terms wy, take the value 0, in which case zn/wn is not defined. We will 
see, however, in the proof of Theorem 1.3, that this can happen for only 
finitely many wpn (since 8 #0), so wn is eventually non-zero. 


4. A special case of the Quotient Rule occurs when 
m=1, n=1,2,..., 


and lim wn = $8, where 6 Æ 0. In this case, we deduce that 
N+ o0 


This is sometimes referred to as the Reciprocal Rule; however, we 
reserve that label for a related result that appears later. 


The following example illustrates how the Combination Rules are used, 
together with the basic null sequences from Theorem 1.2, to obtain the 
limits of more complicated sequences. 


1 Sequences 
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Example 1.2 


Show that each of the following sequences is convergent, and find its 
limit. 


(a) 


(a) 


n= +( =), = L2 
n 2 


Qin? + 3n + 2i E 
Zn = = P= ll Aoo 
3 3n2 +in 


6(1 +4)" + (3 +24)” 
pg eRe as S02) eae 
i(1 + 54)" + (1 +i)” 


We know that (1/7) is a basic null sequence, and 


aN 
( =), n=l Oe 


is also a basic null sequence because 


==> <i. 


Lape 
2 


2 


Hence, by the Sum and Multiple Rules, 


; i 1+iV ELS a: 1+iV 
lim | —+ =7% lim —-—+ lim 
no>o\n 2? noo n n—0o 2 


= 0) --0=0, 


Although zn is expressed as a quotient, we cannot apply the 
Quotient Rule immediately, because the sequences 


Qin? +3n+2i and 3n?+in, n=1,2,..., 


do not appear to be convergent. Instead we rearrange the 
quotient in such a way that the Combination Rules can be 
applied. Dividing both the numerator and denominator by the 
dominant term n, that is, the highest power of n in the 
numerator and denominator, we obtain 


Qin? +38n+2i 2i+3/n+2i/n? 
nA 3n?@ tin 3+i/n j 

Since (1/n) and (1/n?) are basic null sequences, we find, by the 
Combination Rules, that 
_%+040 2 

noo 30 ao. 
Because |1 + 4| = V2, |3 + 22| = vis and |1 + 5i| = V26, the 
dominant term is (1 + 52)”, so we divide both the numerator and 


the denominator of zn by (1 + 5i)” to obtain 
"41 +52)" + (14+2)" 
k 6((1 + 4)/(1 + 52))” + ((3 + 22) /(1 + 52))” 
i+ ((1+%)/(1 + 5i))” i 
Since 
IA +i)/( + 5i)| = V2/V26 < 1 
and 
|(3 + 24)/(1 + 5i)| = V13/V26 < 1, 


we deduce that 


1+i\" and 3+ 21)" m= 2 
1+ 51 E eee 


are both basic null sequences. Hence, by the Combination Rules, 


(6 x 0) +0 
lim zn = ———— = 
n— oo i+0 


0. 


Note the use of the convenient phrase ‘by the Combination Rules’ in 
Example 1.2(b) and (c) when several of these rules are being used. 


Show that each of the following sequences is convergent, and find its limit. 


3 PE 

n? + 2in7 +3 
(a) wom ng s A= 
(3 +i)” + (24 22)” 


O) a= Bi BH 


(al a an 


We now present a theorem about convergent sequences that will be useful 
in Section 2. 


If lim z, =a, then 
— 00 


m 
(a) lim Jen] = lal 


( 

(c) lim Rez, = Rea 
n—> o0 

( 


C) lina, ney = Tne 
n— oo 
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Figure 1.7 illustrates Theorem 1.4 for a given sequence (zn). 
A 


@ Zn @ Zn 
e e 
(J e 
a “a 
e e 
a e> = 
la| [zn d 
Fe 
e 
e 
Zn © 
(a) (b) 
A A 
© Zn @ Zn $ i IM Zn 
e e 3 
(J (J j 
a wa |: 
° ee¢ilma 
@—e-@——_ - > > 
Rez, Re 


(c) (d) 

Figure 1.7 The convergent sequences of Theorem 1.4 

Proof Let us prove part (a). Since Jim Zn = a, we know that 

An = |Zn — |, n = 1,2,..., is a null sequence with non-negative terms. By 

the backwards form of the Triangle Inequality (Theorem 5.1 of Unit A1), 
\l2n] —|al| <|zn-—a|, forn=1,2,..., (1.5) 

so the sequence |zn| — |a|, n = 1,2,..., is also null, by the Squeeze Rule. 


Hence lim |z,,| = |a|, as required. 
n—> Oo 


Parts (b), (c) and (d) can each be proved in a similar manner, but with 
inequality (1.5) replaced by one of the statements below (which themselves 
follow from Theorem 2.1(b) of Unit Al and the inequalities |Re z| < |z| 
and |Im z| < |z|). 


For part (b), use |Z, — @| = |z, — a| = |zn — al. 
For part (c), use |Re zn — Rea] = |Re(zn — a)| < |zn — al. 
For part (d), use |Im zn — Ima] = |Im(z, — a)| < |zn — al. E 


The next exercise asks you to prove a sort of converse to Theorem 1.4(c) 
and (d). 


Exercise 1.5 


Prove that if (ap) and (yn) are real sequences with lim =o 
noo 
and lim yn = 6, then lim (£n + iyn) = a+ ib. 
n— o0 n—> oo 


Draw a diagram to illustrate your result. 


1.2 Divergent sequences 


Having commented earlier that some sequences appear not to be 
convergent, we now discuss such sequences in more detail. 


Definition 


A sequence that is not convergent is divergent. 


Figure 1.8 (which is identical to Figure 1.1) shows two sequences, both of 
which appear to be divergent. 


A A 
1 è 21 = z735 =: 
Zi Z2 23 Z4 
io ° ° ° ° — = = 
242 = Z6 = z4 = Zg = $ 
o o o © > o e > 
2 4 6 8 =1 1 
1023 = 27 ="° 
(a) (b) 
Figure 1.8 (a) zn =2n+i, n=1,2,... (b) zn =i", n=1,2,... 


The sequence (2n +7) is divergent because it does not settle down near any 
single point in C. The sequence (i”) makes a better attempt at converging, 
since the terms at least remain in the closed disc {z : |z| < 1}, but still 
they do not settle down near a unique finite limit. 


It is often tricky to prove from the definition that a given sequence is 
divergent. Instead we will obtain two criteria that can be used to prove the 
divergence of a sequence. First, however, we need to discuss sequences that 
tend to infinity. 


Definition 
The sequence (zn) tends to infinity if, for each positive number M, 
there is an integer N such that 


all >A, forall m > N, 
In this case, we write 


Zn — œ as n — OO. 


Observe that we do not usually write 


lim Zp, = oo, 
noo 


since this might suggest that co is a complex number. 
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The geometric interpretation of this definition is that no matter how large 
a circle we consider, the terms zn eventually lie outside this circle 
(Figure 1.9). 


Figure 1.9 The sequence (zn) eventually lies outside the circle |z| = M 


For example, the sequence (2n + 7) tends to infinity because for each 
positive number M, there is an integer N such that 


|2n+i|> M, foraln>N. 


In this case, we can choose N to be any positive integer greater than M 
because, with this choice, 


[2n + i| = V4n?+1>2n>N>M, foraln>N. 


The following result enables us to use our knowledge of null sequences to 
identify sequences that tend to infinity. 


Theorem 1.5 Reciprocal Rule for Sequences 


Let (zn) be a sequence. Then 
Zn — 00 aS Nn — OO 
if and only if 


(1/zn) is a null sequence. 


In this theorem, the assumption that zn — co as n —> oo implies that only 
a finite number of terms of (zn) may be zero. We can therefore assume 
that these terms are omitted from (zn) before forming (1/zn). 


Proof First we prove that if zn + oo as n + oo, then (1/zn) is a null 
sequence. That is, we must show that for each positive number e, there is 
an integer N such that 


|1/zn| <€, foralln >N. (1.6) 
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But zn — co as n —> ov, so, by choosing M = 1/e in the definition of a 
sequence that tends to infinity, we can find an integer N such that 


l@n| >1/e, for alln >N. 


This statement is equivalent to statement (1.6), so (1/z,,) is a null 
sequence. 
The proof of the converse implication is similar. We must prove that if 
(1/zn) is a null sequence, then zn — œ as n + oo. That is, we must show 
that for each positive number M, there is an integer N such that 

|n| > M, foralln>N. (1.7) 
But the sequence (1/zn) is null, so, by choosing ¢ = 1/M in the definition 
of null sequence, we can find an integer N such that 


|1/zn| < 1/M, foralln >N. 


This statement is equivalent to statement (1.7), so Zn — 00 as n > oo. 


1. The Reciprocal Rule does not assert that if (zn) is null, then 1/z, — oo 
as n — oo. This statement is false; for example, the sequence zn = 0, 
n=1,2,..., is null but 1/z,, n = 1,2,..., is not defined and the 
sequence (1/z,,) does not exist. 

2. For sequences with real terms, there is a distinction between tending to 
+oo and tending to —oo (Figure 1.10). No such distinction is possible 
with complex sequences, so there is a sense in which ‘infinity’ is a 
simpler place in complex analysis than in real analysis! 


Example 1.3 

Use the Reciprocal Rule to prove that the following sequences tend to 
infinity. 

la) zo =m [2 m= l Des 

(Die, (60) 2 E ee 


Solution 

(a) We have 
1 2 ma I 
=S | a ta e 
Zu m oJ w 


Since (1/n?) is a basic null sequence, we deduce that the 
sequence (1/z,,) is null by the Multiple Rule. Hence the 
sequence (zn) tends to infinity, by the Reciprocal Rule. 


(b) We have 
1 1 ED 


a Vo TE 
(dividing the numerator and denominator by (3i)” because it is 
the dominant term). 


1 Sequences 


Figure 1.10 Real sequences 
with an —> +oo and bn —> —oo 
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Use the Reciprocal Rule to prove that the sequence 
Zn =n in? + (1+i)jn, n=1,2,..., 
tends to infinity. 


We now establish two criteria for divergence, both of which involve the 
idea of a subsequence. To explain this term, consider the sequence 


Zn = (—1)”, n = 1,2,.... This splits naturally into two: 
the even terms 22, 24, Z6,- --,Z2k,:.-, each of which equals 1; 
the odd terms 21, 23, 25,---, Z2k-1,.--, each of which equals —1. 


Both of these are sequences in their own right, and we call them the even 
subsequence (22;,) and the odd subsequence (22,_1) (where, in each 
case, the first term is given by k = 1). 


In general, for a given sequence (zn) we can consider many different 
subsequences, such as: 

(z3,), comprising the terms z3, 2, Z9,... 

(z4k+1), comprising the terms 25, 29, 213,.-. 


(zm), comprising the terms 21, 22, 26,.... 


Observe that any such sequence (ng) satisfies 


nk > k, fork =1,2,.... 


In the three examples above, nz = 3k, nk = 4k + 1 and nz = k!, 
respectively. 


Exercise 1.7 


Let zn = in/(n+1),n=1,2,.... Write down the first four terms of each 
of the subsequences (Zp, ), where 


(a) 2. =2h (b) ng = 4k -1 (c) np = k?. 


Now we can state our two criteria for establishing that a sequence is 
divergent. The proof of the following theorem is also postponed until 
Subsection 1.3. 


Theorem 1.6 Subsequence Rules 
(a) First Subsequence Rule The sequence (zn) is divergent 


if (zn) has two convergent subsequences with different limits. 


(b) Second Subsequence Rule The sequence (zn) is divergent 
if (zn) has a subsequence that tends to infinity. 


To see whether one of the Subsequence Rules can be applied to a given 
sequence, it is a good idea to write down the first few terms. For example, 


Zn = (—1)”i has terms — i,2,—7,7,—i,7,..., 

wn =n)" has terms 142; 4,4, E, Gares 
for n = 1,2,.... The even subsequence of (zn) has limit i, whereas the odd 
subsequence has limit —i, so (zn) is divergent by the First Subsequence 
Rule. Also, the even subsequence of (wn) tends to infinity, because 
(2k) CD” = 2k, for k = 1,2,..., so (wn) is divergent by the Second 
Subsequence Rule. 


Exercise 1.8 


Use the Subsequence Rules to prove that each of the following sequences is 
divergent. 


a) m=i m= 255 (b) zn = n? sin(nT/3), n= 1,2,... 


In Theorem 1.2(b) you saw that the sequence (a”) is null if |a| < 1, and it 
is clear that (a”) is convergent if a = 1. We end this subsection by proving 
that (a”) is divergent for all other values of a. 


Theorem 1.7 
(a) If ja] > 1, then the sequence (a”) tends to infinity. 
(b) If |a|=1 and a £1, then the sequence (a”) is divergent. 
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Figure 1.11 illustrates Theorem 1.7 for two given sequences (a”). 


(a) 


Figure 1.11 The sequence (a”) with (a) |a| > 1, (b) ja] =1,a41 
Proof 


(a) 


(b) 


By Theorem 1.2(b), if |a| > 1 and 6 = 1/a, then (6”) is a basic null 
sequence, because |8| = |1/a| < 1. Therefore the sequence (a@”) tends 
to infinity by the Reciprocal Rule. 

We use proof by contradiction. Assume that the sequence (a”), where 
|a| = 1 and a # 1, converges, to some number p € C, say. Then 


lim a”! =a lim a" =a (Multiple Rule), 
Noo n—> o0 
and also 
lim a®t! = 6, 
Noo 


since the sequence (a+!) is identical to the sequence (a”), except 
that the first term is missing. Hence 


aß = P, 
so 8 = 0, since a Æ 1 (by hypothesis). We have deduced that (a”) is a 
null sequence, which is impossible, because |a”| = |a|” = 1, for 
n = 1,2,.... Thus we reject the initial assumption and conclude that 
the sequence (a”) is divergent. E 


1.3 Proofs of sequence theorems 


Here we give proofs of the theorem on basic null sequences, the 
Combination Rules and the Subsequence Rules. This subsection may be 
omitted on a first reading. 


Theorem 1.2 Basic Null Sequences 


The following sequences are null: 


(a) (=). for p > 0 
(bi (a), tor jal = 1. 


Proof 


(a) We need to show that for each positive number €, there is an 


integer N such that 


1 
— <e, foraln >N. (1.8) 
nP 


Since p > 0, 
1 1 
— <e 4 P>- 4 n> (1/2). 
nP E 


Hence statement (1.8) holds if we take N to be any positive integer 
greater than (1/e)!/?. Thus (1/n?) is a null sequence. 


(b) Ifa = 0, then the result is evident. If 0 < |a| < 1, then we can define 
a = (1/|a|) —1> 0, so 


lol = = 
q| = : 
l+a 
Now, by the Binomial Theorem, 
— 1 
(14a)? = 1 4na Da 4.a” > na, 
for n = 1,2,..., since a > 0. Hence 
1 1 1 
la = —— < Aula) forn=1,2,.... 


(+a 7na n 
We know that (1/n) is a null sequence by part (a), so 


1 
wa E S 
n 


is also a null sequence, by the Multiple Rule (to be proved shortly). 
Hence (a”) is a null sequence, by the Squeeze Rule. | 


In order to prove the Combination Rules, we need the following lemma 
(which will be used in the proof of the Product Rule). It is also needed 
later to prove the Second Subsequence Rule. 


Lemma 1.2 


If (zn) is a convergent sequence, then there is a positive number M 
such that 


leal LI on ton m= ly ee (1.9) 


Proof Suppose that lim Zn = a. Then, by taking £ = 1 in the definition 
no 


of convergence, we see that there is an integer N such that 
lz, -a| <1, foralln>N. 
Now, by the Triangle Inequality, 


[zn] = |(2n = a) + a] < [zn = al + lal, 
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so 

lon|<1+ al, foraln >N. 
Thus if M = max{|z1|, |zo|,...,|zw|,1 + lal}, then 

tal Ad, Torii =H 1,2) xe | 
If a sequence (zn) satisfies statement (1.9) for a positive number M, then 
all the terms of the sequence lie in a closed disc with centre 0 and 


radius M. In this case, we say that the sequence is bounded. Thus the 
lemma states that ‘every convergent sequence is bounded’. 


We are now in a position to prove the Combination Rules. 


Theorem 1.3 Combination Rules for Sequences 
IGF oa 2, == @y Brae! n Wy, = o, e 

n— oo n— oo 
© ne 
(b) Multiple Rule 
(c) 


Sum Rule (Zn +Wn) =at B 


(Azn) = Aa, where À €C 


lim 

n— oo 

Product Rule lim (znwn) = a8 
Noo 


(d) Quotient Rule lim (=) = a provided that 6 Æ 0. 


n> \ Wn 


Proof 
(a) We need to show that for each positive number e€, there is an 
integer N such that 
\(2n + Wn) — (a+ B)|<e, foaln>N. (1.10) 
Now 
(zn + Wn) — (a + B)| = [(2n — a) + (wn — B)| 
< [2n — a + [wn — BI, 


by the Triangle Inequality. Since lim z, =a and lim wy, = 6, we 
N—-0o Noo 
know that there are integers N1, N2 such that 
lzn —a|< ge, foraln >M, 
lwn — B| < de, forall n > No. 


(We use $e here, in order to obtain € in (1.10).) So if we choose N to 
be any integer greater than both Ny and No, then, for all n > N, 


(zn + Wn) — (a + B)| < ge + Fe =e, 
as required. 


(b) We need to show that for each positive number e, there is an 
integer N such that 


[Azn —Aal<e, foralln> WN. (1.11) 


If A = 0, then this inequality is evident, so we assume that A Æ 0. 
Since lim z, = a, we know that there is an integer N such that 
n— o0 


|en- a| < By for all n > N. 


(We use ¢/|A| here in order to obtain £ in (1.11).) Hence 
[Azn — àq] = |Al|zn -a| <£, foraln >N, 
as required. 


The idea here is to express the difference znwn — a@@ in terms of 
Zn — a and wn — 8, as follows: 


ZnWn — AB = Zn(Wn — B) + (zn — a). 
By the Multiple Rule, 
lim (zn — a) = 8 lim (zn — a) = 0. 
Noo n+ oo 
Also, by Lemma 1.2, there is a positive number M such that 
aul =, forw—1,2,.2.3 
hence 
\2n(Wn — A)| = |znllwn — 6| < Mlwn— 8l, for n =1,2,.... (1.12) 
The Multiple Rule tells us that lim M|w, — £| = 0, so, by applying 
Noo 
the Squeeze Rule, we can see from inequality (1.12) that 
lim znlwn — 8) = 0. 
Noo 
Thus, by the Sum Rule and Multiple Rule, 
(znWn — aß) = lim zn(wn — 8) + lim B(zn -— a) 
n— o0 Noo 


=0+0=0, 


lim 
noo 


as required. 


Once again, we write the required difference in terms of zn — a and 
Wn — 8, as follows: 


Zn _ & _ Bn =a) — alwn- p) 


Wn B WnB 
We know that the numerator sequence (8(zn — a) — a (wn — £)) is null 
by the Sum and Multiple Rules, but there is a problem with the 
denominator. Some of the terms wn may be 0, in which case zn/Wn is 
undefined. However, we will show that eventually |w,| is positive; in 
fact, we will show that there is an integer N such that 


lwn] > 5/6], for all n >N (1.13) 
(see Figure 1.12). 


To prove statement (1.13), we take £ = 4|| in the definition of 
convergence, and choose an integer N such that 


lwn — B| < 48l, for all n >N. 
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Then, for all n > N, 
316] > lwn — Bl > |B] — lwn] = lwn] > |8|- 318l = 318l 
by the backwards form of the Triangle Inequality. Thus, for all n > N, 


— [Bn — a) — alwn — BDI 
|wn||5| 
2 
az — a) —a(wn — 8)| (by (1.18). 
Since the right-hand side defines a real null sequence of non-negative 


terms (by the Combination Rules), we deduce that (= — 5) is null, 


Zr a 


Wn B| 


< 


Wn 


by the Squeeze Rule. 


Theorem 1.6 Subsequence Rules 


(a) First Subsequence Rule The sequence (zn) is divergent 


if (zn) has two convergent subsequences with different limits. 


(b) Second Subsequence Rule The sequence (zn) is divergent 


if (zn) has a subsequence that tends to infinity. 


Proof 


(a) 


(b) 


Since a given sequence is either convergent or divergent, it is sufficient 
to prove that if (zn) is convergent with limit a, then each subsequence 
(Zn, ) is also convergent with limit a. We need to show that for each 
positive number €, there is an integer K such that 


len, —a|<e, forallk > K. 


Since lim Zn = a, we know that there is an integer N such that 
noo 


lzn —al<e, foralln>WN. 
Let us choose K = N. Then ng > K = N, so 
n>nKk>N, foralk> k, 


and hence 
|n, -a|<e, forallk > K. 


If (zn) has a subsequence that tends to infinity, then (zn) cannot be 
bounded. Hence (zn) cannot be convergent, by Lemma 1.2. E 


Further exercises 


Exercise 1.9 


Prove that the following sequence is null, 


(a) 


Zn = (1 + i)/(2n? — 1), n=1,2,..., 
by using the definition (b) by using the Squeeze Rule. 


Decide which of the following sequences are null, and justify your answers. 


1, iy 1 iV 
(a) Zn = -+- ; m= l, 2s (b) Zn = at 3 5 at Ll a 


Show that each of the following sequences is convergent, and find its limit. 
j 2n—i 


(a) m=5+ 5, n=1,2.. (b) m=, n=1,2,... 
; 3 
n—i n? + 3in — 2 
(c) n= api n= l Zee (d) n = n in? ’ m= l Dyes 
(e) o (+i + (V3 -i ee 
? 82-2% 1 >) 


Decide which of the following sequences tend to infinity, and justify your 
answers. 
(a) zn = = n=1,2,... (b) m=e™, n=1,2,... 


Bi a 
(c) m= Fy n= ADs 


Prove that each of the following sequences is divergent. 
(4) z= (=n wea 2a (Ol zame mN eba 


(e). 24 = ncoslnri "h = 1,2, ..2; 


Suppose that the sequence (zn) can be separated into two subsequences 
(Zm,) and (Zn,) that both converge to a. 


Prove that 


lim zp, =a. 
n— o0 
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2 Continuous functions 


After working through this section, you should be able to: 


e explain the statements ‘the function f is continuous at the point a’ and 
‘the function f is discontinuous at the point a’ 


e show that a function is continuous/discontinuous at a point by working 
from the definitions 


e use the Combination Rules, the Composition Rule and the Restriction 
Rule for continuous functions 


e recognise certain basic continuous functions 


e use the continuity of functions to evaluate the limits of certain sequences. 


2.1 Continuity: sequential definition 


The word continuity means the property of being continuous. In real 
analysis, a continuous function is, loosely speaking, a real function that 
does not have jumps in its graph (compare Figures 2.1 and 2.2). Speaking 


| { no jump . i j i 
| ata informally still, we say that the real function f is continuous at a point a 
| | provided that 
= a 4 if x tends to a, then f(x) tends to f(a). 


Figure 2.1 f continuousata Tn this module, we will take for granted that the following real functions 


are continuous at each point of their (real) domains: 


yr polynomial functions, rational functions, 
trigonometric and exponential functions and their inverses. 
(esas The continuity of a function f at a point a is important also in complex 


analysis and, by analogy, it can be described roughly as follows: 


| if z tends to a, then f(z) tends to f(a). 
ra 


Sy 


In this subsection we make this informal idea precise, using an approach 


Figure 2.2 f not continuous pased on the convergence of sequences. 


at a 
Because we deal with so many convergent sequences, we will often write 


simply ‘zn > a’, omitting ‘as n — o0’. 


Later, in Subsection 2.2, we introduce an equivalent definition of 
continuity, the so-called ¢-6 definition. Like £, the Greek lower-case letter ô 
(delta) is also commonly used to denote a positive number in real and 
complex analysis. 


Try the following exercise; its result will be used to help explain the 
sequential definition of continuity. 


Exercise 2.1 
Let (zn) be a sequence such that lim z, = i. Determine 
Noo 


(z2 + 32n). 


lim 
noo 
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You should have found from Exercise 2.1 that if (zn) is a sequence that 
tends to i, then the sequence (22 + 3z,) tends to —1 + 3i. That is, 


Zn >i => 22 +3zn > —1 + 3i. 


By introducing the function f(z) = z? + 3z, we can rewrite this statement 
as 

Zn >i = > fen) > Fi). 
You should read this as ‘z, tends to 7 implies f(z,,) tends to f(i)’. In these 
circumstances we say that f is continuous at the point i. 


Figure 2.3 illustrates the fact that this function f is continuous at 7. On 
the left of the figure there is an arbitrary sequence (zn) converging to i. 
On the right is the sequence obtained by applying f to each point zn; the 
resulting sequence (f(zn)) converges to —1 + 3i. 


f(z) =z? +32 


Figure 2.3 Image of a convergent sequence under f(z) = 27 + 3z 


Let us now give a general definition of what it means to be continuous, in 
terms of sequences. 


Definition 
Let f: A — C and a € A. Then f is continuous at a if, for each 
sequence (zn) in A such that zn > a, we have 


FCn) = a) 
that is, 


If f is continuous at each a in A, then we say that f is continuous 


(on A). 


The domain A is often the whole complex plane C, or it may be a subset 
of C such as C — {0} or the real line R. 


The next example shows you how to prove that a function is continuous. 
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You may find Theorem 1.4 helpful in attempting the following exercise. 


Prove that the following functions are continuous. 
(a) f(z)=1 (b) f@)=2 (c) f(2)=2% (d) f(z) = Rez 


(e) f&)=Imz (f) fe) = |z 
a a 


So far in this subsection we have looked at the definition of a continuous 
function, but of course not all functions are continuous. Here is an exercise 
that illustrates this. 


Let zn = ét!) n = 1,2,.... Determine 
Jim Zn and Jim Arg Zn. 
Also, write down Arg(—1). 
(Hint: Plotting a few terms of (zn) should help you.) 


You should have found that the sequence (zn) tends to —1, but the 
sequence (Arg zn) does not tend to Arg(—1) = 7. If we use the symbol 4 
to mean ‘does not tend to’, then we can express this observation as 


Zn >—-1 but Argz, Ar. 


We now introduce the function f(z) = Arg z (with domain C — {0}), so the 
statement above can be rewritten as 


Zn > —-1 but f(%) A f(-1). 


This statement tells us that the function f(z) = Arg z is not continuous at 
the point —1. We say that f is discontinuous at —1. The situation is 
illustrated in Figure 2.4. 


f(z) = Argz 
=| A 
i =n (F(a) | i 


a (Zn) . — eo © 


Figure 2.4 Image of a sequence that converges to —1 under f(z) = Arg z 


The general definition of what it means to be discontinuous is as follows. 


Definition 
Let f: A—>C anda € A. If f is not continuous at a, then we say 
that f is discontinuous at a. 


The strategy below can be used to decide where a function is continuous 
and where it is discontinuous. 


Strategy for determining whether a function is continuous 


To determine whether a function f: A —> C is continuous at a 
point a in A, apply the following steps. 


1. Guess whether f is continuous or discontinuous at a. 
2. If you believe that f is continuous at a, then check that 
Zn >a => fen) > f(a) 
for every sequence (zn) in A that tends to a. 


3. If you believe that f is discontinuous at a, then find just one 
sequence (zn) in A such that zn > a but f(zn) A f(a). 


You have already practised proving that functions are continuous, in 
Exercise 2.2. The next exercise gives you practice at proving that a 
function is discontinuous at certain points. 


Exercise 2.4 


Prove that 
f(z) = Argz 


is discontinuous at all a € R with a < 0. 
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For an elaborate function such as 


1 — 3iz 
rz) = Roa 


it can be tricky to check continuity directly from the definition. 


Fortunately, as with limits of sequences, we can save ourselves some work 
by using the Combination Rules. We delay consideration of the proof of 
the following result until Subsection 2.3. 


Theorem 2.1 Combination Rules for Continuous Functions 
If f and g are functions that are continuous at a, then 

(a) Sum Rule f +4 is continuous at a 

(b) Multiple Rule Af is continuous at a, for A € C 

(c) Product Rule fg is continuous at a 
( 


d) Quotient Rule f/g is continuous at a, provided that g(a) 4 0. 


Starting with the functions f(z) = 1 and f(z) = z, which are both 
continuous, by Exercise 2.2, we can prove that the function r above is 
continuous at all points other than 2 and —2 by applying the Combination 
Rules. Since the domain of r is C — {2, —2}, we deduce that r is a 
continuous function. 


Reasoning in a similar way, we see that any polynomial function 

p(z) = anz” + dn_1z"- 1 +- - + aız + ag is continuous, and so is any 
rational function r(z) = p(z)/q(z) (where p and q are polynomial 
functions). Here you should remember that when we say that r is 
continuous, we mean that it is continuous on its domain, which is the set 
of points z for which q(z) is not zero. 


The Combination Rules do not tell us that a function such as 

h(z) = |z? + 1| is continuous. There is, however, a helpful rule about 
compositions of continuous functions which can be used instead. We state 
this rule now, and again postpone its proof until Subsection 2.3. 


Theorem 2.2 Composition Rule for Continuous Functions 


Let f be a function that is continuous at a, and let g be a function 
that is continuous at f(a). Then go f is continuous at a. 


To apply this rule to the function h(z) = |z? + 1|, we define f(z) = 27+1 
and g(z) = |z|, so 


(90 f(z) = 9(F(z)) = 12° +11. 


That is, go f = h. The function f is continuous because it is a polynomial 
function, and you were asked to show that the function g is continuous in 
Exercise 2.2(f). We deduce from the Composition Rule that h is 
continuous on its domain C. 


2 Continuous functi 


Here is another example that involves both the Combination and 
Composition Rules. 


Example 2.2 


Prove that the function f(z) = e* is continuous. 


Solution 


By definition, e” = e” (cos y +isiny), where z = x + iy. Since x = Rez 
and y = Imz, we see that 


e” = e®©2(cos(Im z) + isin(Im z)). 


We saw in Exercise 2.2 that the real-valued functions f(z) = Rez and 
f(z) =Imz are both continuous. Furthermore, we know that, as 
stated at the start of this subsection, the real trigonometric and 
exponential functions are also continuous. We can now apply the 
Composition Rule and then the Combination Rules to see that 

f(z) = e* is continuous on C. 


Using methods similar to those of the preceding example, we can show 
that the complex trigonometric and hyperbolic functions are continuous. 


Another useful technique for proving that a function is continuous is to 
check whether it is the restriction of some other function that we already 
know to be continuous. This rule is stated below and proved in 
Subsection 2.3. 


Theorem 2.3 Restriction Rule for Continuous Functions 


Let f and g be complex functions with domains A and B, 
respectively, and let A C B. If 


e f(z) = g(z), forzeEA 
e g is continuous at a € A, 


then f is continuous at a. B 


Figure 2.5 A point a in a 
The domains A and B of f and g are illustrated in Figure 2.5. set A contaimed 1.4 eck B 
For an example of the Restriction Rule, the function y(t) = t + it? with 
domain A = R is continuous, because it is the restriction to A = R of the 
polynomial function g(z) = z + iz? with domain B = C. 


This function y is a parametrisation of the path [ shown on the right of 
Figure 2.6, which is a parabola traversed from left to right. The 
Restriction Rule is particularly useful for proving that parametrisations of 
paths are continuous. 


ons 
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—1 0 1 t 


Figure 2.6 Image of the real line under y(t) = t + it? 


Try the next exercise, in which you will use all the rules you have met for 
proving that functions are continuous. 


Exercise 2.5 


Use the rules above to determine whether the following functions are 
continuous. 
r? +i 


(a) f(z) =e (b) f@=5 —= (eR) (©) F(z) = log |2| 
(d) f(z) = Re(z? +1) — |z|? 


2.2 Continuity: -ô definition 


In this subsection we present another definition of continuity, which is 
equivalent to the sequential definition of continuity that we met in the 
previous subsection. To motivate this new definition, consider the 
continuous function f(z) = 2iz. The geometric effect of this function is to 
scale points by a factor of 2 and rotate them by 7/2 anticlockwise about 
the origin. If (zn) is a sequence that converges to a point a, then the 
sequence (f(zn)) converges to f(a) = 2ia, as shown in Figure 2.7. 


A A 


(f(2n)) bd = 


Figure 2.7 Image of a convergent sequence under f(z) = 2iz 


Now look at Figure 2.8. On the right, there is a disc of radius € centred at 
f(a), and on the left, there is a disc of radius $e centred at a. The disc on 
the left comprises those points z that satisfy |z — a| < že. 


If z belongs to this disc, then 
: s Ta 
lf (z) — f(a@)| = |2iz — 2ia| = 2|z - a| < 2 x ge =€, 
so f(z) belongs to the disc on the right. 


A A 
LT 
fD = 2iz fF CN 
e 
| fla) 
y ~N ` va / 
lı > ) E y 
Wwe ez) al 
CES 
> > 
z—a|<4e lf(z) — fla)| < e 


Figure 2.8 Image of a disc centred at a under f(z) = 2iz 
Another way of expressing the statement 

Jz-a| < 3€ = |f(2)- fl) <€ 
is to say that 

lf(2) — fla)|<e, forall z € C with |z —a| < de. 


This motivates the second definition of continuity. 


Definition 
Let f: A — C and a € A. Then f is continuous at a if, for each 
€ > 0, there is a ô > 0 such that 


f(z) — f(@)| <c, for all z € A with |z — a| < ô. 


Put another way, f is continuous at a if, given any disc of radius ¢ centred 
at f(a), we can find a disc of radius 6 centred at a small enough that its 
image under f lies within the disc of radius e. This situation is illustrated 
in Figure 2.9. 


A A 
eg oa » | 
ois Seen dal le \ 
F ia L f(a), 
~— = _ | E ji 
\ / 
S e7 


Figure 2.9 The image of the disc of radius 6 centred at a is contained in the 
disc of radius £ centred at f(a) 
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Usually 6 depends on £. For example, in the case of the map f(z) = 2iz, 
we found that we could take 6 = sé, and in fact we can take 6 to be any 
positive number smaller than že. 


To demonstrate how to apply the e-6 definition of continuity, consider the 
function f(z) = Arg z. We saw in Exercise 2.4 that f is discontinuous at 
points on the negative real axis, and it is not defined at z = 0. The next 
example shows that it is continuous elsewhere. 


Example 2.3 

Let A=C-— {zE R:x < 0}. Prove that the function 
ie) arg EA 

is continuous. 


Solution 


Let a € A and suppose that £ > 0. We must find a number ô > 0 such 
that 


|f(z) — f(a)|<e, for all z € A with |z-—a| < ô. 


We choose 6 to satisfy two conditions. The first condition is that 6 is 
less than the distance from a to the negative real axis; this ensures 
that the disc centred at œ of radius 6 lies entirely within A, as shown 
in the left-hand diagram of Figure 2.10 (so |z—a| < ô = > z € A). 


The second condition is that 6 must be small enough that the angle @ 
shown in the figure is less than £. Applying trigonometry to the 
right-angled triangle shown in the figure, we see that sin@ = 6/|a|. So 
the condition 0 < £ holds if we choose 6 > 0 such that 

sin-!(6/la|) <e. 


image of 


Arg 


Figure 2.10 Continuity of f(z) = Arg z at a 
If we choose 6 to satisfy these two conditions, then we see that 
|z—al<6 => |Argz—Arga| <6 <e. 


Hence f(z) = Arg z is continuous on A. 


Since Arg z appears in the definition of Log z, and Log z is used to 

define z“, where a is any complex number, it follows from the Composition 
Rule and the Combination Rules that z —» Log z and z > z® are also 
continuous on the set C— {xz E R: x <0}. 


The following theorem collects together the continuous functions that we 
have met so far. 


Theorem 2.4 Basic Continuous Functions 
The following functions are continuous: 

(a) polynomial and rational functions 

(i (2) = (el. a Rez, lm 

(Ci) 

(d) trigonometric and hyperbolic functions 

(e) f(z) =Argz, Logz, 2%, on C—{xeER:2< 0}. 


We have now seen several techniques for proving that a given function f is 
continuous at a point a in its domain: 


1. Use the sequential definition. 


2. Use the Combination Rules, Composition Rule or Restriction Rule, 
together with the list of basic continuous functions. 


3. Use the £-ô definition. 


In most cases you will be able to verify that a given function f is 
continuous using the second technique — you should resort to the 
definitions only if you think that f is discontinuous at a, or if you can find 
no other way to prove that f is continuous at a (see Exercise 2.8). 


Exercise 2.6 
Prove that the following function is continuous: 
241 
flz)= sin( = =) (z € A), 
i 


where A = {z : —1 < Rez < 1, —1 < Imz < 1}. 


Ze 


We can use the fact that a function f is continuous at a point a to 
evaluate limits of sequences of the form (f(zn)), where the sequence (zn) 
has limit a. For it follows immediately from the definition of continuity 
that if the function f is continuous at a and Jim, Zn = a, then 


lim f(zn) = f(a). 


n—> o0 


2 Continuous functions 


213 


Unit A3 Continuity 


214 


Evaluate each of the following limits (of sequences). 


(a) im sin(7 — 2/n) (b) Jim, Are (i+ 1/n?) 


(c) dim, exp(—in/2 + i/(2n)) 


Continuity: a ‘local’ property 


Continuity is a property of a function at a point; that is, it is a ‘local’ 
property, in the following sense. Whether or not a function f is continuous 
at a point a depends only on the values taken by f(z) when z lies in an 
open disc with centre a (no matter how small the radius of the disc) and 
in the domain of f. (This follows from either definition of continuity.) 


As an application of this fact, consider the two functions 
f@@=2? (zeC—{e@eER:2<0}) 

and 
g(z) = 2? (z EC). 

Then g has the same rule as f, but a larger domain. 


As stated in Theorem 2.4, the function f is continuous at each point of its 
domain C — {x € R: x < 0}, since 


f(z) =exp(gLogz) (z€C—{xeR:2< 0}). 


From this we deduce that the function g is also continuous at each point 
of C — {xE R:x <0}. ForifaeC—{z E€ R : x < 0}, then g takes the 
same value as f at each point of some open disc with centre a (one small 
enough that it does not meet the negative real axis), and the continuity 

of g at a then follows from that of f because continuity is a local property. 


In the following exercise, you are asked to investigate the continuity of g at 
the other points of its domain C. 


Exercise 2.8 


Show that the function 
g(z)=2? (z€C) 
is 
(a) discontinuous at each point a € {x € R: x < 0} 
(b) continuous at 0, by using the ¢-d definition of continuity. 


(Hint: For part (a), consider the sequence zn = |a| H, n = 1,2,..., 
and use the result of Exercise 2.7(c).) 


2.3 Proofs of continuity theorems 


Here we prove the Combination Rules, the Composition Rule and the 
Restriction Rule, and we also prove that the sequential definition of 
continuity and the -ô definition of continuity are equivalent. This 
subsection may be omitted on a first reading. 


Theorem 2.1 Combination Rules for Continuous Functions 
If f and g are functions that are continuous at a, then 

(a) Sum Rule f +g is continuous at a 

(b) Multiple Rule Af is continuous at a, for A € C 

(c) Product Rule fg is continuous at a 
( 


d) Quotient Rule f/g is continuous at a, provided that g(a) 4 0. 


The proofs of these four rules are similar to, and depend on, the 
corresponding results for sequences. We prove only the Sum Rule. 


Proof 


Sum Rule We want to prove that for each sequence (zn) in the domain 
of f +g such that zn > a, 


Fn) + g(2n) > f(a) + g(a). 


We know that (zn) lies in the domain of f and in the domain of g, and also 
that both f and g are continuous at œ. Hence 


f(n) > fla) and g(zn) > g(a), 
and so, by the Sum Rule for sequences, 


f(zn) +9(2n) > f(a) + (a), as required. _ 
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Figure 2.11 A point qa in a 
set A contained in a set B 
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Next recall the Composition Rule. 


Theorem 2.2 Composition Rule 


Let f be a function that is continuous at a, and let g be a function 
that is continuous at f(a). Then go f is continuous at a. 


Proof We want to prove that for each sequence (zn) in the domain of 
go f such that zn > a, 


9(F (2n)) > g(F(a)). 


We know that (zn) lies in the domain of f, and that f is continuous at a. 
Hence 


Fn) > Fla). 


We also know that (f(zn)) lies in the domain of g, and that g is continuous 
at f(a). Hence 


g(f(zn)) > g(f(a@)), as required. fal 


The proof of the next result is particularly straightforward. 


Theorem 2.3 Restriction Rule for continuous functions 


Let f and g be complex functions with domains A and B, 
respectively, and let A C B. If 


e f(z) = 9(z), forzeA 
e g is continuous at a € A, 


then f is continuous at a. 


The sets A and B are illustrated in Figure 2.11. 


Proof We want to prove that for each sequence (zn) in A such that 


Zn > Q, 
f(n) > f(a). 
Since (zn) and a lie in B, g(zn) > g(a). Therefore, since 
Fen) =o, for nH l2 and fla) = gla); 
we deduce that f(z,) > f(a), as required. E 


Finally, we prove the equivalence of our two definitions of continuity. 


Theorem 2.5 


The £-ô definition of continuity is equivalent to the sequential 
definition of continuity. 


Proof We give the proof in two parts: first we show that if f satisfies the 
e-0 definition of continuity at œ € A, then it also satisfies the sequential 
definition of continuity at a, and then we show that if f does not satisfy 
the ¢-d definition of continuity at a, then it does not satisfy the sequential 
definition of continuity at a. 


1. Assume first that f satisfies the ¢-d definition of continuity at a. We 
want to deduce that if (zn) is any sequence in A such that zn > a, then 
f(zn) > f(a) (so f satisfies the sequential definition of continuity at a). 


Suppose, therefore, that € > 0 is given. By our assumption, there is a 
ô > 0 such that 


f(z) —f(a)|<e, for all z € A with |z —a| <6. 
Furthermore, there is an integer N such that 

zn —a| <6, foralln >N. 

Hence 


fen) —f(a@)|<e, foraln >N. 


Thus f(zn) > f(a), as required. 


2. Next assume that f does not satisfy the ¢-6 definition of continuity at a. 
We want to find a sequence (zn) in A with zn > a but f(zn) A f(a) 
(so f does not satisfy the sequential definition of continuity at a). 


By our assumption, there is some number e€ > 0 such that, for each 
6>0, 


|f(z) — f(@)| >£, for some z € A with |z—a| < ô. 
Applying this statement with ô = 1/n,n = 1,2,..., we find that 
|f(zn)— f(@)| >£, for some zn € A with |z, — a| < 1/n. 


The numbers zn, n = 1,2,..., form a sequence in A with z, > a. 
However, f(zn) Æ f(a) because all the terms of the sequence (f(z,)) lie 
outside the circle with centre f(a) and radius £. This completes the 
proof of the theorem. | 


Further exercises 


Exercise 2.9 


For each of the following functions, decide whether it is continuous or 
discontinuous at the point a and then use the appropriate strategy, based 
on the definition of continuity, to prove your decision. 


(a) f(z)=27, a=2i (b) f(z) =z, a=-1 
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Exercise 2.10 


Using the Combination Rules, the Composition Rule, the Restriction Rule 
and the list of basic continuous functions in Theorem 2.4, prove that each 
of the following functions is continuous. 


(a) f(z) = 323 + |z|Rez 
) 


(b) f(2) = sinz 
(c) f(x)=1+a(i-1) (xe [0,1)) 
(d) f(x)=cosx+isinaz (a € [0,27]) 


Exercise 2.11 


Consider the function f(z) = 0, where @ is the argument of z that lies in 
the interval [0, 27). Write down the domain of f, and prove that f is 
discontinuous at 1. 


Exercise 2.12 


Evaluate each of the following limits. 


(a) Jim Log(m + i/n) 


Origins of continuity 


One of the first to formulate the concept of continuity in a manner 
that is close to modern definitions was the mathematician and 
philosopher Bernard Bolzano (1781-1848), who was born in Prague. 
Bolzano wrote, in 1817: 


A function f(x) varies according to the law of continuity for all 
values of x inside or outside certain limits ... if x is some such 
value, the difference f(x +w) — f(x) can be made smaller than 
any given quantity provided w can be taken as small as we 
please. 


(Katz, 1993, p. 641) 


Apparently independently, the prolific French mathematician 
Augustin-Louis Cauchy (1789-1857) published a similar definition 
four years later in his seminal textbook on analysis, Cours d’Analyse 
(1821), cited in Katz (1993, p. 641): 


Bernard Bolzano 
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The function f(x) will be, between two assigned values of the 
variable x, a continuous function of this variable if for each value 
of x between these limits, the [absolute] value of the difference 
f(a +a) — f(x) decreases indefinitely with a. 


Both definitions are similar to the ¢-d definition of continuity 
introduced in this section, although Cauchy attempts to define 
continuity on a whole interval at once, rather than at a single point, 
as we do (and as all modern texts do). The two mathematicians were, 
at first, concerned with real functions, but Cauchy also considered 
continuity of functions of several variables and complex functions. In 
fact, Cauchy went on to make tremendous contributions to the theory 
of complex functions, and you will encounter his name many times in 
this module. 


Augustin-Louis Cauchy 


3 Limits of functions 


After working through this section, you should be able to: 
e show that a point œ is a limit point of a set A 


e explain the statement ‘the function f has limit 6 as z tends to a’, and 
evaluate such a limit by working from the definition 


e establish that certain functions do not have limits at specified points 


e understand the relationship between limits and continuity, and use it to 
evaluate certain limits of functions 


e understand the Combination Rules for limits of functions. 


3.1 Defining the limit of a function 
We begin by looking in detail at the rational function 
gel 

z=i` 


f) = 


The domain of this function is C — {i} because the denominator z — i 
equals zero when z = 7. However, the function f is actually rather 
well-behaved as z approaches this missing point 7. To see why this is the 
case, notice that 


ze+1 z—wleztt 
H-Z @-de+d 
z—i z—i 
The factor z — i can be cancelled here because z € C — {i}, so z — i #0. 
This equivalent formula for f(z) makes it clear that if z tends to å, 


then f(z) tends to i + i = 2i. 


=z+i, frzeC- {i}. 


The behaviour of this function f near 7 is an example of a function tending 
to a limit as z tends to a point a. In order to define this concept for a 
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Figure 3.1 A limit point 
inside A = {z : |z| < 1} 


Figure 3.2 A limit point on 
the boundary of 
A={z:\z| < 1} 
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general function f, we need to ensure that f is defined near the point a, 
but not necessarily at the point a. To do this, we introduce the idea of a 
limit point of a set A. 


Definition 
The point a is a limit point of a set A in C if there is a sequence 
(zn) in A — {a} such that 


hit ZG, = 0. 
noo 


Note that some texts use the phrase cluster point or accumulation point in 
place of limit point. 


If a is a limit point of A, then it is possible to approach qa along a sequence 
(Zn) of points, each of which belongs to A but none of which is equal to a. 
As an example, consider the open disc 


A= {z:|a| <1}. 


Figure 3.1 indicates that each point a of A is a limit point of A, but it is 
also true that each boundary point of A is a limit point of A. For example, 
consider & = i; all points of the sequence 


a = =. NS Laas 
lie in A and are different from i (Figure 3.2), but lim z, = í, so i is a limit 
n— o0 
point of A. 


On the other hand, if A = Z, then a = 1 belongs to A, but a is not a limit 
point of A; in fact, the set A = Z has no limit points at all. 


Exercise 3.1 

Prove that each of the following points a is a limit point of the 
corresponding set A. 

(a) a=0,A={z: |z| < 1} 

(b) a=i1, A= {2: Rez > 0} 

(c) a=1,A={2e:|z|=1} 
( 
( 


We now define the limit of a function using the convergence of sequences, 
in a manner reminiscent of the definition of continuity. 


Definitions 


Let f be a function with domain A, and suppose that œ is a limit 
point of A. Then the function f has limit G as z tends to a if, for 
each sequence (zn) in A — {a} such that zn > a, we have 


flén) > B. 
In this case we write 
e either lim f(z) = 6 
290 
e or f(z) > b as z >q, 


and we say that the limit exists. 


Observe that the limit point a is associated with the set A, whereas the 
limit B is associated with the function f. 


Figure 3.3 illustrates this definition. 


f 
E 7 
in a 
; : E 
Zn > ain A — {a} f(2n) > B 


Figure 3.3 Convergent sequences (zn) and (f(zn)) 


Remarks 

1. Since the sequences (zn) considered here lie in A — {a}, the value f(a) 
need not be defined in order for lim f(z) to exist. Even when f(a) is 

z Q 

defined, its value has no bearing on the existence or the value of this 
limit. 

2. The expression lim f(z) = 6 contains no reference to any sequence; 

zZ (ad 

this signifies that the limit is independent of the route taken to @ 
through A — {a}. 


Earlier you saw that the function f(z) = (z? + 1)/(z — i) can be written in 
the form 


f(2)= = =2+8 (zeC- {i}. 


l 


Thus if (zn) is any sequence in C — {i} such that zn — i, then 
fn) = zn +i > i+i= 2i, 


by the Sum Rule for sequences. Hence lim f(z) = 2i, as expected. 
Zz 
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First, note that the domain of the function 


z =á 


is C — {2} and that 2 is a limit point of this set (by Exercise 3.1(d)). 
Next, notice that 


as =z+2, forzeC- {2}. 


Thus if (zn) is any sequence lying in C — {2} such that zn — 2, then 
f(n) = Zn +2 > 4, 


by the Sum Rule for sequences. Hence 


In the next two subsections, you will learn alternative methods for 
evaluating limits such as those in Example 3.1 and Exercise 3.2. 


Our next example illustrates how to prove that a limit does not exist, by 
showing that there is no 6 such that f(z,) > 8 for every sequence (zn) 
that tends to a through A — {a}. 


Example 3.2 


Prove that neither of the following limits exists. 


(a) ia zz (o) tian iz 
2—0 z0 


(a) The function f(z) = z/Z has domain C — {0} and 0 is a limit 


point of this set. However, 

=r LER OMO S fafa Sl 

z=ty, y ER- {0} IE) = Pu) = ey) = =. 
This shows that f(z) behaves in different ways as z approaches 0 


in different directions. To exploit this, let us choose simple 
sequences tending to 0 in the two directions, namely 


1 i 
i/ 
== aml 2S], W= loos 
n n 


Then both sequences (zn) and (z},) lie in the domain C — {0} and 
both tend to 0, but 


: ae ees 
dim f(én) =1, whereas dim fen) = it 


This is summarised in Figure 3.4. 


z fear 
C 

$ 

ic aa fe) aie fa” 


Figure 3.4 The function f(z) = z/Z maps every term of (z,,) to 1 and it 
maps every term of (z/,) to —1 


Hence there is no number ( such that f(zn)— 6 for each 
sequence (zn) that tends to 0 through C — {0}, so f does not 
tend to a limit as z > 0. 

The domain of f(z) = 1/z is C — {0} and 0 is a limit point of this 
set. However, the sequence z,, = 1/n, n = 1,2,..., lies in C — {0} 
and 


f(én) =1/zn =n > œ as n > o. 


Hence there is no number ( such that f(zn)— 6 for each 
sequence (zn) that tends to 0 through C — {0}, so f does not 
tend to a limit as z tends to 0. 
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Remark 


In fact, 1/z => co as z > 0. We discuss this type of behaviour later in the 
module. 


We now summarise these techniques in the form of alternative strategies. 


Strategy for proving that a limit does not exist 

To prove that lim f(z) does not exist, where a is a limit point of the 
Z= 

domain A of the function f: 


e cither find two sequences (zn) and (z/,) in A — {a} that both tend 
to a such that the sequences (f(zn)) and (f(z/)) have different 
limits 

e or find a sequence (zn) in A — {a} that tends to a such that the 
sequence (f(z,)) tends to infinity. 


Notice the similarity of this strategy to Theorem 1.6, the Subsequence 
Rules. 


Exercise 3.3 


Prove that lim (z/ Rez) does not exist. 
Z—> 


3.2 Limits and continuity 


Comparison of the definition of limit given in this section to the definition 
of continuity given in the previous section shows that there is a close 
connection between these notions. The following result makes this 
connection precise. 


Theorem 3.1 
Let f be a function with domain A and suppose that the point a € A 
is a limit point of A. Then 


f is continuous at a <=> lim gle) = f(a) 


Proof Suppose first that f is continuous at a. If (zn) is any sequence in 
A — {a} with zn > a, then it follows (because f is continuous at a) that 
f (Zn) > f(a). Hence lim f(z) = f(a), as required. 
ZF 
Suppose next that lim f(z) = f(a). Let (zn) be any sequence in A with 
Za 

zn —> a. We can separate (zn) into two subsequences: 

(2m,), the subsequence of terms with f(zm,) = f(a), k = 1,2,... 

(Zn,), the subsequence of terms with f(zp,) Æ f(a), k=1,2,.... 


Clearly, f(2m,) > f(a). And f(zn,) + f(a) also, because zn, — a and 
lim f(z) = f(a). Thus (f(zn)) can be separated into two subsequences, 


each of which converges to f(a). Therefore, as we saw in Exercise 1.14, 


fen) > Fla); 


hence f is continuous at a. | 


Theorem 3.1 gives us a method for evaluating some of the limits from the 
previous subsection. For example, let us return to the limit 


considered earlier. You saw that 


2 

1 
“4 = =z+i, for z€C— {i}. 
z—i 


The polynomial function f(z) = z + i is continuous on C, and 7 is a limit 
point of C, so Theorem 3.1 tells us that 


The next exercise asks you to revisit the limits from Example 3.1 and 
Exercise 3.2 using Theorem 3.1. 


Exercise 3.4 


Using Theorem 3.1, prove that the following limits exist, and evaluate 
them. 


Just as for continuity, the definition of limit can be reformulated in £-ô 
terms, as follows. 


Definition 
Let f: A — C and suppose that a is a limit point of A. Then the 


function f has limit 8 as z tends to a if, for each £e > 0, there is a 
ô > 0 such that 


\f(z) -—Bl <e, forall z € A— {a} with |z — a| < ô. 


The proof that this definition is equivalent to the earlier sequential 
definition is similar to that of the corresponding result for continuity 
(Theorem 2.5). 


3 Limits of functions 
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3.3 Rules for limits 


As you might expect (from your experience with limits of sequences and 
continuous functions), limits can often be evaluated by applying rules for 
combining limits. 


Theorem 3.2 (Combination Rules for Limits of Functions 
Let f and g be functions with domains A and B, respectively, and 
suppose that a is a limit point of AN B. If 
lim f(z)=6 and lim g(z) = 7, 
then 
(a) Sum Rule lim(f(z) + g(z)) =8 +7 
(b) Multiple Rule lim (Af (2)) =8, forrXEC 
(c) Product Rule lim (f(2)9(2)) = pJ 
(d) Quotient Rule lim (f(z)/9(2)) = B/y, provided that y # 0. 


Implicit in the statement of these rules is the observation that if a is a 
limit point of the intersection of sets AN B, then clearly it is also a limit 
point of A and of B. 


The proofs of the Combination Rules are straightforward and depend on 
the analogous results for sequences (see Theorem 1.3); we omit them. 


To calculate limits, these Combination Rules can often be used in place of 
the approach from the previous subsection based on Theorem 3.1. 
Throughout this module we use whichever approach seems most 
convenient. 


Further exercises 


Exercise 3.5 


For each of the following points a and sets A, decide whether a is a limit 
point of A. In those cases where a is a limit point of A, prove it by 
specifying a suitable sequence (zn) in A — {a} that converges to a. 


(a) a=i, A= {z:Rez>1} 
(b) a=1, A={z:Rez+Imz=1} 
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Exercise 3.6 


Determine whether or not each of the following limits (of functions) exists. 
For each one that does, evaluate the limit. 


3 — 27 241 1 
(a) lim £ (b) lim — (c) lim G sinh z + =) 
z>3 z— >—i Z+ Zin Zz 
d) lim a 
z>1 Imz zi Imz 20 Imz 


4 Regions 


After working through this section, you should be able to: 
e determine whether a given subset of C is open, convex, connected 
e explain the statement ‘R is a region of C’ 


e recognise certain basic regions. 


4.1 Domains of complex functions 


Various sets occur as the domains of complex functions. For example, 
the function f(z) = sinz has domain C 
the function f(z) = 1/z has domain C — {0} 
the function f(z) = tan z has domain C — { (n+ 5): ne Z} 
(see Figure 4.1). 


o o o o > 

Sar a mo om 

3 alə 2 
domain of domain of domain of 
f(z)=sinz f(z) = 1/2 f(z) = tanz 


Figure 4.1 Domains of various functions 


Although these sets are all different, they have certain features in common. 
For example, each of the sets is ‘unbounded’; that is, they do not lie inside 
any circle in C. 


A less obvious property of these sets is the following: each point in the set 
can be surrounded by an open disc lying entirely within the set. For 
example, the point 1 in C — {0} is the centre of the open disc 

{z:|z—1| < $} which lies entirely in C — {0} (Figure 4.2). Sets with this 
property are called open. 


Another property of these sets is the following: each pair of points in the 
set can be joined by a path lying entirely in the set. For example, as shown 


4 Regions 


ATTIN 

iA 2,7 \ 
Q i a } > 
0 ee, 

N 

Saí 


Figure 4.2 Open disc centred 
at 1 lying in C — {0} 
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Figure 4.3 Points 1 and —1 
connected by a path in C — {0} 
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Figure 4.4 An open set A 
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in Figure 4.3, the points 1 and —1 in C — {0} can be joined by the 
semicircular path T with parametrisation y(t) = e* (t € [0,7]). Sets with 
this property are called connected. 


It turns out that many functions have domains that are both open and 
connected and that these two properties are useful. We therefore devote 
the rest of this section to a discussion of these properties. 


4.2 Open sets 


In Unit Al we defined open discs and open half-planes. In both cases, no 
boundary points are included. More generally, an open set can be thought 
of as a set that does not include any of its boundary points. The following 
definition, however (illustrated in Figure 4.4), does not mention the 
boundary. 


Definition 
A set A in C is open if each point a in A is the centre of some open 
disc lying entirely in A. 


For example, the disc D = {z : |z| < 1} is open because each point a € D 
lies at a distance 1 — |a| > 0 from the boundary of D, so the open disc 


{z:|z-—a|<1-—-|al} 
lies entirely in D (Figure 4.5(a)). 


However, the disc E = {z : |z| < 1} is not open; for example, the definition 
fails at œ = 1, since no open disc of the form 


{z:|z-—1|<r}, r>0, 
lies entirely in E (Figure 4.5(b)). 
A A 
, | 
/ 
Á | > ~ 
je ENG \ 
H > > 
\ fi T7 
\ d 
N 
~ 2l 
(a) (b) 
Figure 4.5 (a) Dis open (b) F is not open 


Similar arguments show that every open disc is an open set and every 
closed disc is not an open set. 


Also, note that every singleton set {a} is not open: no open disc centred 
at a lies entirely in {a}. 


Example 4.1 


Prove that each of the following sets is open. 


(a) {z:Rez > 0} 
(oy tense) dd 
(c) C—{xER:x<0} 


Solution 


(a) 


Figure 4.8 Open discs centred at a lying in A= C — {x ER:x <0}in 


Let A = {z : Rez > 0}, so the boundary of A is {z : Rez = 0}. 
If a € A, then a = a + ib, where a > 0, and the distance from a 
to the boundary of A is a. Hence the open disc 


{z:|z-—a| <a} 
lies entirely in A (Figure 4.6), so A is open. 


It follows similarly that every open half-plane is an open set. 


Let A = {z: |z| > 1}, so the boundary of A is {z: |z| = 1}. 
If a € A, then |a| > 1 and the distance from a to the boundary 
of A is |a| — 1 > 0. Hence the open disc 


{z:|z-—a| <|a|-—1} 
lies entirely in A (Figure 4.7), so A is open. 


Let A= C-—{z€R:z < 0}, so the boundary of A is 
{z €R:a <0}. If ae A, then the distance from a to the 
boundary of A is 


lal, Rea > 0, 
a= 
[Ima], Rea <0. 
Hence the open disc 
{23 \2—@a| < 74} 


lies entirely in A (Figure 4.8), so A is open. 


A A 
om ead 
Dne 7 X = 
/ \ lal \ ij S 
` } / '\Im a|\ 
a 
\ i 
at a \ a 7 
e ` a 
SS 


the two cases (a) Rea > 0, (b) Rea < 0 
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Figure 4.6 Open disc centred 
at a lying in A = {z: Rez > 0} 
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Figure 4.7 Open disc centred 
at a lying in A = {z: |z| > 1} 
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Figure 4.9 Open disc centred 
at a lying in A, 
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In each of these solutions, we chose the radius of the disc with centre a to 
be as large as possible, although there is no particular reason for doing this. 
For example, in Example 4.1(a), we could have taken the radius to be a/2. 


Exercise 4.1 


Prove that each of the following sets is open. 
(a) C— {0} 

(b) {z:—2 < Rez < 2, —1 < Imz < 1} 

(c) {z:1< |z| < 2} 

(da) {z:7/3 < Argz < 27/3} 


You have now seen a number of different types of basic open sets: open 
discs, open half-planes, complements of closed discs, open annuli, open 
rectangles and open sectors. In addition, C itself is open. We note that the 
empty set Ø is also considered to be open, because it contains no point a 
where the definition fails. 


Now we describe two ways of creating ‘new open sets from old’. 


Theorem 4.1 Combination Rules for Open Sets 
If A; and A» are open sets, then so are 

(a) A, U Ag 

(b) Ay, Ag. 


Proof 


(a) Ifa € Ay U Ag, then a lies in A; or Ag (or both). Let us assume that 
a € Aj; the case a € Ay can be dealt with in a similar manner. 


Since A is open, there is a positive radius r such that 
{z:|z-—a| <r} C Aj, 

as indicated in Figure 4.9. Hence 
{z:|z-—al <r} C A, U As, 

as required. 


(b) Ifa € A, N Ag, then a lies in both A; and Ag. Since Aj, Ag are both 
open, there are positive radii r1, r2 such that 


{z:|z-al<rm}CA, and {z:|z-—a| <ro}C Ap, 
as indicated in Figure 4.10. Thus if r = min{r1, r2}, then 
{z:|z-al<r}CA,N Aap, 


as required. | 


Figure 4.10 Open disc centred at a lying in A, and A2 


Applying the Principle of Mathematical Induction to Theorem 4.1, we 
obtain the following corollary. 


Corollary 

If A1, Ao,..., An are open sets, then so are 
(a) A1 U A2 U--- U Apn 

(b) AyN AgN---N An. 


Remark 
The proof of Theorem 4.1(a) can be readily adapted to show that the 


union of any (possibly infinite) collection of open sets is open. However, 
the intersection of an infinite collection of open sets need not be open. For 
example, if 
Anm k| < jah, m= 12s 
then each An is open, but 
AINAN- ={z:z E€ An, for n= 1,2,...} 
= {0}, 


which is not open. 


Exercise 4.2 


Use Theorem 4.1 or its corollary to prove that each of the following sets is 
open. 
(a) {z:Rez > 0, Imz >0, |z| < 1} 


(b) {z:Rez #0} 
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Figure 4.12 Line segment 
from a to p in a disc 
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Figure 4.13 The set 
A={z:|z|>1} 
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4.3 Connected sets 


In Unit A2 we defined a path to be a subset T of C that is the image of an 
associated continuous function y: I —> C (the parametrisation of I), 
where J is an interval of the real line; so T = 7(J). If I = [a,b], then y(a) 
and 7(b) are, respectively, called the initial point and final point of the 
path. The path T is said to join y(a) to (0). 


Now we use paths to define the notion of a connected set. 


Definition 
A set A in C is (pathwise) connected if any two distinct points a 
and (£ in A can be joined by a path lying entirely in A. 


The word ‘pathwise’ is usually omitted from the definition of a connected 
set. It is included in parentheses here because there is a more general 
notion of connectedness (which we do not require at this stage). 


Figure 4.11 illustrates the definition of connectedness. Note that the path 
shown in the figure avoids the ‘hole’ and so lies entirely in A. 


Figure 4.11 Path from a to 8 in the connected set A 


The open disc D = {z : |z| < 1} is connected because any two points 
a, ß € D can be joined by, for example, the line segment from a to £, 
which lies entirely in D (Figure 4.12). Similarly, the closed disc 

E = {z : |z| < 1} is connected. 


A connected set like one of the discs D and E in which any two distinct 
points œ and £ can be joined by a line segment that lies entirely within the 
set is called convex. Other examples of sets that are convex, and therefore 
connected, are any disc, half-plane or rectangle, and C itself. 


However, not all connected sets are convex, as the following example shows. 


Example 4.2 


Prove that the set {z : |z| > 1} is not convex, but is connected. 


Solution 


The set A = {z : |z| > 1} is not convex because, for example, the 
interval [—2, 2] is not a subset of A (Figure 4.13). However, any two 


4 Regions 


points a, 8 of A can be joined by a path in A. For example, if 

|| = ||, then such a path I could be a circular arc, with centre 0, 
from a to p. If |a| Æ |8|, then a suitable path FT would consist of the 
(anticlockwise) circular arc, with centre 0, from a to (|a|/|6])£, 
followed by part of the ray from 0 through 8 (Figure 4.14). 


Figure 4.14 Paths in A joining a to £ in the two cases (a) |a| = |£], 
(b) lal 4 [6 


Remarks 


1. In this solution we did not attempt to construct the simplest or shortest 
path from a to 8. Rather, we chose a reasonably simple type of path 
which works for any pair a, 8 in A. Many other choices of path could be A 
made. 


2. Although we did not specify the parametrisation of the path T joining a 
to B, this could be done if necessary. Suppose, for example, that œ = 2i 
and 8 = —4i. Then the path 


Ti: y(t) = 2701/2 (¢ € [0,1]) 
has initial point 7(0) = 2i and final point y1(1) = —2i, and the path 
To: p(t) = 24 (te [1,2)) 


has initial point y2(1) = —27 and final point 72(2) = —4i. Thus the path 
Tr =T; Ul, with parametrisation 
t) = y(t), tE [0, iF 
yalt), te [1,2], 


joins 2i to —4i (Figure 4.15). The continuity of y follows from that of 
Jı and y2, together with the fact that y1(1) = y2(1). 


Figure 4.15 A path in 
{z : |z| > 1} joining 2i to —4i 
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Notice that we chose the domains of 7, and yz to be adjacent intervals 
so that the domain of y is an interval (as required by the definition of a 
path). It may require some ingenuity to ‘glue’ two or more 
parametrisations together in this way. Usually, a geometric description 
of such a path is sufficient. 


3. The solution to Example 4.2 can be readily adapted to prove the 
connectedness of other sets with rotational symmetry, such as C — {0} 
or an annulus. 


Exercise 4.3 


Prove that each of the following sets is connected. 


(a) C—{rER:xz<0} (b) {z:—1 < Rez <1 or —1 < Imz <1} 


Is either of these sets convex? 


The property of connectedness is not preserved by forming unions or 
intersections. For example, if 


A={z:Rez<-l1} and B={z:Rez>l}, 


then A and B are connected, but AU B is not connected, since no point a 
in A can be joined to a point 8 in B by a path lying entirely in AU B 
(Figure 4.16). 


Also, if 
A={z:—1<Rez<1} and B= {z: |z| > 2}, 
then A and B are connected but AN B is not (Figure 4.17). 


The following exercise does give one rule for obtaining ‘new connected sets 
from old’, but in practice it is usually easier to argue directly from the 
definition. 


Exercise 4.4 


Prove that if A and B are connected and AN B # Ø, then AU B is 
connected. 


Another general property of connected sets is given by the following result. 
It will be of theoretical importance later in the module. 


Theorem 4.2 


Let f be a continuous function whose domain A is connected. Then 
the image set f(A) is also connected. 


In words, Theorem 4.2 says that ‘the continuous image of a connected set 
is connected’. 


Proof We need to show that each pair of points in f(A) can be joined by 
a path in f(A). Such a pair of points must be of the form f(a), f(8), 
where a, p € A. 


Because the set A is connected, we can join a to 8 by a path T in A, which 
is parametrised by a continuous function 


7: [a,b] — A, with q(a) =a, y(b) =8, 
as shown on the left-hand side of Figure 4.18. 


Te 


a 5. m 


Figure 4.18 A pathT and image path f(T 


Now consider the function f o y: [a,b] — f(A) shown in Figure 4.18. 
Then f o y is continuous, by the Composition Rule, and 


(f ° 7)(a) = f(y(a)) = fla), 
(f ° 9)) = f(y(0)) = £8). 
Hence f(a), f(8) are joined in f(A) by the path 


fT) = (Fey) (la, b]) € F(A), 
as required. E] 
Note that the continuous image of an open set need not be open; for 


example, the function f(z) = 0 (z € C) is continuous but f (C) = {0} is not 
open. 


4.4 Regions 


As noted earlier, the domains of many complex functions are both open 
and connected. It is useful, therefore, to introduce a name for such sets. 


Definition 


A region is a non-empty, connected, open subset of C. 


Note that the empty set Ø is not a region. 


In Subsections 4.2 and 4.3 you saw many examples of sets that are both 
open and connected. For future reference, we present the following list of 
basic types of region. 
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Figure 4.19 Modifying I to 
avoid ag, by means of a 
circular arc 
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Theorem 4.3 Basic Regions 
The following subsets of C are regions: 
a) any open disc 

b) any open half-plane 


c) the complement of any closed disc 


( 

( 

( 

(d) any open annulus 
(e) any open rectangle 

(f) any open sector (including cut planes) 
( 


g) the set C itself. 


We often encounter domains of functions that are regions but that do not 
fall within this basic list. In most cases it is straightforward to verify 
directly that a set is open and connected. However, one general result 
about forming regions is sometimes useful. In this result, and elsewhere, 
we designate a general region by the letter R, using a special typeface to 
avoid confusion with other uses of the letter R. 


Theorem 4.4 


If R is a region and ao E€ R, then R — {ao} is also a region. 


Proof Since R is a region, it contains an open disc centred at ag; hence 
R — {ao} is non-empty. 


Since 
R — {ao} = RN (C -= {ao}), 
we deduce that R — {ao} is open, by Theorem 4.1 and Exercise 4.1(a). 


Now suppose that a, 6 E€ R — {ao}. Since a, 8 E€ R and R is a region, we 
can join a to 8 by a path T in R, and this path also lies in R — {ao} if 
ao g L: 


If, however, [ does contain ag, then we choose an open disc 
{z:|z-—ao|<r}CR 


(which is possible since R is a region) and modify I inside this disc, in 
order to avoid ag (Figure 4.19). The resulting path joins a to 8 in 
R — {ao}, so R — {ao} is connected. Therefore R — {ag} is a region. E 


By applying Theorem 4.4 repeatedly, we deduce that if R is a region and 
Q1,02,---,An E R, then R — {a1,a2,..., An} is also a region. For example, 


R =C — {-1/2, 7/2} 


is a region. It is tempting to think that Theorem 4.4 can be used to 
deduce that the domain of f(z) = tan z, namely 


C—{(n+ §)x:neZ}, 


is a region. However, in this case we are removing from C an infinite set of 
points, so the result does not follow from Theorem 4.4. For this example, 
it is necessary to work directly from the definition of a region, which we 
now ask you to do. 


Exercise 4.5 


Prove that R =C — {(n+ })r : n € Z} is a region. 


Further exercises 


Exercise 4.6 


Sketch each of the following sets and in each case write down whether it is 
open, convex, connected, a region. 


(a) A={z:|z-i| < 2} (b) B={z:1<|z-1|<2} 
(c) C = {z : Imz < —1} (d) AUC (e) BAC (£) A — {0} 


Exercise 4.7 


Justify your answers to Exercise 4.6(a). 
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The impossible prison is commonly used in advanced complex analysis 
texts for illustrating properties of boundaries of regions. 


- 
(c) (a) 
Figure 4.20 (a) Impossible prison (b) Swiss cheese 
(c) Koch snowflake (d) OU logo 


Figure 4.20(b) is the interior of a Swiss cheese: a disc with infinitely 
many circular holes. This region also plays an important role in 
complex analysis, in deeper parts of the subject of conformal 
mappings, a subject that you will meet in Unit C3. 


The region in Figure 4.20(c) is the Koch snowflake, which was 
constructed in 1904 by the Swedish mathematician Helge von Koch 
(1870-1924). It is a fractal formed from a triangle by repeatedly 
adding successively smaller triangles to the outside of each line 
segment on its boundary, infinitely many times. The first few stages 


Figure 4.21 First three in the construction of the Koch snowflake are displayed in Figure 4.21. 
stages of the construction of The Koch snowflake shows that regions need not be bounded by 
the Koch snowflake well-behaved paths. 


The last region, Figure 4.20(d), is the OU logo. 


5 The Extreme Value Theorem 


5 The Extreme Value Theorem 


After working through this section, you should be able to: 
e determine whether or not a given subset of C is closed, bounded 
e explain the statement ‘E is a compact subset of C’ 


e state the Extreme Value Theorem and use its corollary, the Boundedness 
Theorem, to prove that certain functions are bounded on compact sets 


e identify the interior, exterior and boundary of a given subset of C. 


5.1 Compact sets 


Given a real function f: R —> R, we often wish to determine the extreme 
values (that is, the absolute maximum and minimum values) of the 
function on a given interval J. For example, if 


fsa and T= [-1,2], 
then the maximum value of f on J is f(2) = 4 and the minimum value of f 
on I is f(0) = 0 (Figure 5.1). 


It is natural to seek a general result that states that certain types of 
functions always attain maximum and minimum values on certain types of 
interval. The examples in Figure 5.2 indicate that such a result cannot hold 
if we allow f to be discontinuous, or if we allow J to be an open interval. 


YA YA 


Figure 5.1 Graph of y = z? 


(a) (b) 

Figure 5.2 (a) f is discontinuous, and attains a minimum but not a 
maximum value on I. (b) f is continuous, but J is open, and f attains 
neither a minimum nor a maximum value on J 


However, if we insist that f is continuous and that I = fa, b] is a closed 
interval with finite endpoints (in the domain of f), then f must attain 
maximum and minimum values on J. This result, from real analysis, is 
called the Extreme Value Theorem. 


Our aim in this final section of the unit is to obtain a version of the 
Extreme Value Theorem that applies to complex functions. We have 
already introduced the idea of a continuous complex function in Section 2, 
so it remains to determine the appropriate type of subset of C with which 
to replace the closed interval I = Ja, b]. 
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One good candidate for such a type of subset is a closed disc 
{z:|z-a| <r}, 


where a € C and r > 0. Such a set includes its boundary points, so the 
type of counterexample illustrated in Figure 5.2(b) is not possible. (The 
terms ‘boundary point’ and ‘boundary’, for which we have not yet required 
precise meanings, are defined formally near the end of this subsection.) 
More generally, we define a new type of set which has the property of 
including all its boundary points. Such sets can most neatly be defined as 
follows. 


A set E in C is closed if its complement C — E is open. 


To prove that a set E is closed, we must show that its complement is open. 


Example 5.1 


Prove that each of the following sets is closed. 
(a) {z:Rez <0} (b) fz: le1< I} (©) {0} 


Solution 


In Example 4.1(a) and (b) and Exercise 4.1(a) we showed that the 
complement of each of these sets is open, as required. 


More generally, any closed half-plane or closed disc is a closed set; further 
examples are given in the following exercise. 


Exercise 5.1 


Prove that each of the following sets is closed. 


(a) tz: lz] 21} (b) tz: la) =p 


As for open sets, we can obtain ‘new closed sets from old ones’ by using 
the following Combination Rules. 


heorem 5.1 Combination Rules fc 
If FE, and E are closed sets, then so are 
(a) E U Eo 
(b) Ei N Eo. 
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Proof Since E; and E> are closed, we know that C — E; and C — E» are 
open. Next we use two properties of sets known as De Morgan’s Laws. 
They can be checked by drawing Venn diagrams. These laws say that 


C — (E1 U E2) = (C— E1) N(C- E2) 
and 

C— (E1 N F2) = (C — F1) U (C — By), 
and hence these sets are both open, by Theorem 4.1. Thus Ey U E> and 
Eı N Fə are both closed, as required. | 
For example, by Theorem 5.1(b), the circle 

Haig? |2|= 1} 
is closed because it is the intersection of the two closed sets 

{z:|z| <1} and {z:|z|> 1}. 


The following corollary extends Theorem 5.1 to any finite number of sets. 
It can be proved by applying the Principle of Mathematical Induction to 
Theorem 5.1. 


Corollary 

If Fy, E2,..., En are closed sets, then so are 
(a) Ei U E2U---U Ep 

(DREPE DEE 


Exercise 5.2 


Use Theorem 5.1 or its corollary to prove that each of the following sets is 
closed. 


(a) {z:—1 < Rez <1, —1 < Imz < 1} (b) {z : Imz =0} 


Warning! If a set contains some but not all of its boundary points, then i 
it is neither open nor closed. For example, the set "o o 
/ \ 
A= {z:|z|<1}U {1}, £ A À 
shown in Figure 5.3, is not open, because no disc {z2 : |z — 1| < r} lies i h > 
entirely in A, and it is not closed, because its complement is not open: no \ / 
R ; : a : \ / 
disc {z : |z — i| < r} lies entirely in C — A. \ A 
q 7 
On the other hand, since the sets C and @ are both open, they are also —— 
both closed (being complementary). However, C and Ø are the only 
subsets of C that are both open and closed. Figure 5.3 The set A is 
The other new concept that we need is that of a bounded set. neither open nor closed 
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Definitions 


A set E in C is bounded if it is contained in some closed disc. A set 
is unbounded if it is not bounded. 


For example, every open disc or closed disc is bounded, but every 
half-plane is unbounded. 


Exercise 5.3 


Determine which of the following sets are closed and which are bounded. 
(a) {z:|z| =1} (b) {2 :Imz = 0} 
(c) {z:—1 < Rez <1, —1 < Imz < 1} 


It turns out that the appropriate conditions for a set E to satisfy, in order 
that the Extreme Value Theorem holds on FE, are that E is closed and 
bounded. It is convenient, therefore, to give such sets a name; they are 
called compact sets. 


Definition 


A set E in C is compact if it is closed and bounded. 


We remark that this is one of several equivalent definitions of compactness 
for subsets of C discussed in texts on topology and metric spaces. 


For examples of compactness, every circle is compact, every closed disc is 
compact, but open discs are not compact (they are not closed), and 
half-planes are not compact (they are not bounded). 


Exercise 5.4 
Prove that the set 


{z:—1 < Rez < 1, —1 < Imz < 1} 


is compact. 


We are now in a position to state a version of the Extreme Value Theorem 
for complex functions. 


The proof of this theorem is deferred to the next subsection, since it is 
rather involved. 


5 The Extreme Value Theorem 


Theorem 5.2 Extreme Value Theorem 


Let f be a function that is continuous on a compact set E. Then 
there are numbers a and p in E such that 


lf(B)| < |f(2)| < |f(e@)|, for all z € E. 


Figure 5.4 shows the geometric interpretation of the Extreme Value 
Theorem: the image set f(E) lies in the set 


{w:|f(8)| < [w| < |f (a)l). 


A A 


Figure 5.4 The image f(E) lies between the circles centred at the origin 
with radii |f(8)| and |f(a)| 


Note that the numbers a and 8 need not be unique, as indicated in 

Figure 5.4, because in this case the set f(E) meets the circle of radius 
|f(a)| at two points. 

It can often be extremely difficult to determine the maximum and 
minimum values of | f(z)| on a given compact set. However, in many 
applications we do not need the actual maximum and minimum values. It 
is often enough to know that the function f is bounded on E; that is, the 
image set f(E) is a bounded set. If f is continuous on F, then this follows 
immediately from the Extreme Value Theorem. 


Theorem 5.3 Boundedness Theorem 


Let f be a function that is continuous on a compact set Æ. Then 
there is a number M such that 


lf(z)| <M, for all ze E. 


For a given function f and set E, we can often find an explicit value of M 
such that |f(z)| < M, for all z € E. For example, if 


fiz) =24+2z-4 and E= {z: |z| <1}, 
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ae A f(E) \ 


Ke ~~) Le f(z) d 


SS Den 


Figure 5.5 Open disc centred 
at a that lies in C — f(E) 


244 


then, for all z in E, 
IF(2)| = |2" + 2z — il 
< |z + 2\z]+1 (by the Triangle Inequality) 
<1+2+1=4 (since |z| < 1). 
Therefore in this example we can take M = 4 so that |f(z)| < M, 
for all z € E. However, the Boundedness Theorem can be applied even 


when the formula for f is complicated or unknown — as long as f is 
continuous. 


Exercise 5.5 


In each of the following cases, prove in two ways that the given function f 
is bounded on the given set Æ: by using the Boundedness Theorem and by 
explicit estimation. 
a f@)=e*, B={z:|z= 9} 
(b) f(z)=sinz, E= {22 |z| < 27} 

z? +1 


(c) f(2)= om E ={z:—1 < Rez <1, —1 < Imz < 1} 
z—2i 


Figure 5.4 suggests that if E is compact and f is continuous on FE, then 
the image set f(E) is also compact. This is indeed the case. 


Theorem 5.4 


Let f be a function that is continuous on a compact set EF. 
Then f(E) is compact. 


In words, Theorem 5.4 says that ‘the continuous image of a compact set is 
compact’. 


Proof We know, by the Boundedness Theorem, that f(E) is bounded. 
Thus we need prove only that f(E) is closed, that is, C — f(E) is open. 


Suppose, therefore, that a € C — f(E). We want to find an open disc 
centred at a that lies entirely in C — f(E) (see Figure 5.5). To do this, 
consider the function 


g(2) = f(z) — a, 
which is non-zero on E (since f(z) # a, for z € E) and continuous there. 
By the Extreme Value Theorem, there exists 8 € E such that 


\g(z)| > |g(8)|, for all z € E; 
that is, 
\f(z)-al>r, forall ze EL, 


where r = |g()|. This number r is positive because g is non-zero on E. So 
the open disc with centre a and radius r lies in C — f(E), as required. E 
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The boundary of a set 


So far, we have treated the concept of the boundary of a set rather 
informally. It has been easy to ‘see’ what the boundary is; for example, the 
circle {z : |z| = 1} is the boundary of the open disc {z : |z| < 1}. However, 
this concept can be made precise, and we now do this. (We will need this 
precision later in the module.) First we identify two types of point that are 
definitely not boundary points. 


Definitions 
Let A be a subset of C and let a € C. Then 


e qa is an interior point of A if there is an open disc centred at a 
that lies entirely in A 


e a is an exterior point of A if there is an open disc centred at a 
that lies entirely outside A. 


The set of interior points of A forms the interior of A, written int A, 
and the set of exterior points of A forms the exterior of A, written 
ext A. 


For example, if A = {z: |z| < 1}, then 
int A={z:|z]}<1}=A and extA={z: |z| > 1}, 


as illustrated in Figure 5.6. 


A yO A 
| ea) 
|. \ P| Se 
LE -N S a > 
A / NN 7 D 
V A ea)\ / A \ 
/ N AN / \ 
| ‘xe b s | b 7 
l 1 | ji 
\ / \ / 
\ / \ / 
N 7 N 7 
NX 7 N L 
a a 


(a) (b) 
Figure 5.6 (a)a¢€intA (b)a€ extA 


If a is neither an interior point nor an exterior point of A, then each open 
disc centred at œa must meet both A and C — A. Points with this property 
are defined to be boundary points. 


Definitions 


Let A be a subset of C and let a € C. Then a is a boundary point 
of A if each open disc centred at @ contains at least one point of A 
and at least one point of C — A. 


The set of boundary points of A forms the boundary of A, 
written OA. 
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There is no consensus in mathematics on how the notation O for a 
boundary should be pronounced. To describe the set 0A, you may hear 
any of the phrases ‘boundary <A’, ‘dee A’, ‘del A’, ‘delta A’ or ‘partial A’. 
Given the lack of consensus, perhaps the option least likely to cause 
confusion is to refer to 0A as ‘the boundary of A’, as is commonly done. 


It follows from the definition of boundary that int A, ext A and OA are 
» | = disjoint sets, and that 
y N 
fj A \ OA =C — (int A U ext A). 
\ 
> > Thus, once you have removed int A and ext A from C, what is left is OA. 
\ E For example, if A = {z : |z| < 1}, then 
\ tf 
x ees) dA =C-— ({z: |z| <1 Ufz: |z| > 1) 
~ xe 
++ = {z: |= 1}, 
Figure 5.7 a €A as expected (see Figure 5.7). 


Exercise 5.6 


For each of the following sets A, write down int A, ext A and OA. 
(a) A={z:|z| <1} (b) A= {z+iy:x <0} (c) A=C- {0} 
(d) A= {0} 


You may have noticed in Exercise 5.6 that, in each case, int A and ext A 
are open sets, whereas QA is closed. This is always true. 


Theorem 5.5 

If A is a subset of C, then 
(a) int A and ext A are open 
(b) OA is closed. 


Proof 


(a) Ifa € int A, then there is an open disc {z : |z — a| < r} lying entirely 
in A. Since this disc is open, all points of it are interior points of A, so 


{z:|z-—a| <r} C int A. 
Hence int A is open. A similar argument shows that ext A is open. 


(b) By part (a), int A and ext A are open; hence, by Theorem 4.1, 
int A U ext A is open. Since 


OA = C — (int A U ext A), 
it follows that OA is closed. E 
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5.2 Proof of the Extreme Value Theorem 


This subsection may be omitted on a first reading. 


We begin with a lemma about closed sets. 


Lemma 5.1 


If E is a closed set and (zn) is a convergent sequence in E with 
limit a, then a € E. 


Proof Suppose, in fact, that a € C — E. Since C — E is open, it contains 
an open disc {z : |z — a| < r}, which in turn contains all but a finite 
number of the terms of (zn) (since zn + a@ as n — oo). However, this 
contradicts the fact that (zn) is in Æ. We conclude that a € E, as 
required. | 


There is a converse to Lemma 5.1, which says that if the limit of each 
convergent sequence in the set E also lies in Æ, then E is closed. However, 
we do not need this converse result. 


Next we need a fundamental theorem about nested closed rectangles 
(which will also be required later in the module). It is sometimes referred 
to as the Chinese Box Theorem. To prove this result we make use of the 
Monotone Convergence Theorem, a result from real analysis, which tells us 
that 

if the real sequence (an) is increasing and bounded above, 

then (an) is convergent. 
(In fact, this theorem also says that if (an) is decreasing and bounded 
below, then (an) is convergent.) 


Theorem 5.6 Nested Rectangles Theorem 


Let Ro, Ri, R2,... be a sequence of closed rectangles with sides 
parallel to the axes, and with diagonals of lengths so, 51, s2,..., such 
that 


Rog DR, DR. D eae and him S = O, 
n—0o 


Then there is a unique complex number a that lies in all of the 
rectangles Rn. Moreover, for each positive number e€, there is an 
integer N such that 


hy €{z2:|2—al<et, ftoralln >. (5.1) 


Statement (5.1) of the theorem says, roughly speaking, that the sequence 
of rectangles (Rn) converges to the point a as n — oo, as indicated in 
Figure 5.8. Figure 5.8 Nested rectangles 
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Cn + idn 


an + ibn 


Figure 5.9 The rectangle Rn 


Cn — an 


Figure 5.10 A diagonal of 


length sn 


Figure 5.11 
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|z -a| < sn 


Proof Let 
Ry =e ân OSG na LYS dny =O Zinc, 


as shown in Figure 5.9, so 
ao < a1 Sag < ++ < C2 < C1 < Co, 
bo < by < bg < +++ < d2 < dı < dọ. 


(5.2) 


Thus the sequence (an) is increasing and bounded above, by co, and so 
lim a, exists by the Monotone Convergence Theorem from real analysis. 
nN—- Ooo 


Let a= lim an. Also, as shown in Figure 5.10, 
Noo 
O<q@—an< Sn, forn=0,1,2,..., 
so lim (cn — an) = 0, by the Squeeze Rule for sequences. Thus 
n—- Ooo 
lim cn = lim (an + (cn — Gn)) 
noo n—-0o 
= lim a, + lim (cn — an) 
n—-0o nN—- Ooo 
=a+0=a. 
Likewise, 
lim d, = lim bn = 8, 
noo n00 


for some real number b. Since, by (5.2), 


Qn <a<cp, forn=0,1,2,..., 
bn <b<d,, forn=0,1,2,..., 


it follows that œa = a + ib € Rp, for all n. 

Now if z € Rn, then 
|z —al < sn, 

as indicated in Figure 5.11. 

Since sn + 0 as n — ov, there is an integer N such that 
Sn <E foralln>N; 

SO 
jz-al<e, foralln >N and z€ Ry. 

Thus statement (5.1) follows. 


To prove that a is the only point lying in all the rectangles Rn, suppose 
that 8 also has this property. Then statement (5.1) tells us that for each 
positive number £, we have |8 — a| < £. If 8 Æ a, then we can choose 

€ = |8 — a| to obtain a contradiction. Hence 6 = a, so a is the only point 
in all of the rectangles Rp. E 


We are now in a position to prove the Extreme Value Theorem. 


5 The Extreme Value Theorem 


Theorem 5.2 Extreme Value Theorem 


Let f be a function that is continuous on a compact set E. Then 
there are numbers a and p in E such that 


lf(B)| < |f(2)| < |f(e@)|, for all z € E. 


Proof First we prove that there is a number a in E such that 
\f(z)| < |f(@)|, for all z € E. 


Since FE is bounded, we can choose a closed rectangle Ro, with diagonal 
length sg say, such that Æ C Ro. This rectangle Rp can then be expressed 
as the union of four closed rectangles Ti, 72, T3 and T4, each with diagonal 
length $50; using vertical and horizontal lines to bisect the sides of Ro 
(Figure 5.12). 


We claim that at least one of the rectangles, T; say, has the property that 
for each z € E, there is some w € EMT; such that 


IZI < lf). 


Indeed, if the rectangle Tk does not have this property, for k = 1, 2,3,4, 
then there is a number zķ in E such that 


IF| > |f(w)|, for all w € EN Ty. 


Thus if the claim is false, then such a number zę exists for 
each k = 1,2,3,4. It follows that 


max{|f(21)|, |f (2)h IFC) F(z) Ib > fw), for all w € E, 


which is evidently a contradiction. Hence the claim is true. 


Now put Rı = T; and repeat the process with Æ N Rı instead of F. 


Continuing indefinitely, we obtain a sequence Rn, n = 0,1,2,..., of closed 
rectangles such that for n = 0,1,2,...: 
@ Rnsi C Rn 


e Rn has diagonal length (5)"s0 
e for each z € EM Rn there is some w in EM Rn+1 such that 


If(2)| < |F(w)I- 


By the Nested Rectangles Theorem we deduce that there is a 
unique point a lying in all the rectangles Rn. Moreover, for each 
positive number €, there is an integer N such that 


Rn © {z:|z-al<e}, foraln >N. (5.3) 
We claim that the number a lies in E and also that 


IFI < [f(a], for all z € E, 


as required. 


Ro 


EF a 


aS 


Fuca 


Figure 5.12 
split into four 


Rectangle Ro 
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To prove this claim, we take any number zg in E and, observing that 
E = E N Ro because E C Ro, we can use property (c) above to choose a 
sequence (2n) such that 


n ECEN Rws forn=0,1,2,..., 


and 


el = Fna forn =0; l; (5.4) 
It follows from statement (5.3), since z, € Rn for each n, and Rp C Ry for 
all n > N, that zn > a as n > œ; thus a € E by Lemma 5.1, since E is 
closed. Furthermore, since f is continuous on £, it is continuous at a, so 
we deduce that 


dim |f(zn)| = |f (a)l. 
Hence 


IF) < IF]; 


by statement (5.4). Since zọ was any point of Æ, this proves one part of 
the theorem. 


It remains to prove that there is a number 8 in E such that 
lf(B)| < Ifl, forall z € E. 


If there is a point w in E such that f(w) = 0, then we can simply choose 
B = w. If there is no such number w, then f(z) 4 0, for all z € E, so, by 
the Quotient Rule for continuous functions, the function g(z) = 1/f(z) is 
continuous on E. We can now apply the argument from the first part of 
this proof (to g, rather than f) to deduce the existence of a point 8 in E 
such that |g(z)| < |g(8)|, for all z € E. But |g(z)| = 1/|f(z)|, so 


IF(I SIF, for all z € F, 


as required. E 


Although it is easy to state, the Extreme Value Theorem is surprisingly 
tricky to prove and you should not be dispirited if you found the proof 
difficult. The central idea of the proof — namely, the repeated splitting of 
the rectangles into smaller ones — will appear again when we prove 
Cauchy’s Theorem, the ‘main result’ in complex analysis. 


Further exercises 


Exercise 5.7 


Determine which of the following sets (from Exercise 4.6) are bounded. 
(a) A={z:|z—-i| < 2} (b) B={z:1< |z-—1| <2} 


(c) C = {z : Imz < —1} (da) AUC (e) BNC (£) A-— {oO} 


Exercise 5.8 


Determine whether each of the following sets is closed. 
(a) {z:|z— i| > 2} 

(b) {z:|z-—1| <1 or |z-—1|> 2} 

(c) {z: Imz < —1} 


Exercise 5.9 


In each of the following cases, either use the Boundedness Theorem to 
prove that the given function f is bounded on the set E, or explain why 
the Boundedness Theorem does not apply. 


(a) f(z)=sinhz, E= {z: |z| <1} 
(b) f(2)=Logz, E= {z: | <1} 
(c) f(z)=cosz, B={z:Rez> 1} 
(a) f@)=5, B=f{2:1<l<2} 
() f@)=5, B={2:0<| <2} 
O f@)=5, B=f2:b>1} 


Exercise 5.10 


Write down the interior, exterior and boundary of the following set: 


A= {z:|z-1|<1lor|z—-1| > 2}. 
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Solutions to exercises 


Solution to Exercise 1.1 But Pi know that n 

(a) Su =o) 0, n=1,2,... a 
A 1 
$z =2 E 


Therefore statement (S1) holds if we choose N to 
be any integer greater than 1/e?. So zn = 1//n, 


loal n=1,2,..., is a null sequence. 
=o 
z3 = ti : i. (b) We need to show that for each positive 
a oe number €, there is an integer N such that 
fae 
an <e, foralln>N. (S2) 
n 
(b) zn =1/n+in, 2 = 1,2, <0: But we know that |1 + i| = v2 and so 
1+2 2 
f L N ve <e 
n n 
e z4 = ; + 42 - V2 
4> n> —. 
E 
e z = 5 + 34 Therefore statement (S2) holds if we choose N to 
be any integer greater than V/2/e. So 
e23= 542i Zn = (1 + i)/n, n =1,2,..., is a null sequence. 
(ety Solution to Exercise 1.3 
(a) First note that 
7 10.6 + 0.8i| = ((0.6)? + (0.8)2)!/? =1. 
(c) zn = (2i), n=1,2,... Hence 
0.6 + 0.87)” 1 1 
A lza = z ) = 2 < 3 
nê +n m+n n 
for n = 1,2,.... Since (1/n) is a null sequence, we 
t231 = 2i z4 = 16 deduce by the Squeeze Rule that (zn) is null also. 
d d > 
z2 = —4 (b) Since 2” > n, for n = 1,2,..., 
iN 1 1 
(5) = — < —, forn=1,2,.... 
è z3 = — 8i 2 W- n 
Since (1/n) is a null sequence, we deduce by the 
Solution to Exercise 1.2 Squeeze Rule that (zn) is null also. 


(a) We need to show that for each positive 


Solution to Exercise 1.4 
number e, there is an integer N such that 


(a) The dominant term is n°, so we divide the 
numerator and denominator of zn by n°: 
O n +2in?+3 14 2i/n+3/n° 
— mI itl 


for all n > N. (S1) 
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Since (1/n) and (1/n*) are basic null sequences, 


by the Combination Rules. 
(b) Since |3 + i| = v10, |2 + 2i| = V8 and 
|1 + 2i| = V5, the dominant term is (3 + i)”, so we 
divide the numerator and denominator of zn by 
(3 +i)": 
(3+ 4)” + (2+ 2%)” 


n= TIF 20" + 218-44” 
— 14 ((2+ 2%)/(38 +i)” 
~~ (14+22)/38+9)"+2° 
Since 


|(2 + 2i)/(3 + 4)| = V8/V'10 <1, 
|(1 + 24) /(3 +i)| = V5/V10 < 1, 


we see that both 


2+2i\" 1+27\" 
- and -], 
3+i 3+% 


n = 1,2,..., are basic null sequences. Hence 
; 1+0 1 
lim z, = — = =, 
n— o0 0+2 2 


by the Combination Rules. 


Solution to Exercise 1.5 
Since 


lim zn=a and 
noo 


lim yn = b, 
nN—- Ooo 
it follows from the Combination Rules that 
lim (£n + iyn) = ( lim D + i( lim Un) 
n00 nN—- Ooo n—-Ooo 
=a + ib, 
as required. In the diagram, Zn = £n + iYn. 


ib $ ea +ib 
@ e 
$ e 
1Yy3 è e 23 
iya @ rie 
iyi @ Al 
---00-0— 6 © > 
a %X%3%2 Tı 
a = 


Solutions to exercises 


Solution to Exercise 1.6 


We have 
1 1 
my ne—in?+(1+i)n 
1/n 


© L-i/nt+(14i)/n?’ 
for n = 1,2,.... Since (1/n), (1/n?) and (1/n3) are 
basic null sequences, we deduce that 


by the Combination Rules. Hence the 
sequence (2n) tends to infinity, by the Reciprocal 
Rule. 


Solution to Exercise 1.7 
& 2i 4i 6i 8i 

3 5 7 9 

3i 7i lli 15i 


S eee ee 

( 4’ 8’ 12’ 16 

( i 4i 9i 162 
2” 5” 10° 17 


Solution to Exercise 1.8 
(a) The first few terms of the sequence are 


i,—1,—i, 1,1, —1, 
Thus (zn) seems to have four convergent 
subsequences with different limits. In particular, 
fork =1,2,..., 
Ak — (i*)* = 


i 1*=1 and 


so if zn = i”, then 
lim z4k=1 and lim Z4k41 =i 
k-oo k- oo 


Hence, by the First Subsequence Rule, the 
sequence (Zn) is divergent. 
(b) The first few terms of the sequence are 
V3 4V3 . -16V/3 —25V3 , 49/3 
2a a a a ae 
Now sin(nz/3) = V3/2 whenever n7/3 is of the 
form 2kr + 7/3, k =1,2,..., that is, whenever 
n = 6k + 1. The subsequence (26441) of (Zn) 
satisfies 


ave, k=1,2,..., 


Z6k+1 = (6k + 1) 
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so it tends to infinity (by the Reciprocal Rule, 
because 1/z6%41 — 0 as k > oo). Hence the 
sequence (zn) is divergent by the Second 
Subsequence Rule. 


Solution to Exercise 1.9 


(a) To prove that the sequence (zn) is null, we 
need to show that for each positive number €, there 
is an integer N such that 


— <e, foralln>N. (S3) 
Now 

1+i [1 +i] v2 

M1) M-11 m- 
forn = 1,2,..., so 

1+i v2 

aaa Saa 


4> n >y 4(V2/e +1). 


Therefore statement (S3) holds if we choose N to 
\/3(V2/e + 1). So (zn) 


be any integer greater than 
is a null sequence. 


(b) We have 


IA 
| 


for m = 1, 2 ress 

because 2n? — 1 > n? for n = 1,2,.... 

Since (1/n?) is a basic null sequence, we see from 
the Multiple Rule that an = V2/n?, n = 1,2,..., is 
also a null sequence, with positive terms. It follows 
from the Squeeze Rule that (zn) is a null sequence. 


Solution to Exercise 1.10 


(a) (Zn) is a null sequence, by Theorem 1.2(b), 
since it is of the form (a”) where 

sae ee 

2 2 fa 

(b) (Zn) is not a null sequence. In fact, using 
Lemma 1.1, we see that it has limit f because 


la| = 
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the sequence 


1 Ne 1 iV" 
N 2) C |S yy ee 
is null, by Theorem 1.2(b). 


(c) (Zn) is not a null sequence. By 
Theorem 1.7(a), it tends to infinity, since it is of 
the form (a”), where 


lo| =| +i = V2 >1. 


Solution to Exercise 1.11 


(a) Since (1/n) is a basic null sequence, 


1 
lim (+5) = lim 5+ = lim = 
n—00 2n noo 2 n>œ n 

=5+0=5, 

by the Sum and Multiple Rules. 


(b) The dominant term in zn = (2n — i) /n? is n?, 


so we divide the numerator and denominator by n? 
to obtain 


Zn = 


n ne 
Since (1/n) and (1/n?) are basic null sequences, 
lim zn = (2 x 0) — (i x 0) = 0, 
n— o0 
by the Sum and Multiple Rules. 


(c) The dominant term in zn = (n — i)/(n + i) 
is n, so we divide the numerator and denominator 
by n to obtain 

m=i 

mFt 

l1—i/n 

1+i/n 


Zn = 


Since (1/n) is a basic null sequence, 


by the Combination Rules. 
(d) The dominant term in 


zn = (n? + 3in — 2)/ (4n? — in?) 


Solutions to exercises 


is n, so we divide the numerator and denominator hence the definition of a sequence tending to 
by n? to obtain infinity does not hold with M = 2, so the sequence 

n? + 3in — 2 (zn) does not tend to infinity. 

n= -p p 
4n? — n : (c) Observe that 
1 } —2 
_ ae /n l 1 +a)" 
4—i/n — = 


Since (1/n), (1/n?) and (1/n?) are basic null 
sequences, 
li = l+3x0-2x0 1 
nso ~~ 4-ix0 T 
by the Combination Rules. 
(e) Since |1 + i] = V2, |\/3 — i| = 2 and 
|2 — 2i| = v8, the dominant term in 
(+i +(v3-i)” 
3(2— 21)" —1 


n = 


is (2 — 2i)”, so we divide the numerator and 
denominator by (2 — 2i)”. Thus 


ee. 


3—1/(@—21)" 
Let 
_ ltt o v3—i a l 
=z az Pza ST 
Then 


la| = V2/V8 = 1/2 < 1, 
la| = 2/V8 = 1/V2 <1, 
la3| =1/V8 < 1. 


Hence (a7), (a3) and (a%) are basic null 
sequences, by Theorem 1.2(b), so 


: 0+0 
lim zn = = 


n— o0 o>) E 


0, 


by the Combination Rules. 


Solution to Exercise 1.12 


(a) Observe that 1/z, = i/n. Since (i/n) is a null 


sequence (by Example 1.1), the sequence (n/i) 
tends to infinity, by the Reciprocal Rule. 


(b) Observe that 


|en] =e" |= 1, forn=1,2,.... 


Thus, for example, there is no integer N such that 


|n| > 2, for alln >N; 


zn (/3—a)?=1 

Since |1 + i| = v2 and |/3 — i| = 2, the dominant 

term in 1/zp is (v3 — i)”, so we divide the 

numerator and denominator by (v3 — i)”. Thus 
1 (1 +4)" 


tn (v8—4)"—1 
(a +4)/(v3—4))" 
1—1/(V3—a 


Let 
1+. 1 
eee ae and eg 
Then 
jor| = V2/2 <1, 
la| =1/2 <1. 


Hence the sequences (aj) and (a4) are null, by 
Theorem 1.2(b), so 


by the Combination Rules. 


Hence (1/zn) is a null sequence, so the sequence 
(zn) tends to infinity, by the Reciprocal Rule. 


Solution to Exercise 1.13 
(a) Since |i — 1| = v2 > 1, the sequence (zp) is 
divergent, by Theorem 1.7(a). 


(b) Observe that zn =a", where a = e™ = —1. 
Then |a| = 1 but a Æ 1, so we can apply 
Theorem 1.7(b) to see that (zn) is divergent. 


(c) The subsequence (z4) is 

zak = 4k cos(4kni**), k=1,2,.... 
Hence 

zak = 4k cos(4kr) = 4k, 


so (z4ķ) tends to infinity (by the Reciprocal Rule, 
because 1/(4k) + 0 as k + o0). Hence the 
sequence (Zn) is divergent, by the Second 
Subsequence Rule. 
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Solution to Exercise 1.14 
To prove that 


lim zp, =a, 
n00 


we must show that for each positive number e€, 
there is an integer N such that 


for all n > N. (S4) 


|Zn — al] <€, 
We know that (zn) can be separated into two 
subsequences (zm,) and (Zn,), each of which 
converges to a. Hence there are integers Ky and 
Kə such that 


|m, —@|<e, foral k> Kk, (S5) 
and 

|n, ~-a|<e, forall k > Kə. (S6) 
From statements (S5) and (S6), it follows that if 
we choose N = max{mx,,nxK,}, then 


statement (S4) is satisfied. Hence 


lim Zz, =a. 
n-Cco 


Solution to Exercise 2.1 


If lim Zn = 1, then, by the Combination Rules for 
n—> 00 
sequences, 


2 
lim (22 + 32) = (lim zn) +3 lim zn 
noo noo noo 
ag Sy 
= —-143i. 


Solution to Exercise 2.2 


(a) To prove that the function f(z) = 1 is 
continuous at each a € C, we must show that 

Zn >a => f(zn)> fla). (S7) 
But fn = 1, tor n= 12.2.4; and J(u) =1, 80 
statement (S7) holds. Hence f is continuous. 
(b) To prove that the function f(z) = z is 
continuous at each a € C, we must show that 

Zn >a => fen) > fla). (S8) 
But Fien) = en, tor eH, 2, 2225 ad. fa) = a, 40 
statement (S8) holds. Hence f is continuous. 
(c) To prove that the function f(z) = Z is 
continuous at each a € C, we must show that 


Zn >a => filer) > fla). (S9) 
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But: f(a) =m; for n = 1,2,- and f(a) = a, s0 
statement (S9) follows from Theorem 1.4(b). 
Hence f is continuous. 

(d), (e) and (f). These follow from 

Theorem 1.4(c), (d) and (a), respectively, as in 
part (c). 


Solution to Exercise 2.3 


If zn = e(*+1/") n =1,2,..., then, from the 
diagram, it appears that lim z, = —1, as we show 
noo 
below. 
A 
—1 
1/n 
Zn 


Since the arc length along the unit circle |z| = 1 
from zn to —1 is 1/n, and the line segment from zn 


to —1 must be shorter than the arc, we have 
1 
—(-1)| < Ż. 
lm — (-1)| < = 


Hence (zn — (—1)) is a null sequence, by the 
Squeeze Rule. Thus 


lim z, = —1. 
n—-Ooo 


Next, mt + 1/n is an argument of zn, but it is not 
the principal argument, because it does not lie in 
the interval (—7, 7]. However, 


(r +1/n)— 2r = -=r + 1/n 


does lie in the interval (—7, 7], so this is the 
principal argument of zn; that is, 
Arg zn = —1 + 1/n. Hence 


lim Argz, =—a (Sum Rule). 


The value of Arg(—1) is 7. 


Solution to Exercise 2.4 


To prove that the function f(z) = Arg z is 
discontinuous at each a € R with a < 0, we must 
find a sequence (zn) in C — {0}, the domain of f, 
such that 


Zn >a but f(zn) A f(a). 


Following Exercise 2.3, and the discussion after 
that exercise, we choose 


m+1/n) 


zn = |ale , R= Te: 


Then zn > a (by the Multiple Rule, since the 
sequence (e%(*+1/")) converges to —1), and 


lim Arg zn = (=r + 1/n) = =r. 


lim 
noo n— oo 


But Arga = 7, so Arg zn Arga. Hence 
f(z) = Arg z is discontinuous at a. 


Solution to Exercise 2.5 


(a) The exponential function g(z) = e” is 
continuous, and so is the polynomial function 
h(z) = —z?. Hence the function 


f(z) = g(h(z)) =e 
is continuous, by the Composition Rule. 
(b) The function 


2 


2 è 

Zo 4 

Zz = 
is a rational function and hence continuous. The 

domain of g contains the real line (since 2? — i 4 0 


for z € R) and hence the function 


xr) = xER), 
f= 2 (wer) 
which is the restriction of g to R, is continuous, by 


the Restriction Rule. 


(c) The function g(z) = |z| is a continuous 
function, and the (real) function h(x) = log x is 
continuous, with domain (0,00). Since g is 
continuous at each a € C and g(z) > 0 if z # 0, the 
function 


f(z) = A(g(z)) = log |2| 


is continuous on C — {0}, by the Composition Rule. 


Solutions to exercises 


(d) The functions g(z) = Rez, A(z) = 22 +1, 
k(z) = |z| are all continuous. Hence 


z — Re(2? + 1) 

is continuous, by the Composition Rule, and 
zr |zļ? 

is continuous, by the Product Rule. 

Hence the function 
f(z) = Re(2? + 1) — |z? 


is continuous, by the Combination Rules. 


Solution to Exercise 2.6 
The function g(z) = (z2? + 1)/(z — 2i) is a rational 
function and hence it is continuous on C — {2i}. 


The function h(z) = sin z is one of the basic 
continuous functions. Hence, by the Composition 
Rule, the function 


is continuous on C — {2i}. 


The function 
f(z) = sin( 


where A = {z : —1 < Rez <1, —1 < Imz < 1}, is 
the restriction of ho g to A, and ho g is continuous 
on C — {2i}; hence, by the Restriction Rule, the 
function f is continuous (on A). 


eel 


Z= Al 


Solution to Exercise 2.7 
(a) The sequence 
mT =n, m=]; 2 


has limit 7 (Sum and Multiple Rules), and ~ is a 
point at which the function f(z) = sin z is 
continuous. Hence 
lim sin(r — 2/n) = sina = 0. 
Noo 
(b) The sequence 
zn =ttif/n?, n=1,2, 


has limit 7 (Sum Rule), and 7 is a point at which 
the function f(z) = Arg z is continuous. Hence 


P : 2) _ e 
lm Arg(i + 1/n ) = Argi = 7/2. 
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(c) The sequence 
Zn = —in/2 + i/(2n), 


has limit —ir/2 (Sum and Multiple Rules), and 
—in/2 is a point at which the function 
f(z) = exp z is continuous. Hence 


1 a are 


Jim exp(—ia/2+i/(2n)) = exp(—ia/2) = —i. 


Solution to Exercise 2.8 
(a) Let ae {x €R: 2x < 0}. To prove that the 


function g(z) = z1/? is discontinuous at a, we must 


find a sequence (zn) in C (the domain of g) such 
that 


Zn +a but g(zn) # g(a). 
Consider, for example, the sequence 


m+1/n) 


Zn = |ale" a ee eee 


then, as we saw in the solution to Exercise 2.4, 
Zn > Q. 
In terms of the principal argument, 

Zn = jaje em, 


so |zn| = |a| and Arg zn = —r + 1/n. Thus 


= exp (log lzn|/? + i(Arg zn)/2) 
= exp (log lal") exp(i(—m + 1/n)/2) 


= |a|! exp(—in/2 + i/(2n)). 
Now, by Exercise 2.7(c), 


exp(—ia/2 + i/(2n)) > —i. 
Thus, by the Multiple Rule, 


G(zn) > —la|" Pi. 


But 
g(a) = at? 
= exp(3 Log a) 
= exp (log la|! + é(Arg a)/2) 
= |a|"? exp(in/2) 
=j 
Thus 


zn +a but g(zn) Æ g(a), 
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so g is discontinuous at a. 


(b) We now show that g(z) = z!/? is continuous 
at 0 by using the £-ô definition of continuity. We 
must show that for each £ > 0, there is some 6 > 0 
such that, for z € C, 

z-0) <5 = |z/?_-01/?| < e; 

that is, 

2) <6 => P< e. (S10) 
Now 
ae 


22) <e 4 |z 
< j Ze’. 

Hence, on taking 6 = e°, statement (S10) holds, 

so g is continuous at 0. 


Solution to Exercise 2.9 


(a) The function f(z) = 2? is continuous at 
a = 2i. We prove this as follows. 


Let (zn) be any sequence (in C, the domain of f) 
such that zn — 27. We must show that 


Zn > 2i => f(zn)> f(2i) = —4. (S11) 
Now 
f(En) = Za, 
ay 


+ 2i x 2i = —4, 
by the Product Rule for sequences. Hence 
statement (S11) holds, so f(z) = 2? is continuous 
at 2i. 


(b) The (principal cube root) function f(z) = 21/3 
has domain C, which includes the point —1. We 
prove that f(z) = z!/9 is discontinuous at —1, by 
finding a sequence (zn) such that 


Zn > —1 but flen) A f(-1). 
Consider the sequence 


i(nr+1/n) 


Zn = ell p AS es 


Then zn — —1 (see Exercise 2.3, or use the 
continuity of g(z) = exp z at ir). 
In terms of the principal argument, 

a, = ell Hl/n), 


so |z,| = 1 and Arg zn = —7+1/n. 


Thus 
f(n) = a 
= exp( $ Log zn) 
= exp(log |zn|! + i(Arg zn)/3) 
= exp(log 1) exp(i(—a + 1/n)/3) 
= exp(—im/3 + i/(3n)). 


Now, the sequence (—i7/3 +7/(3n)) has limit 
—in/3 (by the Sum and Multiple Rules), which is a 
point at which the function g(z) = exp z is 
continuous. Hence 


f (én) = exp(—in/3 + i/(3n)) > exp(—i7/3) 


= exp(log |—1|! + i(Arg(—1))/3) 


Hence 
Zn > —1 but 


flen) A F1), 


so f is discontinuous at —1. 


Solution to Exercise 2.10 


(a) The functions g(z) = 32°, h(z) = |z| and 
k(z) = Rez are basic continuous functions. By the 
Product Rule, 


z — |z| Rez 
is continuous, and hence 
f(z) = 327 + |2|Rez 
is continuous, by the Sum Rule. 


(b) The functions g(z) = |z| and h(z) = sin z are 
basic continuous functions. Hence, by the 
Composition Rule, the function 


FE) = g(h(z)) = [sin 2 


is continuous. 


Solutions to exercises 


(c) The function g(z)= 1 + z(i—1)isa 
polynomial function and, hence, continuous. The 
domain of g is C, which contains the interval [0,1], 
and hence the function 


f(@)=1+a2(i-1) (a € [0,1)), 


which is the restriction of g to [0,1], is continuous, 
by the Restriction Rule. 

(d) The function g(z) = e’* is continuous (by the 
Composition Rule) and has domain C, which 
contains the interval [0,27]. Since 


g(z) = cos z + isin z, we see that 
f(z) = cosx +ising (x € [0,27]) 


is continuous, by the Restriction Rule. 


Solution to Exercise 2.11 
The domain of the function 
f(z) =9, 


where 0 is the argument of z that lies in the 
interval [0, 27), is C — {0}. 


To show that f is discontinuous at 1, we find a 
sequence (zn) in C — {0} such that 


zn +1 but f(z) A f(1). 
Consider the sequence 
zmn =e, n=1,2,..., 


which satisfies zn — 1, by the continuity of the 
exponential function at 0. 


A 1 : 
1/n 
Zn 
Now 
il 
f(~,)=2n-——-, n=1,2,..., 
n 
so 
f(én) > 27, 


by the Combination Rules. But f(1) = 0; hence 
flén) Æ f(A), so f is discontinuous at 1. 


In fact, the function f is discontinuous at each 
positive number. 
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Solution to Exercise 2.12 
(a) The sequence 
maT Fim, n=l 2 ei 


has limit 7, and 7 is a point at which the function 
f(z) = Log z is continuous. Hence 


lim Log(a + i/n) = Log 
M+ Ooo 


= logm. 
(b) Consider the sequence 
(2n + 1)r. 
Zn an — 1 a, n ? fi 


The dominant term in z, is n, so we divide the 
numerator and denominator by n, giving 


(2+1/n)r . 
2—1/n * 


Hence, by the Combination Rules for sequences, 


n= 


Zn > Tmi. 


The function f(z) = exp z is continuous at mi. 
Hence 
(2n +i \ _ Po 
Jim exp( Giz i) = exp(ri) = —1. 


(c) Consider the sequence 


d +i)” 
n = Ln? 
(2 +i)” 
Since |(1 + 4)/(2 + 4)| = V2/V5 < 1, (zn) is a basic 
null sequence (Theorem 1.2(b)). The function 
f(z) = cos z is continuous at 0. Hence 


1+%)” 
lim cos) =cos0 = 1. 


m= eias 


Solution to Exercise 3.1 


(a) The point a = 0 is a limit point of 
A= {z : |z| < 1} because all points of the sequence 


1 
am = ea WH A 2s 
n+1 
lie in A — {0} and zn > 0 as n > oo. 


(We remark that any null sequence in A — {0} 
could be used instead of (zn) here, and likewise the 
choice of sequence in each of the other parts of this 
exercise is by no means unique for its purpose.) 
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(b) The point a = i is a limit point of 
A= {z : Rez > 0} because all points of the 
sequence 


1 
zn=2+i, n=1,2,..., 
n 
lie in A — {i} = A and zn > i as n > oo. 
(c) The point a = 1 is a limit point of 
A = {z : |z| = 1} because all points of the sequence 
wy =e, n=1,2,..., 
lie in A — {1} and zn > 1 as n > oo (by the 
continuity of the exponential function at 0). 


(d) The point a = 2 is a limit point of 
A = C — {2} because all points of the sequence 


1 
zn =2+=, m=1,2,..., 


lie in A — {2} (= C — {2}) and z, > 2 as n > œ. 


(e) The point a = —1 is a limit point of 
A =R — {-1} because all points of the sequence 


1 
z= t—, n=1,2,..., 


lie in A — {—1} (= R — {-1}) and z, > —1 as 
n —> oo. 

Solution to Exercise 3.2 

First, note that the domain of the function 


z2 +i 


fz) = 


is C — {i} and that i is a limit point of this set. 
Also, 


z2 +i 
z—í 
(z— i)(z22 +iz— 1) 
e-i 
=z? +iz—1, forzeC- {i}. 
Thus if (zp) is a sequence lying in C — {i} and 
Zn — i, then 
Flea) = 22 +ia,—1 
>i +i -1=-3, 


by the Combination Rules for sequences, so 


Solutions to exercises 


Solution to Exercise 3.3 (b) As you saw in Exercise 3.2, 
Let f(z) = z/(Rez). Then the domain of f is 2 +i = | 
A= {z : Rez 40}, and 0 is a limit point of A. z—i ? 
Consider the sequence for z € C — {i}. The polynomial function 
1 k f(z) = 22+ iz — 1 is continuous on C, andi is a 
Zn = — +i—, n=1,2,..., limit point of C. Hence, by Theorem 3.1, 
n n 
_ +i, 
where k is an integer. Now, zn — 0 through lim - = lim f(z) 
A {0} but Zt Z—t 
© ivi = f(i) 
Fen) = (F i) P =i + (ixi)-1= -3 
Sy NEA Solution to Exercise 3.5 
so 
(a) The point 2 is not a limit point of 
lim f(2n) = 1+ tk. A= {z:Rez> lI}. 
Clearly, different values of k (such as 0 and 1) lead 4 i 
to different limits, so lim f(z) does not exist. | 
z= | 
Alternatively, if i¢ i A 
1 l | 
in =- Fi; n= 1,2, ’ b > 
n n 11 
then | 
as | 
| 
| 


(b) The point 1 is a limit point of 


A A Rez+Imz=1 
i i i = {z : Rez + Imz = 1}. 
ETa lin] Ta For example, the sequence 
so 1/(1 + in) > 0 by the Squeeze Rule. Therefore Zn = (1 = = | a 7 n=1,2,..., 
f (Zn) > œ as n > œ by the Reciprocal Rule for me a 
sequences, so lim f(z) does not exist. lies in A — {1}, and 
z= 
g P lim z, =1, 
Solution to Exercise 3.4 n00" 
(ay Obsere thet by the Sum and Multiple Rules. Hence 1 is a limit 
point of A. 
eA wid 
os 


for z € C — {2}. The polynomial function 
f(z) = z+ 2 is continuous on C, and 2 is a limit 
point of C. Hence, by Theorem 3.1, 
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Solution to Exercise 3.6 
(a) Observe that 
z — 27 
z—3 
for z € C — {3}. The polynomial function 


f(z) = z? +3z+49 is continuous on C, and 3 is a 
limit point of C. Hence, by Theorem 3.1, 


=z? +3z +9, 


(b) Observe that 
z2? +1 , 
-=z — i, 
z+: 
for z € C — {—i}. The polynomial function 
f(z) = z — i is continuous on C, and —7? is a limit 
point of C. Hence, by Theorem 3.1, 


lim = = lim f(z) 
z>- Tt Z>-1 
= f(—i) 
=-j-i=-2i 


(c) The functions g(z) = e*, h(z) = sinh z and 
k(z) = 1/z are basic continuous functions. Hence, 
by the Product and Sum Rules, the function 


f(z) =e’ sinhz+4+1/z 


is continuous (on C — {0}). In particular, f is 
continuous at iz, a limit point of C — {0}. Hence, 
by Theorem 3.1, 


lim f(2) = f(r) 
UT as + 1 
= e” sinh(ir) + = | | 
= (-1) x (isin) — - = z 


(d) It follows from Theorem 3.1 that 


lim Im z = Im1 = 0, 
z=1l 


so it looks as if lim (1 / Im z) does not exist. 
z> 


The domain of the function f(z) = 1/ Imz is 
A=C- {z : Imz = 0}, that is, C with the real 
axis removed. Also, 1 is a limit point of A; for 
example, the sequence (1 + i/n) lies in A — {1}, 
and 1+i/n > 1 as n > oo. 
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However, 
1 
1 } = — > 
= aay 
so f(1+i/n) tends to infinity. Hence lim f(z) does 
z= 
not exist. 
(e) The functions f(z) = Rez and g(z) = Imz are 
continuous on C, so f/g is continuous on 
C-—{z:Imz=0}=C-R. 
Since Imi = 1 Æ 0, we deduce that 
Rez Rei 
1m = — 
zoiImz Imi 


by Theorem 3.1. 


2 


(£) Since lim Rez = 0 and lim Imz = 0 
z—0 z—0 R 

(by Theorem 3.1), it looks as if lim ZEZ does not 
R z=>0 Imz 

exist. The function f(z) = — has domain 
mz 

A= {z : Imz #0}, and 0 is a limit point of A. 

Consider the sequences 

i i, ipi 

Aa 


Zn =; 5) 
n n n 


n=l 


both of which are null sequences that lie in 
A -— {0}. Now 


whereas 


Re((1+i)/n) 1/n 
ry — D i M EA aM aad 
fn) T jah 
as n — co. These two limits differ, so lim f) 
ZS 


does not exist. 


Solution to Exercise 4.1 
(a) Let A = C — {0}. Ifa € A, then the open disc 
{z:|z—a| < |a|} lies entirely in A, so A is open. 
(b) Let 

A={z:-2< Rez <2, —1 < Imz < 1} 
and a € A. Then the distance ra from a to the 
boundary of A is equal to 

min{2 — Rea, 1 — Ima, 2 + Rea, 1 + Ima}. 
Hence ra > 0. 


2—Rea 


Sd 


Thus the disc {z : |z — a| < rq} lies entirely in A, 
so A is open. 


(c) Let A= {z:1< |z| <2} and a € A. Then 
the distance from a to the boundary of A is 


Ta = min{|a| — 1,2 — |a|} > 0. 
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Thus the disc {z : |z — a| < ra} lies entirely in A, 
so A is open. 


(d) Let A= {z: 7/3 < Argz < 27/3} and a € A. 


The boundary of A is 
{O}U {z : Argz = 7/3} U {z: Arg z = 27/3}, 
and the distance from a to the boundary of A is 
ra = min{d1, d2} > 0, 
where 
dı = |a|sin(27/3 — Arg a), 
dz = |a| sin(Arg a — 7/3). 


Solutions to exercises 


> 


Thus the disc {z : |z — a| < rq} lies entirely in A, 
so A is open. 


Solution to Exercise 4.2 


(a) Each of the sets 
A; = {z : Rez > 0}, 
A3 = {z : |z| < 1} 
is open, so 
{z : Rez > 0, Imz > 0, |z| < 1} 
= A, N A2 N A3 
is open, by the corollary to Theorem 4.1. 
(b) Each of the sets 


A; = {z : Rez > 0}, 


Ag = {z : Imz > 0}, 


Ao = {z : Rez < 0} 
is open, so 

{z : Rez 40} = Ai U A2 
is open, by Theorem 4.1 (a). 


Solution to Exercise 4.3 


(a) Let A=C-—{xE€R:x< 0}. Then any two 
points a and $ in A can be joined by a path in A 
of the type given in the solution to Example 4.2. 


A 
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Alternatively, the points a and (6 can be joined by 
the path that is the union of the line segments 
from a to 1 and from 1 to 8, both of which lie in 
the set A. 


The set A is not convex because, for example, 
1 +i and —1 — i cannot be joined by a line 
segment lying entirely in A. 
(b) If a and £ lie in 
A={z:-1< Rez<1lor—-1<Imz <1}, 


then the line segments from a to 0 and from 0 to 6 
both lie in A. Hence a can be joined to 8 in A by 
the path that is the union of these two line 
segments, as shown below. 


A 


AE 
a 
| a 

Q 
a TER 


A 


The set A is not convex because, for example, 2i 
and —3 cannot be joined by a line segment lying 
entirely in A. 


Solution to Exercise 4.4 


Choose any two points a and 8 in AU B. If both 
points belong to the connected set A, then they 
can be joined by a path lying entirely in A, and 
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this path also lies entirely in A U B. Similarly, if 
both points belong to B, then they can be joined 
by a path lying entirely in AU B. 

Now suppose that one point lies in A and the other 
lies in B; say, a € A and 8 € B. Choose any point 
ag in AN B (which is possible since AN B # @). 
Since A and B are connected, there is a path Ta 
lying entirely in A that joins a to ap, and there is 
a path I'g lying entirely in B that joins ao to £. 
Therefore the path IT = T'a UI'g joins a to p and it 
lies entirely in AU B. 


Hence AU B is connected. 


Solution to Exercise 4.5 

Clearly, R # Ø, since 0 € R. 

We now prove that R is open. Let a € R. 

If Ima # 0, then take rg = |Ima| and note that 


{z:|z-al<ra}CR. 


If Ima = 0, then a is real and 


1 1 
(r5) <a < (+143) 
for some integer n. Thus, if 


Pam min{a = (n+ $)T, (n+ 1+ i)n — a}, 
then 


{z:|z-—al<ro} CR. 


R 


ATS 
fa 


|» o o—> 
EE 
SS 


(n+ 3) (n+1+4)r 


Hence R is open. 


Next we prove that R is connected. (There are 
many ways of doing this.) 


Any two points of R can be joined by a line 
segment, modified if necessary by semicircular arcs 
to avoid points of C — R. At most, a finite number 
of such points will need to be avoided. The figure 
shows some suitable paths formed in this way. 


A 


o o o 
—3r/2 —1/2 m/2 


Solution to Exercise 4.6 


(a) A= {z : |z — i| < 2} is open, convex, 
connected, a region. 


l i¢ | 


(b) B={z:1<|z-1| < 2} is not open, not 
convex, connected, not a region. 
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Solutions to exercises 


(c) C = {z : Imz < —1} is open, convex, 
connected, a region. 


(d) AUC is open, not convex, not connected (no 


path in AUC joins 0 and —2i, for example), not a 


region. 


(e) BNC is open, convex, connected, a region. 


A 


er 


(£) A — {0} is open, not convex, connected, a 
region (by Theorem 4.4). 
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Solution to Exercise 4.7 
We prove that A = {z : |z — i| < 2} is (a) open, 
(b) convex, (c) connected, (d) a region. 
(a) The boundary of A is {z : |z — i| = 2}. Ifa € A, 
then the distance from æ to the boundary of A is 
ra =2—|a—i|>0. 
Hence the open disc 
{z : |z = a| < ra} 
lies entirely in A (see the figure), so A is open. 
3: | 
DUC 
4 R 


4 ae 
/ A ‘ay N 


(b) Let œ and 8 be any two points of A. Clearly, 


the line segment from a to 8 lies entirely within A. 


Hence A is convex. 
(c) Since A is convex, A is connected. 
(d) A is non-empty (it contains the point 2, for 
example), open and connected; hence it is a region. 
Solution to Exercise 5.1 
(a) Since 
C- {z: |z| > 1} = {z: |z| < 1} 
is open, we deduce that {2 : |z| > 1} is closed. 
(b) Since 
C—{z:|z|=1} 
zdal <1) Ue |e) > 1} 
is open (by Theorem 4.1(a)), we deduce that 
{z : |z| = 1} is closed. 
Solution to Exercise 5.2 
(a) Each of the sets 
Eı = {z: Rez < 1}, E = {z : Rez > —1}, 
E; = {z : Imz < 1}, E4 = {z : Imz > —1}, 
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is a closed half-plane, and hence 
{z:—1 < Rez <1, —1 < Imz < 1} 
= E N Ea N E3 N E4 

is closed, by the corollary to Theorem 5.1. 

(b) Each of the sets 


E; = {z : Imz > 0}, E= {z :Imz <0} 
is a closed half-plane, and hence 

{z : Imz = 0} = Ei N Ev; 
is closed, by Theorem 5.1(b). 


Solution to Exercise 5.3 


(a) The set {z : |z| = 1} is closed, by 

Exercise 5.1(b); it is bounded because it lies in the 
closed disc {z : |z| < 1}. 

(b) The set {z : Imz = 0} is closed, by 

Exercise 5.2(b); but it is not bounded. 


(c) The set 
E={z:-1<Rez<1, —1 < Imz < 1} 


is bounded, since it lies in the closed disc 

{z : |z| < V2}. However, this set is not closed 
because its complement D = C — E is not open. 
For example, the point 1 lies in D, but no open 
disc centred at 1 lies entirely in D, as indicated in 
the figure. 


D 
a È 
t > 
\ l y 


Solution to Exercise 5.4 
The set 
A= {z:—1< Rez <1, —1 < Imz < 1} 


is closed, by Exercise 5.2(a). It is bounded because 
it lies in the closed disc fz slal- V2}, for 
example. Hence A is compact. 


Solution to Exercise 5.5 


(a) The function f(z) = e!/* is continuous on its 
domain C — {0}, so it is continuous on the circle 


E= f{z:|z|=ż}, 


which is a compact set. Hence f is bounded on E, 
by the Boundedness Theorem. 


Alternatively, 
IF| = le] 
< elt/7l (Exercise 4.2(b) of Unit A2) 
= er 
=e", for |z| = 5, 


so f is bounded on E. 


(b) The function f(z) = sin z is continuous on C, 
so it is continuous on the closed disc 


B=: < 27}, 
which is a compact set. Hence f is bounded on E, 
by the Boundedness Theorem. 


Alternatively, using the fact that |e”| < el”! (from 
Exercise 4.2(b) of Unit A2), we have 


IFI = [sin 2| 


(Triangle Inequality) 


for |z| < 27, 

so f is bounded on E. 

(c) The function f(z) = (2° + 1)/(z— 2%) is 

continuous on C — {2i}, so it is continuous on 
E={z:-1<Rez<1, -1<Imz<l}, 

which is a compact set (by Exercise 5.4). Hence f 

is bounded on E, by the Boundedness Theorem. 

Alternatively, first observe that |z| < v2, for 

z € E. Also, 

z? +1 

z— 2i 


|= 


Applying the Triangle Inequality to the numerator, 
we obtain, for z € E, 


jz? +1| < |z? +1 < (v2? +1 =3. 


Solutions to exercises 


Applying the backwards form of the Triangle 
Inequality to the denominator, we obtain, for 
zEE, 


|z — 2i| > |2iļ — |z| > 2- V2. 


Combining the inequalities for numerator and 
denominator gives | f(z)| < 3/(2 — V2), for z € E, 
so f is bounded on E. 


Solution to Exercise 5.6 
(a) int A = {z : |z| < 1} 

ext A = {z:|z| > 1} 

ðA = {z: |z| =1} 

int A= {x + iy: x < 0} 

ext Á = {x + iy : x > 0} 
OA = {x +iy:x=0} 


(b) 


(c) int A = C — {0} 
ext A= Ø 
OA = {0} 

(d) int A= Ø 
ext A = C — {0} 
ðA = {0} 


Solution to Exercise 5.7 


The sets A, B, BNC and A — {0} are bounded, for 
each is contained in the closed disc {z : |z| < 3}. 
The sets C and AUC are not bounded. 


Solution to Exercise 5.8 


(a) The complement of E = {z : |z — i| > 2} is 
{z : |z — i| < 2}, which is open (by Exercise 4.7). 
Hence FE is a closed set. 


(b) The complement of 
E={z:|z-1|<1or |z-—1|> 2} 


D={e211<|2=—1/ <3}, 


which is not open, because any disc centred at the 
point 0 € D (for example) contains points that are 
not in D. Hence F is not a closed set. 

(c) The complement of E = {z : Imz < —1} is 

{z : Imz > —1}, which is open. Hence E is a 
closed set. 
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Solution to Exercise 5.9 


(a) The function f(z) = sinh z is continuous on its 
domain C, so it is continuous on E = {z : |z| < 1}, 
which is a compact set. So f is bounded on E, by 

the Boundedness Theorem. 


(b) The Boundedness Theorem is inapplicable 
because the function f(z) = Log z is not defined 
at 0, which is in E = {z : |z| < 1}, so it is not 
continuous on FE. 

(c) The Boundedness Theorem is inapplicable 


because Æ = {z : Rez > 1} is not a compact set 
(it is not bounded). 

(d) The function f(z) = 1/z is continuous on its 
domain C — {0}, so it is continuous on 

E = {z:1 < |z| < 2}, which is a compact set. 

So f is bounded on FE, by the Boundedness 
Theorem. 


(e) The Boundedness Theorem is inapplicable 
because E = {z : 0 < |z| < 2} is not a compact set 
(it is not closed). 


(f) The Boundedness Theorem is inapplicable 
because E = {z : |z| > 1} is not a compact set (it 
is not bounded). However, note that f is actually 
bounded (by 1) on E. 


Solution to Exercise 5.10 
int A = {z:|z-—1| <1lor |z—-1] > 2} 
ext A= {z:1< |z-1| <2} 

OA = {z:|z-—1| = 1 or |z-1] = 2} 
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Introduction 


The derivative of a real function f at a point c is the gradient of the 
tangent to the graph of f at c. This gradient is calculated by finding the 
gradient of the chord joining the point (c, f(c)) to a (nearby) point 

(x, f(x)), and taking the limit as x approaches c (Figure 0.1). 


Now, the gradient of the chord is equal to the ratio 
f(z) - F(0) 


z£—C 


This ratio is often called the difference quotient for f at c, and its limit 
as x tends to c provides a formal definition of the (real) derivative of f 
at c, denoted by f’(c). Thus 


Figure 0.1 A chord between 
HA E f(x) — fle) two points on a graph 
fo = lim —————.. 


rc C—C 


In the case of complex functions, it is difficult to think about derivatives in 
terms of gradients of tangents, since the graph of a complex function is not 
drawn in two dimensions. Instead we define the derivative of a complex 
function directly in terms of difference quotients, using the notion of 
complex limits discussed in the previous unit. 


Fortunately, the derivatives of many complex functions turn out to have 
the same form as those of the corresponding real functions. For example, 
the derivative of the complex sine function is the complex cosine function, 
and the complex exponential function is its own derivative. On the other 
hand, the complex modulus function fails to be differentiable at any point 
of C, even though the real modulus function (Figure 0.2) is differentiable 
at every point of R — {0}. This reflects the fact that complex 
differentiation imposes a much stronger condition on functions than does 
real differentiation. Indeed, as the module progresses, you will see that 
differentiable complex functions have remarkably pleasant properties. For 
example, if a complex function can be differentiated once throughout a Figure 0.2 Graph of y = |z| 
region, then it can be differentiated any number of times. There is no 

equivalent result for real functions. 


ce 
> 

< 
I 

E 


Xy 


In Section 1 we define complex differentiation and show how the definition 
can be used to establish whether a function is differentiable. By 
introducing rules for combining differentiable functions, we show how 
complex polynomial and rational functions can be differentiated just as in 
the real case. At the end of Section 1, we give a geometric interpretation of 
complex differentiation by introducing the idea of a complex scale factor. 


In Section 2 we introduce the concept of partial differentiation for real 
functions of two real variables, and use it to establish a relationship 
between complex differentiation and real differentiation. This relationship 
sometimes enables us to differentiate a complex function using real 
derivatives. Indeed, at the end of the section we use this approach to show 
that the complex exponential function is its own derivative. 
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In Section 3 we introduce rules for differentiating composite and inverse 
functions, and show how they can be used to differentiate the principal 
logarithm and power functions. We also introduce a Restriction Rule that 
enables us to cut away unwanted parts from the domain of a function 
without affecting the differentiability of the function at the remaining 
points. 


Finally, in Section 4 we concentrate on the derivatives of parametrisations 
of paths. We introduce the notion of a smooth path, and use it to pursue 
the geometric interpretation of derivative begun in Section 1. In particular, 
we show that a differentiable complex function with non-zero derivative 
preserves angles between paths. 


Unit guide 


Sections 1 and 3 contain the complex versions of many results that will be 
familiar to you from your study of real differentiation. This should help 
you to remember the results. There are, however, important differences 
between real and complex differentiation, and you should study the 
sections with this in mind. 


The only information that you will need to know from Section 2 in order 
to study Section 3 is that the complex exponential function is its own 
derivative. However, the material from Section 2 will be essential in later 
units. 


The work on paths in Section 4 is important, and will be used throughout 
the module. In particular, it will be used in Unit B1 to define complex 
integration. 


1 Derivatives of complex functions 


After working through this section, you should be able to: 


e use the definition of derivative to show that a given function is 
differentiable, and to find its derivative 


e use the Combination Rules for differentiation to differentiate polynomial 
and rational functions 


e use various strategies to show that a given function is not differentiable 
at a point 


e interpret the derivative of a complex function at a point as a rotation 
and a scaling of a small disc centred at the point. 


1 Derivatives of complex functions 


1.1 Defining differentiable functions 


As with limits and continuity, the way in which the derivative of a complex 
function is defined is similar to the real case. Thus a complex function is 
said to have a derivative at a point a € C if the difference quotient, 
defined by 


f(z) — Fla) 
z-a ’ 
tends to a limit as z tends to a. Equivalently, it is sometimes more 


convenient to replace z by a+h, and examine the corresponding limit as h 
tends to 0. The difference quotient then has the form 


fla+h)— fla) 
A ; 
where h is a complex number. The equivalence of these two limits can be 
justified by noting that if z = aœ + h, then ‘z > a’ is equivalent to ‘h > 0’. 


Definitions 


Let f be a complex function whose domain contains the point a. 
Then the derivative of f at a is 


lim AAT O = Ihe) (o lim TO) A w), 

h—0 h 
provided that this limit exists. If it does exist, then f is 
differentiable at a. If f is differentiable at every point of a set A, 
then f is differentiable on A. A function is differentiable if it is 
differentiable on its domain. 


The derivative of f at a is denoted by f'(a), and the function 
fe je) 


is called the derivative of f. The domain of f’ is the set of all 
complex numbers at which f is differentiable. 


Za Pet Oh 


The function f’ is sometimes called the derived function of f. 


Remarks 


1. The existence of the limit 


an £2) — HA 
Za Z-aQ 
implicitly requires the domain of f to contain a as one of its limit 
points. This always holds if the domain of f is a region. (For the 
definition of limit point, see Subsection 3.1 of Unit A3.) 
d 


d 
2. The derivative f’(z) is sometimes written as He) or qt): 
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3. Some other texts use the phrase complex derivative in place of 
derivative to draw a distinction with the standard real derivative of a 
function f: R? — R? (which we will not need). 


In certain cases it is easy to find the derivative of a function directly from 
the definition above. 


Example 1.1 

Use the definition of derivative to find the derivative of the function 
He) =e 

Solution 


The domain of f(z) = z? is the whole of C, so let a be an arbitrary 
point of C. Then 


Fo) = in TOHO 
= ia a =o" 


Za Z— Q 
= lim (z +a). 
ZER 
Now z > z + qQ is a basic continuous function, continuous at a, so we 
see (from Theorem 3.1 of Unit A3) that f'(a) = a +a = 2a. 


Since a is an arbitrary complex number, the derivative of f is the 
function f’(z) = 2z. Its domain is the whole of C. 


Notice the way in which the troublesome z — @ term cancels from the 
numerator and the denominator in the calculation of f'(a) in the 
preceding example. This often happens when you calculate derivatives 
directly from the definition. 


Exercise 1.1 


Use the definition of derivative to find the derivative of 


(a) the constant function f(z) =1 (b) the function f(z) = z. 


Example 1.1 and Exercise 1.1 show that the functions f(z) =1, f(z) =z 
and f(z) = 2? are differentiable on the whole of C. Functions that have 
this property are given a special name. 


A function is entire if it is differentiable on the whole of C. 


Not all functions are entire; indeed, many interesting aspects of complex 
analysis arise from functions that fail to be differentiable at various points 
of C. 


1 Derivatives of complex functions 


Exercise 1.2 


Use the definition of derivative to find the derivative of the function 
f(z) =1/z. Explain why f is not entire. 


Although the function f(z) = 1/z is not entire, it is differentiable on the 
whole of its domain C — {0}. This domain is a region because it is 
obtained by removing the point 0 from C. (The removal of a point from a 
region leaves a region, by Theorem 4.4 of Unit A3.) As the module 
progresses, you will discover that regions provide an excellent setting for 
analysing the properties of differentiable functions. We therefore make the 
following definitions. 


Definitions 


A function that is differentiable on a region FR is said to be analytic 
on R. If the domain of a function f is a region, and if f is 
differentiable on its domain, then f is said to be analytic. A function 
is analytic at a point a if it is differentiable on a region 

containing qa. 


It follows immediately from the definition that if a function is analytic on 
a region R, then it is automatically analytic at each point of R. 


Notice that a function can have a derivative at a point without being 
analytic at the point. For example, in the next section we will ask you to 
show that the function g(z) = |z|? has a derivative at 0, but at no other 
point. This means that there is no region on which g is differentiable, and 
hence no point at which g is analytic. 


By contrast, f(z) = 1/z is analytic at every point of its domain. It is an 
analytic function, and it is analytic on any region that does not contain 0. 
Three such regions are illustrated in Figure 1.1. 


A A A 
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Figure 1.1 Three regions on which f(z) = 1/z is analytic 


An appropriate choice of region can often simplify the analysis of complex 
functions. 


275 


Unit A4 Differentiation 


276 


Exercise 1.3 


Classify each of the following statements as True or False. 
(a) An entire function is analytic at every point of C. 


(b) Ifa function is differentiable at each point of a set, then it is analytic 
on that set. 


There is a close connection between differentiation and continuity. The 
function f(z) = 1/z, for example, is not only differentiable, but also 
continuous on its domain. This is no accident for, as in real analysis, 
differentiability implies continuity. 


Theorem 1.1 


Let f be a complex function that is differentiable at a. Then f is 
continuous at a. 


Proof Let f be differentiable at a; then 
lim f(z) = f(a) = Fla). 
za Z—-Q 
To prove that f is continuous at a, we will show that f(z) > f(a) as 


z—a. We do this by proving the equivalent result that f(z) — f(a) > 0 
as z > Q. 


By the Product Rule for limits of functions, we have 


lim (f(z) — f(a)) = lim — x lim (z— a) 


Za Za z— Q Za 
= f'(a)x0=0. 
Hence f(z) > f(a) as z > a, so f is continuous at a. E 


In fact, differentiability implies more than continuity. Continuity asserts 
that for all z close to a, f(z) is close to f(a). For differentiable functions, 
this ‘closeness’ has the ‘linear’ form described in the following theorem. 


Theorem 1.2 Linear Approximation Theorem 


Let f be a complex function that is differentiable at a. Then f can be 
approximated near a by a linear polynomial. More precisely, 


HG) @) a) (a) re(2) 


where e is an ‘error function’ satisfying e(z)/(z — a) > 0 as z > q. 


Informally speaking, the statement ‘e(z)/(z — a) > 0 as z > a’ means 
that ‘e(z) tends to zero faster than z — a does’. 


1 Derivatives of complex functions 


Proof We have to show that the function e defined by 
e(z) = f(z) — f(a) — (z- a) f'(a) 
satisfies e(z)/(z — a) > 0 as z > q. 


Dividing e(z) by z — a and letting z tend to a, we obtain 


lim a = lim — = F(a) _ r) 
= f(a) - F(a) =0, 


as required. ] 


Theorems 1.1 and 1.2 are often used to investigate the properties of 
differentiable functions. An illustration of this occurs in the next 
subsection, where Theorem 1.1 is used in a proof of the Combination Rules 
for differentiation. Later in this section we use Theorem 1.2 to give a 
geometric interpretation of complex differentiation. 


1.2 Combining differentiable functions 


It would be tedious if we had to use the definition of the derivative every 
time we needed to differentiate a function. Fortunately, once the 
derivatives of simple functions like z —> 1 and z —> z are known, we can 
find the derivatives of other more complicated functions by applying the 
following theorem. 


Theorem 1.3 Combination Rules for Differentiation 


Let f and g be complex functions with domains A and B, 
respectively, and let a be a limit point of AN B. If f and g are 
differentiable at a, then 


(a) Sum Rule f +g is differentiable at a, and 
(f +9) (a) = f'(a) + g'(a) 

(b) Multiple Rule Af is differentiable at a, for A € C, and 
(Af)'(a) = Af(a) 

(c) Product Rule fg is differentiable at a, and 
(fg) (a) = f'(a)g(a) + fla)g'(a) 


(d) Quotient Rule f/g is differentiable at a (provided that 
g(a) #0), and 


a a 
(2) Oo tor 


We remark that if the domains A and B in Theorem 1.3 are regions, then 
every point of AN B is a limit point of A and of B. 
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In addition to these rules, there is a corollary to Theorem 1.3, known as 
the Reciprocal Rule, which is a special case of the Quotient Rule. 


Let f be a function that is differentiable at a. If f(a) £0, then 1/f is 
differentiable at a, and 


(O-ro 


The proof of the Combination Rules for differentiation uses the 
Combination Rules for limits of functions, discussed in Unit A3. In the 
next example we illustrate the method by proving the Product Rule for 
differentiation. We use the Sum, Product and Multiple Rules for limits of 
functions, and we also use the fact that if a function g is differentiable 

at a, then it is continuous at a, so lim g(z) = g(a). 


Example 1.2 
Prove the Product Rule for differentiation. 
Solution 
Let F = fg. Then 
om P= Fla) 
— im FOI) = Fla)ola) 
— im EO -LOO + fla(g() = 0) 
= (tin PEAY (iim gl2)) + f(a) (tim SEA) 
= f'(a)g(a) + f(a)g'(a). 


The proofs of the other Combination Rules are similar. We ask you to 
prove the Sum and Multiple Rules in Exercise 1.4, and the Quotient Rule 
in Exercise 1.12. 


Exercise 1.4 


Prove the following rules for differentiation. 
(a) Sum Rule (b) Multiple Rule 


The Combination Rules enable us to differentiate any polynomial or 
rational function. (Recall that a rational function is the quotient of 
two polynomial functions.) 
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1 Derivatives of complex functions 


For example, since the function f(z) = z is entire with derivative f’(z) = 1, 
we can use the Product Rule repeatedly to show that the function 


f(iz)=2” (EC) 
is entire, and that its derivative is 
finan" @ec). 


(This result can be proved formally using the Principle of Mathematical 
Induction.) Next, we can use this fact, together with the Sum and 
Multiple Rules, to prove that any polynomial function is entire, and that 
its derivative is obtained by differentiating the polynomial function term 
by term. For example, 


if f(z) = 2* — 32? +2z+1, then f’(z) = 42° — 6z + 2. 


In general, we have the following corollary to Theorem 1.3. 


Let p be the polynomial function 
D2) = One H ase? Pare ag (e eC, 
where ao, @1,.--,@n E C and a, #0. Then p is entire with derivative 


Dg) = nage) oe ane on (ee ©). 


Since a rational function is a quotient of two polynomial functions, it 
follows from the corollary on differentiating polynomial functions and the 
Quotient Rule that a rational function is differentiable at all points where 
its denominator is non-zero; that is, at all points of its domain. 


Example 1.3 
Find the derivative of 


227 +2 
i) eee 


and specify its domain. 


Solution 


By the corollary on differentiating polynomial functions, the 
derivative of z+ 22? + z is 


ze>4z+1, 
and the derivative of z +> z? + 1 is 


z —> 2z. 
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Provided that z? + 1 is non-zero, we can apply the Quotient Rule to 
obtain 
F (22 F 1)(4z +1) — (2224 z)(2z) =e +4241 
£)- —_—_ Oe FO S 
(2> ale 1) (ze aL re 
Since z? + 1 is non-zero everywhere apart from i and —i, it follows 
that the domain of f’ is C — {i, —i}. 


Exercise 1.5 


Find the derivative of each of the following functions. In each case specify 
the domain of the derivative. 

4 3 2 z — 4z +2 

(a) f(z) = 24 +32? — zf +4z +2 (b) f(z)= 


z? +z+1 


So, any rational function is differentiable on the whole of its domain. 
What is more, this domain must be a region because it is obtained by 
removing a finite number of points (zeros of the denominator) from C. 


Any rational function is analytic. 


A particularly simple example of a rational function is f(z) = 1/2”, 
where n is a positive integer. This can be differentiated by means of the 
Reciprocal Rule: 


F= -Tr = —nz 1, 
If k is used to denote the negative integer —n, then we can write f(z) = z 
and f'(z) = kz*-1. In this form, it is apparent that the formula for 
differentiating a negative integer power is the same as the formula for 
differentiating a positive integer power. The only difference is that for 
negative powers, 0 is excluded from the domain. We state these 
observations as a final corollary to Theorem 1.3. 


k 


Let k € Z — {0}. The function f(z) = z* has derivative 
f(z) = ke}. 
The domain of f’ is C if k > 0 and C— {0} if k <0. 


1 Derivatives of complex functions 


1.3 Non-differentiability 


In Theorem 1.1 you saw that differentiability implies continuity. An 
immediate consequence of this is the following test for non-differentiability. 


Strategy A for non-differentiability 


If f is discontinuous at a, then f is not differentiable at a. 


Example 1.4 


Show that there are no points of the negative real axis at which the 
function f(z) = yZ is differentiable. 


Solution 


In Exercise 2.8 of Unit A3 you saw that the function f(z) = yZ is 
discontinuous at all points of the negative real axis. It follows that 
there are no points of the negative real axis at which f is 
differentiable. 


Exercise 1.6 


Show that there are no points of the negative real axis at which the 
principal logarithm function 


Log z = log |z| + i Arg z 


is differentiable. 


The converse of Theorem 1.1 is not true; if a function is continuous at a 
point, then it does not follow that it is differentiable at the point. A 
particularly striking illustration of this is provided by the modulus 
function f(z) = |z|. This is continuous on the whole of C (as you saw in 
Exercise 2.2(f) of Unit A3) and yet, as you will see, it fails to be 
differentiable at any point of C. 


Since f(z) = |z| is continuous, Strategy A cannot be used to show that f is 


not differentiable at a given point a. Instead we return to the definition of 
derivative and show that the difference quotient for f fails to have a limit. 


In general, if the domain A of a function f contains a as one of its limit 
points, then the existence of the limit 


fan O-O 
Za zZ—-a 

means that for each sequence (zn) in A — {a} that converges to a, 
lim f (Zn) = f(a) 
n— oo Zn — a 


exists, and has a value that is independent of the sequence (zn). 
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Figure 1.2 Sequences 
converging to 0 from the right 


and left 
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So, if two such sequences (zn) and (z/,) can be found for which 


im AO) i im eh) = Fl) 


n= o0 Zn — a n—0o zi —a ? 


then f cannot be differentiable at a. (See the strategy for proving that a 
limit does not exist, in Subsection 3.1 of Unit A3.) 


In the next example, you will see that f(z) = |z| is not differentiable at 0. 
This result should not surprise you because the real modulus function is 
not differentiable at 0. Indeed, the proof is identical to that of the real case. 


Example 1.5 
Prove that f(z) = |z| is not differentiable at 0. 


Solution 


We need to find two sequences (zn) and (z},) that converge to 0 which, 
when substituted into the difference quotient, yield sequences with 
different limits. A simple choice is to pick sequences (zn) and (z/,) 
that approach 0 along the real axis: one from the right, and one from 
the left, as shown in Figure 1.2. 


There is no point in picking sequences that are more complicated than 
they need to be, so let z, =1/n,n=1,2,.... Then 
— |0 i 
lim nl = [0 0} = ‘hin Ln = 


n—0o 1/n = 
Now let 2, = —1/m, n= 1,2,.... Then 
/ 
— il 
irs E 


Paes gh =0 


ik, 


=—-1. 

72S) —1/n 

Since the two limits do not agree, the difference quotient does not 
have a limit as z tends to 0. It follows that f(z) = |z| is not 
differentiable at 0. 


The next exercise asks you to extend the method used in Example 1.5 to 
show that f(z) = |z| is not differentiable at any point of C. 


Exercise 1.7 


Let a be any non-zero complex number, and consider the circle through a 
centred at the origin. By choosing one sequence (zn) that approaches a 
along the circumference of the circle, and another sequence (z/,) that 
approaches a along the ray from 0 through a, prove that f(z) = |z| is not 
differentiable at a. 


1 Derivatives of complex functions 


The modulus function illustrates an important difference between real and 
complex differentiation. When the modulus function is treated as a real 
function, the limit of its difference quotient has to be taken along the real 
line. But when treated as a complex function, the limit of the difference 
quotient is required to exist however the limit is taken. This explains why 
the real modulus function is differentiable at all non-zero real points, 
whereas the complex modulus function fails to be differentiable at any 
point of C. More generally, it shows that complex differentiability is a 
much stronger condition than real differentiability. 


In Exercise 1.7 you were asked to prove that the modulus function fails to 
be differentiable by observing that its behaviour along the circumference of 
a circle centred at 0 is different from its behaviour along a ray. Similar 
observations can be applied to other functions. For example, in the next 
exercise you may find it helpful to notice that directions of paths parallel 
to the imaginary axis are reversed by the function f(z) =Z, whereas 
directions of paths parallel to the real axis are left unchanged (Figure 1.3). 


f(z) =2 


nae Tm 


Ip 


Figure 1.3 Images of horizontal and vertical lines under f(z) = Z 


Exercise 1.8 


Show that there are no points of C at which the complex conjugate 
function f(z) = Z is differentiable. 
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For some functions f, you may be able to find a sequence (zn) that 
converges to a for which the sequence 
_ f (Zn) =f (a) 
7 Zn — a 
is divergent (using the strategy for proving that a limit does not exist, 
from Subsection 3.1 of Unit A3). In such cases, there is no need to look for 
a second sequence. 


, n=1,2,..., (1.1) 


Example 1.6 
Show that the function f(z) = \/z is not differentiable at 0. 


Solution 


Strategy A cannot be used here, since f is continuous at 0. Instead we 
look for a sequence (zn) that converges to 0 for which the 

sequence (1.1) is divergent. To make the square roots easy to handle, 
let 2u = lfm, ee Then 


Ka OTa Te aT 


Zn — 0 1/n?-0 Im 
This sequence tends to infinity, and is therefore divergent. It follows 
that f is not differentiable at 0. 


The methods exemplified above for showing that a function is not 
differentiable at a given point can be summarised as follows. 


To prove that a function f is not differentiable at a, apply the strategy 
for proving that a limit does not exist to the difference quotient 


fle) = f(@), 


fe Q 


If you think that a given function is not differentiable, then you should try 
to apply Strategy A or Strategy B. A third strategy for proving that f is 
not differentiable at a point appears in Subsection 2.1. If, on the other 
hand, you think that the function is differentiable, then you should try to 
find the derivative. 


Exercise 1.9 


Decide whether each of the following functions is differentiable at i. If it is, 
then find its derivative at t. 
(a) f(z)=Rez (b) f(z) =227+3z+5 (o) o= 


z, Rez<0 
4, Rez>0 


1 Derivatives of complex functions 


1.4 Higher-order derivatives 


In Exercise 1.2 you saw that the function f(z) = 1/z has derivative 

f'(z) = —1/2?, a result that you can also obtain using the Reciprocal Rule. 
If you now apply the Reciprocal Rule to the derivative f’(z) = —1/z’, then 
you obtain a function 


PYA #0). 


In general, for a differentiable function f, the function (f’)’ is called the 
second derivative of f, and is denoted by f”. Continued differentiation 
gives the so-called higher-order derivatives of f. These are denoted by 
f", f”, f'",..., and the values f’”(a), f(a), f’”"(a),..., are called the 
higher-order derivatives of f at a. 
Since the dashes in this notation can be rather cumbersome, we often 
indicate the order of the derivative by a number in brackets. Thus 
F, f, f,... mean the same as f”, f”, f’”,..., respectively. Here the 
brackets in f are needed to avoid confusion with the fourth power of f. 
When we wish to discuss a derivative of general order, we will refer to the 
nth derivative f™ of f. It is often possible to find a formula for the 
nth derivative in terms of n. For example, if f(z) = 1/z, then 
2 —2x3 2x3x4 
raos e I O=— 2 = 
so the nth derivative is given by 
(—1)"n! 
f z) = = 


(This can be proved formally by the Principle of Mathematical Induction.) 


> rr) 


One interesting feature about this formula is that the domain R = C — {0} 
remains the same, no matter how often the function f is differentiated. 
This is a special case of a much more general result which states that: 

a function that is analytic on a region R has derivatives of all orders 

on R. We will establish this remarkable fact and explore it in more detail 
in Book B, but for the rest of this unit we confine our attention to first 
derivatives. We continue to do this in the next subsection by giving a 
geometric interpretation of the first derivative. 


1.5 A geometric interpretation of 
derivatives 


As we mentioned in the Introduction, the derivative of a real function is 
often pictured geometrically as the gradient of the graph of the function. 
This interpretation is useful in real analysis, but it is of little use in 
complex analysis, since the graph of a complex function is not 
two-dimensional. 


Fortunately, there is another way of interpreting derivatives that works for 
complex functions. If a complex function f is differentiable at a point a, 
then any point z close to a is mapped by f to a point f(z) close to f(a). 
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scale by 


|f’ (a)| 


f'(a)(z— a) 


rotate by Arg f'(a) 


2 = Ol 


Figure 1.4 Scaling and 
rotating z — q 
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Indeed, by the Linear Approximation Theorem, 
f(z) = f(a) + (z - a) f'(a) + e(2), 


where e(z)/(z — a) > 0 as z => a. So if f'(a) £0, then, to a close 
approximation, 


f(z) — f(a) ~ fi(a)(z— a). 
Multiplication of z — a by f'(a) has the effect of scaling z — a by the 
factor | f’(a)| and rotating it about 0 through the angle Arg f'(a); see 
Figure 1.4. We refer to f'(a) as a complex scale factor, because it causes 
both a scaling and a rotation. 


We can rewrite the equation above as 
f(z) ~ f(a) + f'(a)(z -= a). (1.2) 
From this we see that f(z) is obtained by scaling and rotating the vector 


z — a based at f(a) by the complex scale factor f'(a), as illustrated in 
Figure 1.5. 


A A 


e f(z) 
f scale by 
a —— If (a) 
W rotate by 
fla) dL Arg f'(a) 


Figure 1.5 Interpreting a derivative as a complex scale factor 


Another useful way to picture how f behaves geometrically is to consider 
the effect it has on a small disc centred at a (still assuming that 

f'(a) £0). From equation (1.2), we see that, to a close approximation, a 
small disc centred at a is mapped to a small disc centred at f(a). In the 
process, the disc is rotated through the angle Arg f'(a), and it is scaled by 
the factor | f’(a)| (see Figure 1.6). As usual, the rotation is anticlockwise if 
Arg f'(a) is positive, and clockwise if it is negative. 


A A 


scale by 
f If (a)l 


rotate - 
Arg f'(a 


Figure 1.6 The approximate image of a disc centred at a point a, 


where f'(a) #0 


1 Derivatives of complex functions 


The geometric interpretation of derivatives is more complicated 
if f'(a) = 0, and we do not discuss it here (see Unit C2). 


Example 1.7 

Using the notion of a complex scale factor, describe what happens to 
points close to 1 + i under the function f(z) = 1/z. 

Solution 


To a close approximation, a small disc centred at 1 +7 is mapped by f 
to a small disc centred at 


f(l+i) =1/(1+%) =$(1-7). 
In the process, the disc is scaled by the factor | f’(1 + i)| and rotated 
through the angle Arg f’(1 + i). 
Now f'(z) = —1/27, so 
il 1 a 


tS) = ey ee 


which has modulus 1/2 and principal argument 7/2. 


So f scales the disc by the factor 1/2 and rotates it anticlockwise 
through the angle 7/2. 


Exercise 1.10 
Using the notion of a complex scale factor, describe what happens to 
points close to 7 under the function 


4z+3 
I) = sa 


It is important to bear in mind that the complex scale factor 
interpretation of a derivative is only an approximation, and that it is 
unlikely to be reliable far from the point under consideration. In the final 
section of this unit, we return to the scale factor interpretation and show 
how it can be described more precisely. 


Exercise 1.11 


Use the definition of derivative to find the derivative of the function 


f(z) =22 +5. 
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Exercise 1.12 


Prove the Quotient Rule for differentiation. 


Exercise 1.13 


Find the derivative of each of the following functions f. In each case 
specify the domain of f’. 


z24+2z2+1 241 
(a) = ae (b)} J= rE 
1 1 1 


(c) F(z) (d) f@)=2 452-2445 


~ 2242242 


Exercise 1.14 
Use Strategy B to show that there are no points of C at which the function 
f(z) =Imz 
is differentiable. 
Exercise 1.15 
Describe the approximate geometric effect of the function 
3 
248 


on a small disc centred at the point 2. 


2 The Cauchy—Riemann equations 


After working through this section, you should be able to: 
e find the partial derivatives of a function from R? to R 


e use the Cauchy—Riemann equations to show that a function is not 
differentiable at a given point 


e use the Cauchy—Riemann equations to show that a function, such as the 
exponential function, is differentiable at a given point, and to find the 
derivative. 


This section is more challenging than some of the other sections, so you 
may find that you do not appreciate some of the details on a first reading. 
Most importantly, you should try to understand the definitions, strategies 
and theorems, and apply them in the examples and exercises. 


2 The Cauchy—Riemann equations 


2.1 The Cauchy—Riemann theorems 


In this subsection we explore the relationship between complex 
differentiation and real differentiation. To do this, we introduce the notion 
of a partial derivative and use it to derive the Cauchy—Riemann equations 
(pronounced ‘coh-she ree-man’). These equations are conditions that any 
differentiable complex function must satisfy, so they can be used to test 
whether a given complex function is differentiable. In particular, we use 
them to investigate the differentiability of the complex exponential 
function. The technique is to split the exponential function 


exp(x + iy) = e” (cosy + isin y) 
into its real and imaginary parts: 
u(z,y) =e” cosy and v(z,y)= e siny, 


each of which is a real-valued function of the real variables x and y. The 
derivative of exp is then calculated by using the derivatives of the real 
trigonometric and exponential functions, which we assume to be known. 


Before we deal with the exponential function, however, let us first consider 
the simpler function f(z) = z°. By writing z = x + iy, we see that 


f(a + ty) = (z + iy)? = (z? — Bay?) + i(32?y — y’). 
Let us define 
u(x,y) =x" — Bay” and v(z,y) = 807y — y”. 


Then u and v are the real and imaginary parts of f, respectively; that is, 
u = Re f and v = Im f. For the moment we will concentrate on the real 
part u; part of its graph (given by the equation s = u(x, y)) is shown in 
Figure 2.1. Since u is a function of two real variables, its graph is a 
surface. The height of the surface above the (x, y)-plane represents the 
value of the function at the point (x,y). For instance, the point P on the 
surface has coordinates (2, 1,2) because u(2,1) = 23 — 3 x 2x 1? = 2. 


Figure 2.1 Graph of u(x, y) = x? — 32xy? 
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Let us now explore the concept of the gradient of the surface at a point 
such as P. We will find that the answer depends on the ‘direction’ from 
which we approach the point. To make this more precise, consider 

Figure 2.2, in which the vertical plane with equation y = 1 is shown 
intersecting the surface in a curve that passes through P. By substituting 
y = 1 into u(x, y) = x? — 3xy?, we see that the curve has equation 

x£ > z? — 3x, so we can calculate its gradient at P; this is the gradient of 
the surface in the x-direction at P. 


S 


plane y = 1 


Figure 2.2 Intersection of the graph of u(x, y) = x? — 3xy? with the vertical 
plane y = 1 


More generally, whenever we intersect the surface with a vertical plane 
with equation y = constant, we obtain a curve on the surface with 
equation x ++ x? — 3xy? (where y is considered to be fixed). We can find 
the gradient at any point (a,b,u(a,b)) on this curve by differentiating with 
respect to x and then substituting x = a and y = b. The resulting 
expression is called the partial derivative of u with respect to x at (a,b), 
and it is denoted by 


Ou 
Jz © b). 


A curly ð is used rather than a straight d to emphasise that this is a 
partial derivative, for which we differentiate with respect to one variable 
and keep the other variable fixed. In our particular case, differentiating 
u(x, y) = £? — 3xy? with respect to x (and keeping y fixed) gives 


o 
5p (ty) = 3a" = 3y’, 
and substituting x = 2 and y = 1 gives 
Ou 
—(2,1) = 9. 
<(2,1) 


Hence the gradient of the surface in the x-direction at the point P is 9. 
This is a positive value because near the point P, u increases as x increases 
(with y = 1), as you can see from Figure 2.2. 


Figure 2.3 shows the vertical plane with equation x = 2 intersecting the 
surface in a different curve that passes through P. 


2 The Cauchy—Riemann equations 


S 


plane x = 2 


a 


Figure 2.3 Intersection of the graph of u(x, y) = x? — 3xy? with the vertical 
plane r= 2 


Reasoning similarly to before, we see that intersecting the surface with a 
vertical plane with equation x = constant gives a curve on the surface, and 
we can obtain the gradient at a point (a,b, u(a,b)) on this curve by 
differentiating u(x, y) with respect to y while keeping x fixed (and then 
substituting z = a and y = b). The resulting expression is called the partial 
derivative of u with respect to y at (a,b), and it is denoted by 

Ou 

— (a,b). 

Fe (aut) 
Differentiating u(x, y) = z? — 3xy? with respect to y (and keeping x fixed) 
gives 

Ou Ou 

By Py) = —6xy, SO By 1) = =12; 


this is the gradient of the surface in the y-direction at the point P. It is a 
negative value this time, because when x and y are positive, u decreases 
as y increases (keeping x fixed), as you can see from Figure 2.3. 


You will need to work with partial derivatives a good deal in this unit, so 
let us state the definitions formally. 


Definitions 


Let u: A — R be a function with domain A a subset of R? that 
contains the point (a, b). 


e The partial derivative of u with respect to x at (a,b), 
denoted ie b), is the derivative of the function x —> u(x, b) 
at x = a, provided that this derivative exists. 

e The partial derivative of u with respect to y at (a,b), 
denoted aa, b), is the derivative of the function y > u(a, y) 


at y = b, provided that this derivative exists. 
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Partial derivatives are (at least in this module) real derivatives, not 
complex derivatives. 


The next exercise asks you to work out the partial derivatives of the 


imaginary part of the complex function f(z) = 2°. 


Exercise 2.1 


(a) Calculate the partial derivatives of v(x, y) = 3z?y — y?. 
(b) Evaluate these partial derivatives at (2,1). 


Let us collect together the partial derivatives of the real and imaginary 


parts u and v of the function f(z) = 2°: 


Ou o 2 2 ðv _ 
Fy Ob) = 3a" — 30°, geb) = ab, 
Ou E Ov ae 2 
T = —6ab, By) = 3a" — 3b 
As you can see, we have 
Ou Ov Ov Ou 
Fy eD) = Bye and Bq b) = 5, b). 


This pair of equations is called the Cauchy—Riemann equations, and they 
hold true for the real and imaginary parts of any differentiable complex 
function, as the following important theorem testifies. 


Theorem 2.1 Cauchy—Riemann Theorem 


Let f(x + iy) = u(x, y) + iv(x, y) be defined on a region R 
containing a + ib. 

Ou Ou Ov O 

= = = exist at (a,b) and 
satisfy the Cauchy—Riemann equations 


Ou Ov Ov Ou 
anh b) ne a b) and Jz b) Frk m b). 


If f is differentiable at a + ib, then 


Proof Let a = a+ ib. Suppose that (zn) is any sequence in R — {a} that 
converges to a. Let us write Zn = £n + iyn. According to the definition of 
a derivative, we have 

ip OO. 
za z=- Q n— o0 Zn — O 
Observe that, by expressing f in terms of its real and imaginary parts, we 
can write 

f (Zn) = f(a) = ( U(En, Yn) = u(a, b) ) ( v(Zn, Yn) — v(a, b) ) 

Zn — a (fn — a) + i(yn — b) (an — a) +: i(Yn — b) 
(2.1) 


2 The Cauchy—Riemann equations 


We proceed by choosing two different types of sequences (zn), and 
observing the behaviour of the expressions in large brackets in 
equation (2.1) in each case. 


For our first choice, let us begin by defining (£n) to be any sequence in 

R — {a} that converges to a. Let Zn = £n + ib, so the sequence (2n) 
converges to a = a + ib. By removing a finite number of terms from (£n), 
if need be, we can assume that each point zn belongs to the open set 

R — {a}. Substituting zn = x, + ib into equation (2.1) gives 


in) 2 f(a) = — z — +(e" : zan), 


We know that the expression on the left-hand side converges (to f’(a)), so 
its real and imaginary parts (indicated by the bracketed expressions on the 
right-hand side) converge too. Since (£n) was chosen to be any sequence in 
R — {a} that converges to a, we see from the definition of partial 


derivatives that a and a exist at (a,b) and 
Ox Ox 


u(an,b)—u(a,b) Ou U(Ln,b) — (a,b) — Ov 
Be > Jz © b) and 228 > Du (a,b). 
In summary, we have 
by _ Ot Ov 
fas zaz © b) + iz, b) (2.2) 


Next let (yn) be any sequence in R — {b} that converges to b, and define 
Zn =a + iùn, 80 Zn > a. Again, by omitting a finite number of terms from 
(Yn), if need be, we can assume that zn E€ R — {a} for all n. Substituting 
Zn = a + iyn into equation (2.1) gives 


fen) — fla) _ — - u(a, 2) +(e) — v(a, 2) 


Zn, — a1 i(yn — b) i(Yn — b) 
-_ v(a, Yn) 7 v(a, b) i u(a, Yn) 7 u(a, b) 
7 Yn — b Yn — b l 
. Ou ðv . 
Reasoning as before, we see that T and Jy exist at (a,b) and 
o o 
Fa = 5, (a,b) — 15, d). (2.3) 
Comparing equations (2.2) and (2.3), and equating real and imaginary 
parts, we obtain the Cauchy—Riemann equations, as required. Oo 


Origin of the Cauchy—Riemann equations 


The Cauchy—Riemann equations are named after the mathematicians 
Augustin-Louis Cauchy (whom you encountered in Unit A3) and 
Bernhard Riemann (1826-1866), who were among the first to 
recognise the importance of these equations in complex analysis. We 
will meet these two mathematicians again in later units. 
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The Cauchy—Riemann equations first appeared in the work of another 
mathematician, however: the Frenchman Jean le Rond d’Alembert 
(1717-1783), who is perhaps best remembered for his work in classical 
mechanics. Indeed, the Cauchy—Riemann equations were written 
down by d’Alembert in an essay on fluid dynamics in 1752 to describe 
the velocity components of a two-dimensional irrotational fluid flow. 
You will learn about fluid flows in Unit D1. 


The Cauchy—Riemann Theorem gives us another strategy for proving the 
non-differentiability of a complex function. (Two other strategies were 
described in Subsection 1.3.) If a complex function is differentiable, then it 
must satisfy the Cauchy—Riemann equations. So if those equations do not 
hold, then the function cannot be differentiable. 


Strategy C for non-differentiability 
Let f(x + iy) = u(x, y) + iv(z, y). If either 


Ou Ov Ov Ou 
au b) # Ba b) or Jz (mr) A Fo 


then f is not differentiable at a + ib. 


To illustrate this strategy, consider the function 
f(a + iy) = (a? + y*) + i(2x + 4y). 
The real part u and imaginary part v of this function are given by 


u(z,y) =a? +y? and v(z,y)= 2x + 4y. 


Hence 


As you can see, the partial derivatives have been grouped into two pairs 
according to the Cauchy—Riemann equations 


ðu Ov Ov Ou 
By (try) = gY and By (try) = ~ By E9) 


In this case, these equations are 2x = 4 and 2 = —2y, which are satisfied 
only when x = 2 and y = —1; that is, they are satisfied only when 
z=2-— i. If z4#2-—i, then the Cauchy—Riemann equations fail, so 
Strategy C tells us that f is not differentiable at z. 


2 The Cauchy—Riemann equations 


Notice that the Cauchy—Riemann Theorem and Strategy C do not tell us 
whether f is differentiable at the point 2 — i at which the 
Cauchy—Riemann equations are satisfied. To deal with points of this type 
we need another theorem, which we will come to shortly. First, however, 
try the following exercise, to practise applying Strategy C. 


Exercise 2.2 


Show that each of the following functions fails to be differentiable at all 
points of C. 


(a) (æ +iy) =e- i” (b) f(z) =z 


We have seen that if the Cauchy—Riemann equations are not satisfied, then 
the function is not differentiable. Let us now describe an example to show 
that even if the Cauchy—Riemann equations are satisfied, then the function 
may still not be differentiable. 


Consider the function f(x + iy) = u(x, y) + iu(z, y), where v(x, y) = 0 for 
all x and y, and 


: 0, otherwise. 


The graph of u is shown in Figure 2.4. 


Figure 2.4 Graph of u 


Since u and v take the value 0 at all points on the x- and y-axes, we see 
that all the partial derivatives vanish at (0,0); that is, 
Ou Ov 


Bq (0 9) = 0, Bz 0 0) = 0, 
Ou Ov 


However, even though the Cauchy—Riemann equations are satisfied at the 
origin, f is not differentiable there. To see this, observe that if zn = 1/n, 
n=1,2,..., then 

flén) — F(0) _ u/n, 0) — 0 


2 Ee Se 
Zn — 0 1/n—0 ? 
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whereas if zn = 1/n+i/n,n=1,2,..., then 


fen) ~ £00) A/L Ayn, 


= —— = > . 
Zn—0 1/n+i/n—0 l/n+i/n 1+i 1+4+% 
The two limits 0 and 1/(1+ i) differ, so f is not differentiable at 0. 


This example demonstrates that the differentiability of a complex function 
does not follow from the Cauchy—Riemann equations alone. However, if 
certain extra conditions are satisfied, then f is differentiable, as the 
following theorem reveals. 


Theorem 2.2 Cauchy—Riemann Converse Theorem 
Let f(x + iy) = u(x, y) + iv(a, y) be defined on a region R 

ae : a OU n v ou 
containing a + ib. If the partial derivatives —, —, —, — 
Ox Oy Ox Oy 


e exist at (x,y) for each z + iy ER 

e are continuous at (a,b) 

e satisfy the Cauchy—Riemann equations at (a,b), 
then f is differentiable at a + ib and 


Ou Ov 
7a b) +i— (a,b). 


f'(a+ib) = T 


The proof of this theorem is postponed until the next subsection. 


Let us now return to the function f(x + iy) = (£? + y?) + i(2x + 4y), 
considered earlier, which satisfies the Cauchy—Riemann equations at the 
point z = 2 — į only, and is therefore not differentiable at any other point. 
You saw earlier that the partial derivatives exist for every point (x,y) (so 
we can choose R = C in applying Theorem 2.2) and they satisfy 

Ou Ov 


By (try) = 22, By (tr) = 4; 


s(n) = 2y, S Cno) =4. 
Each of these functions is continuous at (2, —1) because each of them is 
either constant or a multiple of one of the basic continuous functions Re z 
or Imz. For example, the function (x, y) ++ 2x can be thought of as 
zr 2 Rez. 


It follows, then, from the Cauchy—Riemann Converse Theorem that f is 

differentiable at 2 — i. In fact, the theorem even tells us the value of 

f'(2 —1), namely 
fQ-)=F 2-2 +i5-(2,—1) =2x2+ix2=4+2i. 


Finally in this subsection, we investigate the differentiability of the 
complex exponential function, as promised earlier. 


2 The Cauchy—Riemann equations 


Example 2.1 
Prove that the complex exponential function f(z) = e7 is entire, and 
find its derivative. 
Solution 
The real part u and the imaginary part v of f are given by 
uau =c cosy and v(e,y) =e simy: 


Hence the partial derivatives of u and v exist for every point (x,y) 
and satisfy 


OH oy) = & (a, y) = e sin 
IT v,Y) =e COSY, AG zt,y) =e Y, 
Ou Ov 


— (x,y) = ~e” siny, (x,y) = e” cosy. 
an y) y By | y) y 


Since the real exponential and trigonometric functions are continuous, 
and the real and imaginary part functions Rez and Im z are basic 
continuous functions, we see from the Combination Rules and 
Composition Rule for continuous functions that each partial 
derivative is continuous at every point (x,y). 


The Cauchy—Riemann equations are satisfied at all points (x, y), so 
the Cauchy—Riemann Converse Theorem tells us that f is 
differentiable at every point of the complex plane (it is entire) and 


ð ð 
e= =o + a =e" cosy + ie” siny = e”. 


Exercise 2.3 


Use the Cauchy—Riemann theorems to find the derivatives of the following 
functions. In each case specify the domain of the derivative. 


(a) f(z)=sinz (b) f(z) = |2|? 

(Hint: For part (a), write sin z = sin(x + iy) and use a trigonometric 
addition identity from Unit A2 to find the real and imaginary parts 
of sin z.) 


The proof of the Cauchy—Riemann Converse Theorem is rather involved 
and may be omitted on a first reading. 


We will need two results from real analysis. The first result is known as 
the Mean Value Theorem. 
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Figure 2.5 Graph of the real 


function f 
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Figure 2.6 Tangent plane to 
the graph of u at the point P 
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Theorem 2.3 Mean Value Theorem 


Let f be a real function that is continuous on the closed interval [a, 2] 
and differentiable on the open interval (a,x). Then there is a number 
c € (a,x) such that 


f(x) = f(a) + (z — a) f’ (c). (2.4) 


To appreciate why this theorem is true, imagine pushing the chord 
between (a, f(a)) and (x, f(x)) in Figure 2.5 parallel to itself until it 
becomes a tangent to the graph of f at a point (c, f(c)), where c lies 
somewhere between a and x. Clearly, the gradient of the original chord 
must be equal to the gradient of the tangent, so 


f(x) — fla 
L— a 
Multiplication by x — a gives f(x) = f(a) + (x — a) f'(c). Notice that this 
equation is also true if x = c = a. 


The second result that we will need is a Linear Approximation Theorem, 
which asserts that if u is a real-valued function of two real variables x 
and y, then for (x,y) near (a,b), the value of u(x, y) can be approximated 
by the value of the linear function t defined by 


Ou Ou 
t(x,y) = u(a,b) + (£ — a) ay 
Now, the graph of t is a plane passing through the point P = (a,b, u(a, b)) 
on the graph of u (Figure 2.6). Moreover, the partial z- and y-derivatives 
of t coincide with the partial x- and y-derivatives of u at (a,b). This means 
that both have the same gradient in the x- and y-directions, so you can 
think of the plane as the tangent plane to the graph of u at P. 


(a, b) a (y = b) (a, b). 


The accuracy with which this tangent plane approximates the graph of u 
depends on the smoothness of the graph of u. If the graph exhibits the 
kind of kink shown in Figure 2.4, then the approximation is not as good as 
for a function with continuous partial derivatives. 


Theorem 2.4 Linear Approximation Theorem (R? to R) 


Let u be a real-valued function of two real variables, defined on a 
region R in R? containing (a,b). If the partial z- and y-derivatives 
of u exist on R and are continuous at (a,b), then there is an ‘error 
function’ e such that 


Ou Ou 


BU) aa ah as) (Nets (a) eG) ela) 


e(x, y) 


a) 


where — 0 as (x,y) — (a,b). 


2 The Cauchy—Riemann equations 


Since „/ (x — a)? + (y — b)? is the distance from (a,b) to (x,y), the theorem 
asserts that the error function tends to zero ‘faster’ than this distance. 
Theorem 2.4 is the real-valued function analogue of Theorem 1.2. 


Proof We have to show that the function e defined by 


e(x,y) = u(x, y) — ula, b) — (x — a) “(a =u 5 Ma?) 


satisfies 
elx, y) 
(x — a)? + (y -— b)? 
Since the partial derivatives exist on R, they must be defined on some disc 


centred at (a,b). Let us begin by finding an expression for u(x, y) — u(a, b) 
on this disc. If we apply the Mean Value Theorem to the real functions - ià 


— 0 as (x,y) > (a,b). 


xt u(x, y) (where y is kept constant) and y —> u(a, y), then we obtain yo (i UON 
4 (a, y N 
ðu / 
u(x, y) = u(a, y) + (x — a)a (ry); / (a s) (zy) y 
y i \ 
where r is between a and x, and l (a,b) | 
Ou \ l 
= b — b)— \ / 
ula, y) = u(a,8) + (y = D) F(a), a ; 
where s is between b and y (see Figure 2.7). Hence ~ S 
N D 
u(x, y) — ula, b) = (u(x, y) — ula, y)) + (ula, y) — ula, b)) — 
Ou Ou Figure 2.7 Vertical and 
Sea) Gripe ae), igure 2. ertical an 
( TA v) +i ‘5 (a, 8) horizontal line segments from 


Substituting this expression for u(x, y) — u(a, 6) into the definition of e, we (a,b) to (x,y) 
obtain 


Ou Ou Ou Ou 
ele) = e- o (Setn) = (a8) + w = o (Bta) = (ad). 
Dividing both sides by \/(x — a)? + (y — b)?, and noting that 
ale a ye, 


Ve- aP + (y—5P Ve=aP +U- 


(because both (a — a)? and (y — b)? do not exceed (x — a)? + (y — b)?), we 
see that 


Ou Ou 


Ou Ou 
zon) = au a) + 


e(z, y) 
T s)— TA b)}. 


(x — a)? + (y — b) 


Figure 2.7 illustrates that as (x,y) tends to (a,b), so do (a, s) and (r, y). 
So, by the continuity of the partial x- and y-derivatives at (a,b), the two 
terms on the right of the inequality above must both tend to 0 as (x, y) 


tends to (a,b). It follows that e(x, y)/./(x — a)? + (y — b)? tends to 0 as 
(x,y) tends to (a,b). a 


We are now in a position to prove the Cauchy—Riemann Converse 
Theorem. 
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Theorem 2.2 Cauchy—Riemann Converse Theorem 
Let f(x + iy) = u(x, y) + iv(x, y) be defined on a region R 

1E ; a Ou u Ov Qu 
containing a + ib. If the partial derivatives —, —, —, — 
Ox’ Oy Ox’ Oy 


e exist at (x,y) for each z + iy ER 
e are continuous at (a,b) 
e satisfy the Cauchy—Riemann equations at (a,b), 
then f is differentiable at a + ib and 
Ou Ov 


f'(a+ ib) 5 Fy D) + iz (4,6). 


Proof We need to show that the limit of the difference quotient for f at 
a = a + ib exists and has the value indicated in the theorem. In order to 
calculate the difference quotient for f at a, we find an expression for 

f(z) — f(a). Since u and v fulfil the conditions of Theorem 2.4, it follows 
that 


f(z) — F(a) = (ula, y) — ula, b)) + ive, y) — v(a, b)) 


Ou Ou 
= (= Zle b) + (y -DFE a, b) + elu) 
v(e- 97a b)+ w- Zla b) t ely), 


where e,, and e, are the error functions associated with u and v, 
respectively. 


Collecting together terms, we see that 
Ou Ov 
FE) = Ha) = (e-a ( Za) + 52(a,0)) 


x ity) (Zu b) 1a D) E E E 


Since u and v satisfy the Cauchy—Riemann equations, both expressions in 
the large brackets must be equal, so 


FE) = Hla) = (e-a) + ity -D(a b) +152(a,0)) 
+ €y(x,y) + ieslx, y). 
Dividing by z — a = (x — a) + i(y — b) gives 


f(z) — f(a) ðu „Ov eu(z, y) + — 
LAT IA | ae b S |, 
z-a Ja" ETa = (x — a) +i(y — b) 
The limit f'(a) of this difference quotient exists, and has the required value 
Ou Ov 
an b) EJ ig, (a b), 


provided that we can show that the expression involving the 


2 The Cauchy—Riemann equations 


error functions e, and e, tends to 0 as z = x + iy tends to a. To this end, 
notice that |(x — a) + i(y — b)| is equal to \/(a — a)? + (y — b)? and so, by 
the Triangle Inequality, 


Eulz, y) ev(z, y) 
(x — a)? + (y — b)? (x — a)? + (y — b)? 
By Theorem 2.4, both expressions on the right tend to 0 as x + iy tends 


to a. Consequently, the expression on the left must also tend to 0, and the 
theorem follows. B 


eulx, y) F te,(2,y) 
(a — a) + iy — 5) | = 


Further exercises 


Exercise 2.4 


oti 


= x,y) and Mea of each of the 
z 


Oy 


Calculate the partial derivatives 
following functions. 


(a) ulz, y) = 3z + zy + 2x7y? (b) u(x, y) = x cosy + exp(xy) 
(c) u(x, y) = (£ + y)? 


Exercise 2.5 


ð ð 
Calculate the partial derivatives as y) and a(t y) of each of the 


following functions, and evaluate these partial derivatives at (1,0). 
(a) u(z,y)=a°y—ycosy (b) u(z,y) = ye? — zy? 
Exercise 2.6 
Find the gradient of the graph of u(a, y) = x? + 2xy at the point (1, 2,5) in 
the x-direction and in the y-direction. 
Exercise 2.7 


Use the Cauchy—Riemann equations to show that there is no point of C at 
which the function 


f(x + iy) = e*(siny + icosy) 
is differentiable. 
Exercise 2.8 
Use the Cauchy—Riemann equations to show that the function 
f(at+iy) = e +a—-y*) + i(Qay + y) 


is entire, and find its derivative. 
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Exercise 2.9 


Use the Cauchy—Riemann equations to find all the points at which the 
following functions are differentiable, and calculate their derivatives. 


(a) f(e + iy) = (a? +y) + il? - y) b) f(e + iy) = zy 


Laplace’s equation and electrostatics 


The Cauchy—Riemann equations for a differentiable function 
f(a + iy) = u(x, y) + iv(x, y) tell us that 


Ou Ov Ov Ou 
Bz (tr) = a” and ze”) = a 


These partial derivatives are themselves functions of x and y, so, 
provided that they are suitably well behaved, we can partially 
differentiate both sides of the first of the two equations with respect 
to x, and partially differentiate both sides of the second equation with 
respect to y, to obtain 


Oru Ov Ov Ou 

=o =e ol = 

Ox OxOy OyOu Oy 
(Here we have omitted the variables (x, y) after each derivative, for 
simplicity.) For sufficiently well-behaved functions, the two partial 
derivatives 

Oy r Oru 

n — 

OxOy OyOu 
are equal; the order in which you partially differentiate with respect 
to x and y does not matter. Hence 


O7u 8v 8v 3u 


ðr?  ðxðy Oydx y?’ 
which implies that 

u Ou 

=— += =l. 

Ox? Oy? 
This equation for u is called Laplace’s equation. (The imaginary 
part v of f satisfies Laplace’s equation too.) It is named after the 
distinguished French mathematician and scientist Pierre-Simon 


Laplace (1749-1827), who studied the equation in his work on 
gravitational potentials. 


Laplace’s equation has proved to have huge importance to physics. In 
a later unit, you will learn about its significance in fluid mechanics. It 
also has a key role in the subject of electrostatics. In that theory, it is 
known that the electrostatic potential V (x,y) at a point (x,y) of a 


Pierre-Simon Laplace 
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region without charge satisfies Laplace’s equation. It can be shown 
that V is the real part of some differentiable function f. Using these 
observations allows one to move between complex analysis and 
electrostatics: many of the theorems of complex analysis have 
important physical interpretations in electrostatics. 


3 Rules for manipulating 
differentiable functions 


After working through this section, you should be able to: 


e use the Chain Rule, the Inverse Function Rule and the Restriction Rule 
to differentiate complex functions 


e differentiate the principal logarithm and power functions 
e use the table of standard derivatives. 


Up to now we have described how to differentiate the complex exponential 
function and rational functions. However, this still leaves a large class of 
functions, such as f(z) = exp(1/z*) and f(z) = Log z. This section is 
about rules for differentiating composites and inverses. 


3.1 The Chain Rule 


In this subsection we introduce another useful technique for differentiating 
complex functions called the Chain Rule. If you have met the rule before 
for differentiating real functions, then you should find the technique and 
some of the examples familiar. 


Using the geometric interpretation of complex differentiation discussed in 
Subsection 1.5, we would expect the composite g o f of two differentiable 
functions to behave in the manner illustrated in Figure 3.1. 


complex scale by f'(a) complex scale by g'(f(a)) 


en tee en a mm 
f A Goa 


} 


> > > 


ee ee 


complex scale by g'(f(a)) x f'(a) 


Figure 3.1 Composition of differentiable functions 


To a close approximation, f rotates and scales any small disc centred at a 
by the complex scale factor f'(a), producing a small disc centred at f(a). 
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This is then rotated and scaled under g by a further factor g'(f(a)), to 
produce a small disc centred at g(f(a)). (Here we are assuming that both 
f'(a) #0 and g/(f(a)) 4 0.) 

Overall, the original disc is scaled and rotated by the product of the two 
factors g'(f(a)) and f'(a). This suggests that, as for real differentiation, 


(go f) (a) = g'(F(a)) x f'(a). 
The following theorem confirms that this is indeed the case. This theorem 


can be referred to as the Composition Rule (for differentiation), but it is 
more commonly called the Chain Rule. 


Let f and g be complex functions, and let a be a limit point of the 
domain of go f. If f is differentiable at a, and g is differentiable at 
f(a), then go f is differentiable at a, and 


(go f) (a) =9'(f(a)) f (a). 


The assumptions that f is differentiable at a and g is differentiable at f(a) 
necessitate that a belongs to the domain of f and f(a) belongs to the 
domain of g. Consequently, a is a point in the domain of go f. The Chain 
Rule also assumes that a is a limit point in the domain of go f. This 
assumption is necessary in order for the limit 

(go f)'(a) = lim (go f)(z) E (go f)(a) 


Za z-aQa 


to be defined. 


Before proving the Chain Rule we illustrate how it is used. 


Example 3.1 

Show that the function k(z) = exp(1/z?) is analytic on its domain, 
and find its derivative. 

Solution 


The function k can be expressed as the composite go f of the functions 
G(z)\=exp< axl ef (G@)= 1/2". 


The domain of k = go f is the set A = C — {0}. Since this is a region, 
every point z € A is a limit point of A. 

Now, f is differentiable on A, and g is differentiable on C and hence 
on f(A). Furthermore, 


g(z)=expz and f'(z) = —2/2°. 


By the Chain Rule, k = go f is differentiable on A, and hence it is 
analytic on A, since A is region. The Chain Rule gives 


ki(z) = g'(F(2)) f'(2) 
= exp(1/z*) x (—2/z°) 
= _ 2exp(1/z*) 

23 


Exercise 3.1 


Show that each of the following functions is analytic on its domain, and 
find its derivative. 


(a) k(z)=(z+5)% (b) k(z) = exp(z? + 4) 
(c) k(z) =e, where aœ € C 


The next example shows how part (c) of Exercise 3.1 can be used to 
differentiate the standard trigonometric functions. 


Example 3.2 


Show that each of the following complex functions is analytic on its 
domain, and find its derivative. 


(a) sin (b) cos (c) tan 


Solution 
Since the functions z +> e** and z > e~ are entire, with 
derivatives z ++ ie’ and z > —ie~”, respectively, it follows from 
the Combination Rules for differentiation that: 

1Z 


(a) sinz = (e* — e~**) /2i is entire, and 


T iet? a (—ie~**) el ae e 
Oe oe ote aes 
(b) cosz = (e + e~**)/2 is entire, and 
iet? a —ie a= et? = e 
cos’ z= : ) = ( z; ) = KNA 
i 
(c) tanz = sin z/ cos z is analytic on its domain 


C -= {(n+ $) : n € Z}, and 


7 cos z X cos z — sin z x (— sin z) i 9 
ien z = ee SS 
cos? z cos? z 


The hyperbolic functions can be differentiated in a similar way. 


amtsak PENE (Parsee Be bettie 
entiable functions 
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Exercise 3.2 


Show that each of the following complex functions is analytic on its 
domain, and find its derivative. 


(a) sinh (b) cosh (c) tanh 


The Chain Rule can be extended to composites of three (or more) 
functions. For example, if œ is a limit point of the domain of the composite 
hogo f, and if h, g and f are differentiable at g(f(a)), f(a) and a, 
respectively, then 


(hogo f) (a) = (ho g) (f(a)) x f'(a) 
= h'(g(f(a))) x g'(F(a)) x f'(a). 

In general, to differentiate the composite of two or more functions, simply 
take the product of all the derivatives, keeping the points at which the 
derivatives of the functions are evaluated the same as they were prior to 
differentiation. With a little practice, you should be able to find the 
derivative of a composite function without explicitly writing down the 
intermediate functions. 


Example 3.3 

Write down the derivative of the function k(z) = sin(cosh(tan z)). 
Explain why the derivative has the same domain as k. 

Solution 


Since k is a composite of the functions sin, cosh and tan, we can use 
the Chain Rule to write down the derivative of k: 


derivative 
of tan 


derivative 
of cosh 


derivative 


of sin 


k'(z) = cos(cosh(tanz)) x sinh(tanz) x _ sec?z. 


To show that k’ has the same domain as k, let a be any point in the 
domain of k, which is the set E = C — {(n + $)r : n € Z}. Since E is 
a region, every point a of FE is a limit point of E. Furthermore, tan, 
cosh and sin are differentiable on the whole of their domains. So, in 
particular, they must be differentiable at a, tana and cosh(tan a), 
respectively. It follows that the Chain Rule can be applied throughout 
the domain of k, and that k’ has the same domain as k. 


3 Rules for manipulating differentiable functions 


Exercise 3.3 


Show that each of the following functions k is analytic on its domain, and 

find its derivative. 

(a) Use the formula for differentiating a composite of three functions, 
given above. 
(i) k(z) = (sin? z + 3)? (ii) k(z) = sin(exp(cos z — z)) 

(b) Try to differentiate the composite functions by inspection — that is, 
without explicitly writing down the intermediate functions. 


(i) k(z) = sin(cosh z) (ii) k(z) = cos((1 + z)”°) 
(iii) k(z) = exp(exp(sin z)) 


Proof of the Chain Rule The idea is to write the difference quotient 
for go f in the form 
g(F(z)) = g(F(@)) _ Gr = a (2 = Aa) (3.1) 
z—a w— p z—a í l 
where w = f(z) and 8 = f(a), and then to let z > a (and hence w > £8) 
to obtain 


(go fY (a) = 9'(8) f'(a), 
as required. Unfortunately, there is a snag. Equation (3.1) does not make 
sense if w = £ (that is, if f(z) = f(a)) and this may conceivably happen 
for values of z close to a. To avoid this problem, we introduce a function h 
with the same domain as g and rule 


g(w) — g(8) 
is eee # p, 
g'(8), w=. 


Since g/(8) = lim ((g(w) — g(8))/(w — B)), this function h is continuous 
wo 
at 6, by Theorem 3.1 of Unit A3. Now note that the equation 
I F(z) — 9 Fla f(z) = fla) 
(f(z) -g D = nison( 
z-a z-a 
holds for all z (# a) in the domain of f (even if f(z) = f(a), since both 
sides then vanish). Hence, by the Product Rule for limits of functions, 
tim 2) = 904) — in ac¢(2)) tn LZ LO) 
h(f(a)) f (a) 
h(b) f'(a) 
= g'() f'(a), 
where, in the second line, we used the fact that ho f is continuous at a, 
which is true because f is continuous at a (since it is differentiable at a) 
and h is continuous at 6 = f(a). Hence (go f)/(a) = g'(f(a)) f'(a), as 
required. B 
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3.2 The Inverse Function Rule 


One striking example of a function that cannot be differentiated using the 
rules that we have discussed so far is the function Log. Recall that Log is 
the inverse of the function exp when exp is restricted to the strip 

{z:—m < Imz < T} (see Subsection 5.1 of Unit A2). In this subsection we 
will show how Log can be differentiated, using a rule that relates the 
derivative of a function to the derivative of its inverse. 


The relationship between a one-to-one function f and its inverse f7! is 
illustrated in Figure 3.2. If f is differentiable at the point a and f'(a) 4 0, 
then, to a close approximation, a small disc in the domain, centred at a, is 
mapped to a small disc in the codomain, centred at 8 = f(a). In the 
process, the disc in the domain is rotated and scaled by the complex scale 
factor f'(a). 


complex scale by f'(a) 
A y å ~ 
f 


| i 
i eee 
complex scale by 1/f’(a) 


> 


IN 


Figure 3.2 Complex scalings of a function and its inverse function 


Now look at the process in reverse. The function f~! takes the disc on the 
right, centred at 8, to the disc on the left, centred at a = f~'(8). As it 
does so, in order to undo the effect of f, the function f~! rotates and 
scales the disc by the complex scale factor 1/f’(a). If f~ is differentiable 
at (0, then this geometric reasoning suggests that 


fF) @ =f w= 7 FO): 


Theorem 3.2 Inverse Function Rule 


Let f: A — B be a one-to-one complex function, and suppose that 
f~t is continuous at 8 € B. If f has a non-zero derivative at 
f-'(6) € A, then f~! is differentiable at 6 and 


We give a proof of the Inverse Function Rule at the end of this subsection, 
but first we illustrate how it is used. 


3 Rules for manipulating differentiable functions 


At first sight, the rule may appear to be of limited use since many complex 
functions are not one-to-one. But, as we mentioned in Subsection 1.5 of 
Unit A2, it is usually possible to restrict the domain of a function in order 
to yield a new function that is one-to-one. For example, exp is not a 
one-to-one function, and yet the restriction defined by 


f(z)=expz (—-r < Imz <r), 
is a one-to-one function whose inverse f~! is the principal logarithm Log 
(with domain C — {0}). 


Note that we have used an abbreviated form for the domain of f in the 
formula above because the full version (z € {z:...}) is rather clumsy here. 
We will use such abbreviated forms when convenient. 


Example 3.4 
Find the derivative of Log. 


Solution 


Let f be the restriction of exp defined by 

f(z) =expz (r< imz <r 
Then f is one-to-one and f'(z) = exp’ z = exp z Æ 0. 
At points on the negative real axis, f~t = Log is not differentiable 
because it is discontinuous. But at any other point in its domain, Log 
is continuous. So, by the Inverse Function Rule, the derivative of Log 
is 


1 1 1 1 


PUTE) plog) ~ exp(Logz) z 
where z € C — {x € R : x < 0} (see Figure 3.3). 


Log’ z= 


The derivative of Log is so important that we quote the result obtained in 
Example 3.4 as a corollary to the Inverse Function Rule. 


The derivative of the principal logarithm Log is 


1 
Log'z=- (z€C—{reER:2<0}). 
2 


Exercise 3.4 


Find the derivative of the function f(z) = Log(1 + iz), and specify its 
domain. 


Figure 3.3 The cut plane 
C-{rER:x<0} 
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Having found the derivative of Log, we can now differentiate the principal 
power function f(z) = 2%, by using the Chain Rule. Indeed, for any 
a € C—Z, we have 


f(z) = 2% = expla Logz) (z eC- {0}). 
IfzeC—{z# ER: 2 <0}, then, by the Chain Rule, 


f'(z) = exp(a Log z) x (a Log’ z) 
=2* x a/z 


=aqzr!. 


We state this result as another corollary to the Inverse Function Rule. 


Corollary 
Let a € C — Z. Then the derivative of the principal power function 


= ais 
Pear (zeC-{rER:xz<0}). 


Notice that this formula for differentiating principal powers is the same as 
the formula for differentiating integer powers given in Subsection 1.2. The 
only difference is the domain. For positive integer powers, the domain is C; 
for negative integer powers, the domain is C — {0}; and for general 
(principal) powers, the domain is the cut plane C — {x ER: x < 0}. 


Exercise 3.5 


Find the derivative of each of the following power functions. In each case 
specify the domain of the derivative. 


(a) fas b) fas} o e= d) e)s? 


Proof of the Inverse Function Rule Let f: A — B bea 
one-to-one complex function such that f~! is continuous at 8 € B, and 
suppose that f has a non-zero derivative at f~!(8) € A. We have to show 
that f~t is differentiable at 8 and that 
—~1)\/ 1 

FY O = FETE 
We first check that (6 is a limit point of B. We do this by showing that 
there is a sequence in B — {8} that converges to 8. Since f is differentiable 
at a = f—!(@), it follows that a is a limit point of A. In other words, a is 
the limit of a sequence (zn) in A — {a}. Now f is one-to-one, so 
flen) Æ f(a), and f(a) = 8, so (f(zn)) is a sequence in B — {8}. 
Furthermore, f is differentiable and hence continuous at a, so (f(Zn)) 
converges to p. 


Next let (wn) be any sequence in B — {8} that converges to 3. Since f~t 
is continuous at 8, the sequence (zn), defined by zn = f~!(wn), must 
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converge to a = f—!(8). Furthermore, f is one-to-one, so Zn Æ a, since 
Wn Æ B. Hence 


Since f is differentiable at a, and since f'(œ) = f’(f~!(8)) is assumed to 
be non-zero, it follows from the Quotient Rule for sequences that the last 


limit exists, and is equal to , as required. | 


= 
Pig) 
3.3 The Restriction Rule for Differentiation 


When applying the Inverse Function Rule to the exponential function in 
the previous subsection, we ignored one technicality. We assumed that 
because the exponential function is differentiable, its restriction to the set 


{z: -r < Imz <r} 


is also differentiable. This is not quite the same as saying that exp is 
differentiable on the set {z : -r < Imz < 7}. It is saying that a new 
function formed by restricting exp to {z : —a < Imz < m} is differentiable 
on its own domain. 


The justification for assuming that the restriction of exp to 
{z : =r < Imz < r} is differentiable is provided by the following theorem. 


Theorem 3.3 Restriction Rule for Differentiation 


Let f and g be complex functions with domains A and B, 
respectively, and let A C B. If a € A is a limit point of A and 


o f(z) = ge) 
e g is differentiable at a, 


then f is differentiable at a, and f'(a) = g'(a). 


for zE A 


The domains A and B of f and g are illustrated in Figure 3.4. 


Proof Let (zn) be any sequence in A — {a} that converges to a. We 
need to show that 
f (én) — f(a) 


lim = g'(a). 
Zn — a 


n—> oo 
Since A C B, (zn) is a sequence in B — {a} that converges to a. It follows 
from the assumption that g is differentiable at a that 

lim g(Zn) = g(a) — g'a). 

n— o0 Zn— a 
Since f(z) = g(z), for z € A, we see that f(zn) = g(zn) and f(a) = g(a), 


so the result follows. E 


B 


Figure 3.4 A point a in a 
set A contained in a set B 
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In essence, the Restriction Rule tells us that we need not worry too much 
about the domain of a function that we are trying to differentiate. It tells 
us that we can cut away unwanted parts of the domain of a differentiable 
function, provided that we avoid leaving ‘isolated points’, without affecting 
its differentiability at the remaining points. 


In Unit A3 we learned that continuity is a ‘local’ property, in the sense 
that continuity of a function at a point depends only on the values of that 
function in any open disc (no matter how small) centred at the point. 
Differentiability is also a local property, for the same reasons, and it is 
because of this property that we can restrict the domain of a function 
while retaining differentiability. 


The Restriction Rule explains why many real functions can be 
differentiated in the same way as their complex counterparts. For example, 
the derivative of the real sine function is the real cosine function; this can 
be explained by restricting the complex sine function to the real axis and 
applying the Restriction Rule. Similarly, the derivative of the real 
logarithm function can be obtained from the derivative of Log by 
restricting Log to the positive real axis (0,00) and applying the Restriction 
Rule. 


3.4 Standard derivatives 


To end this section, we collect together a list of the functions that have 
been differentiated in this unit, together with their derivatives. 


Domain of f’ 


\ keZ, k>0 | ke |C 


aeC-Z az?! | C-{r@eER:2<0} 


Notice that the formula for differentiating non-zero powers always has the 
same form, but the domain of the derivative changes. For positive integer 
powers, the domain is C; for negative integer powers, 0 is excluded; and for 
general (principal) powers, the negative reals and 0 are excluded. 


By applying the Combination Rules, the Chain Rule and the Inverse 
Function Rule to this list of standard functions, it is possible to 
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differentiate most of the functions that you will encounter in this module. 
If necessary, the Restriction Rule can then be applied to obtain a function 
with the required domain. 


Example 3.5 


Find the derivatives of the following functions. 
(a) f(z) =5+4+2sin z cosh z (by) e= 
(c) f(z) = zexp(2z? + z) 


Solution 
(a) By the Combination Rules, 


e” 


z +sinh z — 2 cosh z 


f (2) = 2(cos z cosh z + sin z sinh z). 
(b) By the Combination Rules, 
Ta (z + sinh z — 2 cosh z)e* — e*(1 + cosh z — 2 sinh z) 
(z + sinh z — 2 cosh z)? 
Wiel 2 smn = Jcn) 
(z + sinh z — 2 cosh z)? 
(c) By the Chain Rule, the Product Rule and the rule for 
differentiating polynomials, 
jee xe exp (22? +z) + z(exp(2z? + z))(4z +1) 
= (1 +z2+ de”) exp(22? ar ale 


For further practice in using the rules of differentiation, try the following 
exercise. 


Exercise 3.6 


Find the derivatives of the following functions. In each case specify the 
domain of the derivative. 


(a) f(z) =3+e%Logz (b) f(z) = (e+ sinz)” 
(c) f(z) =cos?(z + cosh z) (a) f(j= Log z 


zZ 


Exercise 3.7 


Find the rules of the derivatives of the following functions. (You are not 
required to find their domains.) 
1 cosh z 


1 
(a) sechz = —— (b) cosech z = 
c 


osh z sinh z 
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Exercise 3.8 


Use the rules of differentiation to find the derivative of the function 
f(2) =Log(z + 1) + exp(2?). 
Specify the domain of f’. 


Exercise 3.9 


Write down (without justification) the rules of the derivatives of the 
following functions. 


(a) f(z) = sin(cos z — z) (b 


_  Logz 
© f= Sead 


) f(z) = zexp(z? + i) + cosz 
(d) f(z) =cos(3sin(i + tan z)) 


4 Smooth paths 


After working through this section, you should be able to: 
e differentiate a parametrisation 
e decide whether a path is smooth 


e interpret the derivative of an analytic function as a rotation and a 
scaling of tangent vectors 


e find the angle between two smooth paths at a point of intersection 


e understand the manner in which analytic functions preserve angles. 


4.1 Derivatives of parametrisations 


Recall that in Unit A2 we defined a path to be a subset I of C that is the 
image set of an associated continuous function y: I —> C, where I is a 
real interval. The function y is called a parametrisation (see Figure 4.1). 


A A 


Figure 4.1 A path T with parametrisation y: I —> C 


We have drawn the interval J in Figure 4.1 as a subset of the complex 
plane to emphasise that y is a complex function to which the theory of 
complex differentiation can be applied. 


4 Smooth paths 


Exercise 4.1 
Sketch the paths with the following parametrisations, using an arrow to 
indicate the direction of the path. 
(a) y(t)=e* (te [0,27]) 
(b) y(t) =siné+ilé| (te [—2/2,2/2)) 


In this section we apply the theory of differentiation to parametrisations. ^ y'(c) 
Geometrically, if the derivative of a parametrisation y exists at a point c 
in J (and is non-zero), then it can be interpreted as a tangent vector to the 


path I at y(c). This is because the difference quotient q(c) 
y(t) — v(c) y(t) 
t= Cc r 


can be represented in the complex plane by a vector lying along the line 
through y(c) and y(t) (see Figure 4.2). In fact, it is the vector obtained by 
scaling the vector from y(c) to y(t) by the real factor 1/(t — c). Now, as t 
approaches c, the line through y(c) and y(t) becomes tangential to the 
path; so, in the limit, y’(c) can be represented as a tangent vector to the Figure 4.2 Tangent vector to 
path at y(c). a path 


Tangent vectors to paths 


Let T be a path with parametrisation y: I —> C, and suppose that 
c € I. If y is differentiable at c and if y'(c) #0, then y‘(c) can be 
interpreted geometrically as a tangent vector to the path T at the 


point y(c). 


It is often useful to think of the tangent vector that represents y'(c) as the 
velocity vector of a particle moving along the path. If y(t) represents the 
position of the particle on the path T at time t, then y(t) — y(c) is the net 
displacement of the particle that occurs between times c and t. During this 
time, the velocity of the particle is approximately equal to the difference 


quotient 
y(t) — ye) 
t-c ` 


The limit 7‘(c) as t tends to c is, therefore, the velocity of the particle at 
time c, expressed as a complex number (rather than a vector). With this 
interpretation, the direction of the tangent vector associated with y’(c) 
indicates the direction in which the particle is moving, and the length of 
the vector |y/(c)| indicates its speed. 


Next we describe how to find the derivative of a parametrisation 

y: I — C (when this derivative exists). In many cases, the most 
convenient method is to notice that the parametrisation y is the restriction 
to I of a complex function whose domain is a region that contains I. 
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For example, the parametrisation 
y(t) = (1+ it)? (t e€ [0,2]) 
is the restriction to I = [0,2] of the function 
f(z) = (1 + iz)’, 
whose domain is C. Since 
f'(z) = 3i + iz)’, 
it follows by the Restriction Rule that 
y'(t) =3i(1 + it)? (te [0,2]). 


In practice, in such cases, we can treat t as if it were the complex 
variable z and invoke the Restriction Rule. (There is no need to set up the 
function f; we just ‘differentiate y(t) with respect to t’.) 


Exercise 4.2 


For each of the following parametrisations, find the derivative and 
calculate y’(0). In each case sketch the parametrisation and mark the 
tangent vector y'(0) by an arrow emanating from the point (0). 


(a) y@)=t+i(3—t) (te [-1,2)) 
(b) y(t) =cost+2isint (t€ [0, 27]) 
(c) y(t) =P 4+2it (t€R) 

(da) y(t) = 2cosht + 3isinht (t€ R) 
(e) y(t) =e" (te [0, 2z}) 


The next result gives a useful method for spotting points at which a 
parametrisation is not differentiable. 


Theorem 4.1 


Let ¢ and w be real functions, both with domain an interval J. Then 
the parametrisation 


y(t) = b(t) tive) (te J) 


is differentiable at a point c € J if and only if both ọ and w are 
differentiable at c. If @ and w are differentiable at c, then 


g'e) = (c) +i¥"(O). 
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Proof Ifthe real functions ¢ and w are both differentiable at c, then, by 
the Sum and Multiple Rules for differentiation, y is also differentiable at c 
and 


q'e) = (c) + iy (o). 
On the other hand, if y is differentiable at c, then, for real values t, 


_ p ReCalt)) = Re(v(o)) 
toc t-e 

= y(t) — Ve) 
ai Re( t=g ) 


= Re(y'(e)). 
In the second-to-last line, we used the observation that if (zn) is a 
convergent sequence with limit a= lim z,, then 
n— o0 


lim Rez, = Rea = Re( lim al: 
n00 n00 


by Theorem 3.1 of Unit A3, because the real part function is continuous 
on C. 


Using a similar argument, we can see that Y'(c) = Im(y‘(c)). 


Thus ¢ and w are differentiable at c, as required. | 


Remark 


This theorem does not apply to functions with domains that are not 
contained in R. For example, it is not possible to use the equation 


z = Rez +ilmz 
to deduce that Re and Im are differentiable. They are not! 
Theorem 4.1 states that the differentiability of y is equivalent to the 


differentiability of its real and imaginary part functions. It follows that a 
parametrisation like 


y(t) =t+ it] (ER) 


is not differentiable at 0, since the real modulus function is not 
differentiable at 0. However, y is differentiable on R — {0}, since its real 
and imaginary part functions are both differentiable there. 


Exercise 4.3 


Determine the points at which the following parametrisation is 
differentiable: 


y(t) =t+ivt (te [0,00)). 
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=1+in/2 


1+in/2 


t=0 


Figure 4.3 Path that is not 
differentiable at the origin 


A 


Figure 4.4 Path with 
derivative zero at the origin 


Figure 4.5 Path with 
derivative zero at —2 + i 
and 2 +i 
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Looking at the path with parametrisation 

y(t) =sint + ilt| (t € [—-r/2,7/2]), 
which you sketched in Exercise 4.1(b), and which is reproduced in 
Figure 4.3, you can see that the kink in the path at t = 0 coincides with 
the point at which y fails to be differentiable. It is sometimes convenient 
to avoid such kinks by confining our attention to paths with a 
parametrisation whose derivative exists and varies continuously along the 
path. Actually, we need slightly more than this because kinks can also 
occur when the derivative of a parametrisation is zero. For example, 
Figure 4.4 shows the path with the parametrisation 

y(t) =t? ++i (tER) 


(sketched in Example 2.1 of Unit A2). Although this parametrisation is 
differentiable on its domain, its derivative is zero at the kink. In terms of 
the particle analogy, a zero derivative gives rise to a point on the path 
where the particle stops instantaneously. At this point, it is able to change 
direction abruptly, without upsetting the continuity of the velocity. 


Another example of where a zero derivative can lead to difficulties is the 
path with the parametrisation 


y(t) = (P — 3t) +i (tER). 
Figure 4.5 shows sections of this path between —2 + 7% and 2 + i just above 
and below the line Im z = 1 to distinguish them (even though really the 
path lies wholly on the line Im z = 1). The derivative of y is zero when t is 


equal to —1 or 1, so the particle is able to ‘reverse’ at these points and 
retrace points already covered. 


When we wish to avoid the kinds of behaviour exhibited in Figures 4.3-4.5, 
we confine our attention to paths that are smooth in the following sense. 


Definitions 

A parametrisation y: I —> C is smooth if 
e y is differentiable on I 

e y’ is continuous on T 

e y’ is non-zero on T. 


A path is smooth if it has a smooth parametrisation. 


Exercise 4.4 


Decide which of the following parametrisations are smooth. 
(a) y(t) =t+i(1—cost) (te (0, 2z]) 

(b) y(t) =t?-2t+in (t € [0,2]) 

(c) yt) =]t|+it (te [-1,1) 


In the next unit we will define integration along a smooth path. Here we 
use smooth paths to pursue the geometric interpretation of derivatives that 
we began in Subsection 1.5. 


4.2 A geometric interpretation of 
derivatives (revisited) 


In Subsection 1.5 we interpreted the derivative of an analytic function by 
saying that, to a close approximation, a small disc centred at œ is mapped 
to a small disc centred at f(a) (provided that f'(a) 4 0). In the process, 
the disc is rotated through the angle Arg f'(a), and scaled by the factor 
|f (a)| (see Figure 4.6). 


A A 


scale a 
f |f’ (a 


rotate i 
Arg f'(a 


Figure 4.6 The approximate image of a small disc under an analytic function 


This interpretation of f'(a) as a rotation and a scaling is all very well, but 
it is only an approximation. Fortunately, we can make the interpretation 
precise by examining the effect that f has on the tangent vectors to 
smooth paths through a. 


Let f be a function that is analytic on a region R, and let y: I — C bea 
parametrisation of a smooth path T contained in R. Then f oy: I — C 
is a parametrisation of the image path f(T) (see Figure 4.7); it is 
continuous because it is the composite of two continuous functions. 


Ga | ——- 
7 
/ | 

7 \ 
y R ip 
\ r ai 
N p” > > 

~ p N j 
h a 


Figure 4.7 The image of the path [ under the function f 
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Now consider a point a = y(c) on the path I. This is mapped by f to the 
point f(a) = (f o y)(c) on the path f(T). Since the path IF is smooth, a 
tangent vector to T at a is given by the derivative y‘(c). Also, if f'(a) Æ 0, 
then a tangent vector to f(T) at f(a) is given by 


(foro = fae) = f(a) y (o), 
by the Chain Rule, as shown in Figure 4.8. 


A A 


Figure 4.8 Image of a tangent vector to a path under an analytic function 


We have thus shown that the two tangent vectors are related by the 
complex scale factor f’(a), in the following way. 


Images of tangent vectors 


Let f be a function that is analytic on a region R, and suppose that 
f'(a) £0 for some a E€ R. 


If [ is a smooth path in R that passes through a, then the tangent 
vector to the image path f(T) at f(a) can be obtained from the 
tangent vector to T at a by a rotation through the angle Arg f'(a) 
and a scaling by the factor |f’ (a)l. 


As usual, the rotation is anticlockwise if Arg f'(a) is positive, and 
clockwise if it is negative. 


This is the geometric interpretation of derivative that we have been 
seeking. It is no longer an approximate result about the effect that f has 
on small discs, but a precise statement about the effect that f has on 
tangent vectors to paths. It is summarised in Figure 4.9. 


y (c) fT) 
a 
ft. f(a) rotate by Arg f'(a) 
T scale by | f’(a)| 
i oxo) 


Figure 4.9 A tangent vector is rotated and scaled by the function f 
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We remark that if f’(a@) = 0, then the parametrisation f oy of the image 
path f(T) is not smooth. This is because 


(for'(e) = fv) 1 = Fla) y (e) = 9, 


so it is not true that (f oy)’ is non-zero on I. 


4.3 Conformal functions 


Suppose that [y and Pg are two smooth paths with parametrisations 

yi: h4 — C and yo: I2 — C that intersect at the point 

a = ¥1(t1) = y2(t2). Then 7{(t1) and y4(t2) can be interpreted as being 
tangent vectors to [; and Fə at a. The angle 8 € (—7,7] from the tangent 
of one path to the other at œ serves as a measure of the angle at which the 
paths themselves intersect (see Figure 4.10(a)). 


To determine this angle, observe that 


ste) = (BE tee 


From this we see that the sum of Arg(73(t2)/7{(t1)) and any argument of 
7i(t1) is an argument of 75(t2), so Arg(y3(t2)/y{(t1)) is the angle from the 
vector y (t1) to the vector 73(t2) that lies in the interval (—7, 7]. 


Definition 


The angle from IT; to Tə at a is 
Gh 
i= Arg ( 2 2). 
yi (tı) 


In fact, the formula above specifies the angle from T; to Tə at a that lies 
in the interval (—7,7], because the image set of Arg is (—7,7]. We refer to 
this particular angle 6 € (—7,7] as ‘the angle from Ty to Fə at a’, and 
ignore other, equivalent angles 0 + 2n7z, where n is a non-zero integer. 


If we interchange I; and T2, and instead consider the angle from Tə to T1 
at a, then we find that (unless 6 = 7) this new angle is —0, instead of 60, as 
illustrated in Figure 4.10(b). (If 0 = 7, then the new angle is 7 too.) 


Notice also that we obtain a different angle from I’; to Ig if we reverse the 
direction of one or both of the paths. 


(ta) yalt) 
I2 yi (tı) I2 yi (tı) 
(a) (b) 


Figure 4.10 (a) The angle from T; to T2 at ais 0 (b) The angle from T2 
to T4 at a is —0 
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Example 4.1 
Let Tı and [2 be the paths with parametrisations 
n(t) =e +i(1+3t) (te [z 5), 
respectively. Show that the two paths meet at the point 1 + i, and 
find the angle from IT; to I% at this point of intersection. 
Solution 
The paths Ty and Ig meet at 1 +7 since 
aO) = = 1 a. 
Now 
q(t) =e +30 and 44(¢) = 14 i, 
so 
yi(0)=14+3¢ and y(-1) =1—-2i. 
Hence the angle from T'; to lg at 1+7 is 
(=i 1—2 
Arg( 7% ’) = Are ( "| 
71 (0) il =e 3 
= Arg(75(1 — 2i)(1 + 3i)) 
= Arg((1 — 27)(1 — 32)) 
x% = Arg(—5 — 5i) 
= —37/4. 


Figure 4.11 Paths Tı and T% So the angle from T; to Fə at 1 +i is —37/4, as shown in Figure 4.11. 
intersecting at 1 +t 


Notice that the parameters for two intersecting paths are not necessarily 
equal at the point of intersection. For instance, in Example 4.1 we saw 
that y1(0) = ya(—-1) = 1 +i. 


Now let us consider the effect of an analytic function f on the angle from 
one smooth path T; to another smooth path Tə at a point a of 
intersection. Assuming that f'(a) 4 0, we see that the tangent vectors to 
the image paths f(T) and f(T2) at f(a) are obtained from the tangent 
vectors to Ty and T% at a by a rotation through the angle Arg f'(a). 
Consequently, the angle from f(T1) to f(T2) at f(a) is equal to the angle 
from T; to Tə at a (Figure 4.12). 
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Tr; 


I2 


Figure 4.12 An analytic function preserving the angle between smooth paths 


The angle-preserving property of analytic functions at points where their 
derivatives are non-zero is sufficiently important that it is given a special 
name. 


Definitions 


A function that is analytic at a point a is said to be conformal at a 
if the angle from any smooth path through a to any other smooth 
path through a is preserved by the function. 


A function is conformal on a set S if it is conformal at every point 
ot 9. 


A function is conformal if it is conformal on its domain, in which 
case it is called a conformal mapping. 


Suppose now that f is a function that is analytic at a point a. It isa 
consequence of the discussion above that if f'(a) 4 0, then f is conformal 
at a. In fact, we will see in Unit C2 that the converse to this statement is 
also true. Since the statement and its converse are useful, we present them 
together here in a theorem. 


Theorem 4.2 


Let f be a function that is analytic at a point a. Then f is conformal 
at a if and only if f'(a) £0. 


We prove Theorem 4.2 later, in Subsection 3.3 of Unit C2. 


Exercise 4.5 


Give an example of two smooth paths through 0 such that the angle from 
one to the other at 0 is not preserved under the function f(z) = z?. Why 
does this not contradict Theorem 4.2? 


4 Smooth paths 
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A striking illustration of Theorem 4.2 occurs when Cartesian and polar 
grids are used to investigate the behaviour of complex functions. Several 
functions were investigated in this way in Section 3 of Unit A2. The 
results obtained for the functions f(z) = 2? and f(z) = 1/z are reproduced 
in Figures 4.13 and 4.14. 


2 


Figure 4.14 Image of a Cartesian grid under f(z) = 1/z 


In both cases, the image of the Cartesian grid consists of paths that 
intersect at right angles (except at 0). Theorem 4.2 shows that this 
remarkable property of angle preservation holds for all analytic functions, 
provided that the derivative of the function is non-zero on the region under 
consideration. 


Similarly, polar grids consist of paths that intersect at right angles, so the 
image of a polar grid under an analytic function with non-zero derivative 
on a region containing the grid is another collection of paths that intersect 
at right angles. 


Motivated by these observations, we make the following definition. 


Definition 
Smooth paths that meet at right angles are said to be orthogonal. 
An orthogonal grid is a grid made up of orthogonal smooth paths. 


Theorem 4.2 shows that an analytic function f maps an orthogonal grid, 
over any region where f’ is non-zero, to an orthogonal grid. 


We will return to the conformal properties of analytic functions later in 
the module. 


Further exercises 


Exercise 4.6 


Find the derivatives of each of the following parametrisations. 
(a) y(t) = expt? +it) (te [-1,1) 

(b) y(t) =t +tcost (¢ € [-1,1)) 

(c) y(t) =5cost+7isint (te |—a,7)) 


Exercise 4.7 


Which of the parametrisations in Exercise 4.6 are smooth? 


Exercise 4.8 


(a) Let Tı and Tə be the paths with parametrisations 
y(t) =2sinté+i(t¢+1) (te [-1,1]), 
y(t) =(1—t) tit? (t € [-1,2]), 
respectively. Show that the two paths meet at the point i, and find 
the angle from T1 to I’ at this point of intersection. 


(b) Now let f(z) = sin? z. Determine the angle from f (Ij) to f(I'2) 
at f(z). 


4 Smooth paths 
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Solutions to exercises 


Solution to Exercise 1.1 


(a) f(z) =1 is defined on the whole of C, so let 
a € C. Then 


eN Co) 
Za Z—-aQ 
>. 1-1 
= lim 


Since a is an arbitrary complex number, f is 
differentiable on the whole of C, and its derivative 
is the zero function 


f'(z)=0 (zeC). 


(b) f(z) = z is defined on the whole of C, so let 
a € C. Then 


za zZ-a 
Se 
za Z—-—a 
= lim 1 = 
Za 


Since a is an arbitrary complex number, f is 
differentiable on the whole of C, and its derivative 
is the constant function 


fi(z)=1 (ze). 


Solution to Exercise 1.2 


The domain of f(z) = 1/z is the region C — {0}. 
Since f'(a) cannot exist unless f is defined at a, 
we confine our attention to a Æ 0. Then 


f(z) — fla) 
= tm (1/2) = Ga) 


f'(a) = lim 


Za 


0 za(z — a) 
= lim —. 
za Za 


Now z — —1/(zq) is a basic continuous function 


with domain C — {0}, so we see (from Theorem 3.1 


of Unit A3) that 
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Since a is an arbitrary non-zero complex number, 
the derivative of f is 


1 
Pe=-3 (#0). 
The function f is not entire since its domain is 
not C. 
Solution to Exercise 1.3 


(a) True. 
(b) False. (The set must be a region.) 


Solution to Exercise 1.4 
(a) Let F = f +g. Then 


im F(z) — F(a) 

OET OELIOETO 

hn CO- Fla) + UE) — aa) 

= tim FO= FO) jpg B= 

= f'(a) + g'(a). 

(b) Let F = Af, for A€ C. Then 

im F(z) — F(a) ie Af (z) — Af (a) 
= à im ATO 
=A\f (a). 


Solution to Exercise 1.5 
(a) By the corollary on differentiating polynomial 


functions, we have 
f(z) =42 +92 —2z+4 (EC). 
(b) By the Quotient Rule, 
Hgs (22 +z +1)(2z — 4) — (2 — 4z + 2)(2z +1) 


(22 +z+1) 
52° —2z—6 


(2 +241)?" 
Now, 2?+z+1 = 0 if and only if z = —4(1 + v3i), 
so the domain of f’ is 


C- {-4(1 + VB), -40 — v3}. 


Solution to Exercise 1.6 


The function Arg is discontinuous at each point of 

the negative real axis (see Exercise 2.4 of Unit A3). 
It follows that Log is discontinuous at each point of 
the negative real axis, and hence that there are no 

points on it at which Log is differentiable. 


Solution to Exercise 1.7 


Let zn = aexp(i/n), n = 1,2,.... Then (zn) tends 
to a along the circumference of the circle, and 


-la| — lal 
m = 


li 
n>% Zn— A 
Now let z, = a(1+1/n), n= 1,2,.... Then (2,) 

tends to a along the ray from 0 through a, and 
leml—lol _ |, lal+1/n)—lal _ lal 


lim — lim TT R 
n= i 


=i JE Ag, 
N00 Zn — Q 


Since |a|/a 4 0 for a £0, these two limits do not 
agree. It follows that f(z) = |z| is not 
differentiable at a Æ 0. 


Solution to Exercise 1.8 


Let a be an arbitrary complex number. Directions 
of paths parallel to the imaginary axis through a 
are reversed by f, while directions of paths parallel 
to the real axis are not. This suggests looking at 
the sequences zn = a+1/n and z, =a +i/n, 

WS Ayes 


First let zn = a + 1/n; then 


. m-a (a+1/n)-@ 
lim = im + ——_ 
n> Zn Q n>œ (a+1/n)—a 
1 
zin ei 
n> 1/n 


Now let 2), = a + i/n; then 


. Z-a „ (a+i/n)-a 
l n = lim = 
Rae zi Q Aa (a +i/n) =Q 


—i/n 


Since these two limits do not agree, and since œ is 
arbitrary, it follows that there are no points of C at 
which f(z) = Z is differentiable. 


n— o0 a(l +1/n)-a a` 


Solutions to exercises 


Solution to Exercise 1.9 


(a) The fact that Rez is constant along the 
imaginary axis, but variable parallel to the 

real axis, suggests that Re is not differentiable at i 
(or anywhere else, for that matter). It also 
suggests looking at the sequences z, = i + i/n and 
AE We 1D es 


First let zn = i + i/n; then 


_ Rez, — Rei . Re(t+i/n) — Rei 
lim — = lim E 
n>% Zn—i noo (i+i/n)—i 
= li Se 
ee 


Now let 2), = i + 1/n; then 


Rez — Rei Re(i + 1/n) — Rei 
ee E T . —— 


ji 
n00 zt noo (i+1/n)—i 
1 
= lim Si = 13 
n—>0o 1/n 


Since these two limits do not agree, it follows that 
Re is not differentiable at i. 

(b) f is a polynomial function, so f’(z) =4z2+3 
for all z € C. Thus f'(i) = 3 + 4i. 

(c) f is not differentiable at i, since it is not 
continuous at t. 


Solution to Exercise 1.10 


To a close approximation, a small disc centred at i 
is mapped by f to a small disc centred at 
4i+3 
IO = say = 
In the process the disc is scaled by the factor | f’(2)| 
and rotated through the angle Arg f'(i). 


By the Quotient Rule, 
A(2z2 + 1) — 42(4z + 3) 


3— 4i. 


1 = 
_ —82? —12z+4 
(2272 +1} 
So 
—8i? — 12i +4 
if pix 5 
f ©) = ory ~ 12 — 12i. 


This has modulus 12\/2 and principal argument 
=r /4. 


So f scales the disc by the factor 12\/2 and rotates 
it clockwise through the angle 7/4. 
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Solution to Exercise 1.11 


The function f(z) = 2z? +5 is defined on the 
whole of C. Let a € C. Then 


(0) = tim £@)= Hla) 
Za Z—-aQ 
272 = {9 2 
— tim E + 5) — (2a° + 5) 
za zZ-a 
2 2 A2 
= lim (z a 
Za zZ—-a 
= lim 2(z +a) 
= 4g. 


Since a is an arbitrary complex number, f is 
differentiable on the whole of C, and the derivative 
is the function 

fi(z)=4z (z€C). 
Solution to Exercise 1.12 
Let F = f/g. Then 


F(z) — F(a) 
f(2)/9(2) = Fla)/g(@) 


(z—a)g(z)g(a 
(0) (LIAL) _ j(qy (Y= ao) 
- g(2) g(a) 


Using the Combination Rules for limits of 
functions, the continuity of g, and the fact that 
g(a) #0, we can take limits to obtain 


1.) _ gla) f'(a) = fla)g'(a) 
rr) 
Solution to Exercise 1.13 
(a) By the Combination Rules, 
mo _ (82 +1)(2z + 2) — 3(z? +. 22 +1) 
= (Bz 4 12000 
_ 824 4+2z-1 
© (8z+1)2 ` 
The domain of f’ is C — {—1/3}. 
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(b) By the Combination Rules, 
(z2? — z — 6)(3z7) — (23 + 1)(2z — 1) 


/ = 
f= (z2 — z — 6)? 
_ g4 — 229 — 1827-2241 
(22 — z — 6)? 


Since 2? — z — 6 = (z + 2)(z — 3), the domain of f’ 
is C — {—2, 3}. 


(c) By the Reciprocal Rule, 


iene <= (2242) 
T= (22 + 2z + 2)? 
—2 L y —4 
The roots of z? + 2z + 2 are = =—l i. 


The domain of f’ is therefore C — {—1 + i, —1 — i}. 


(d) By the Sum Rule and the rule for 
differentiating integer powers, 
1 2 
liA 
f(z) =2z+5- -37 z3 
The domain of f’ is C — {0}. 


Solution to Exercise 1.14 


Consider an arbitrary complex number a = a + ib, 
where a,b E R. Let zn =a+1/n,n=1,2,.... 
Then zn > a, and 


. Imz,—Ima . b—b 
lim = lim — 
n—00 Zn — a noo 1/n 
0 
= lim — =0 
n—0o 1/n 
Now let z, =a+i/n,n=1,2,.... Then z, > a, 
and 
i pane os ies Helmi 
n—-0o Soy et n—> 0 i/n 
1 
= lim in =-1 
n—-0o i/n 


Since the two limits do not agree, it follows that 
Im fails to be differentiable at each point of C. 


Solution to Exercise 1.15 


To a close approximation, a small disc centred at 2 
is mapped by f to small disc centred at f(2) = —4. 
In the process, the disc is scaled by the factor 

| f’(2)| and rotated through the angle Arg f’(2). 


By the Quotient Rule, 
32?(z — 6) — (22 +8 
F(z) = ( ) ( ) 


(z — 6)? 
_ 223 — 182? — 8 
(2-6 ` 


So f scales the disc by the factor 4 and rotates it 
anticlockwise through the angle r. 


Solution to Exercise 2.1 


(a) Differentiating v(x, y) = 3x7y — y? with 
respect to x while keeping y fixed, we obtain 

Ov 
Differentiating v with respect to y while keeping x 
fixed, we obtain 

o 
z Ev) = 307 — By”. 
(b) So, at (x,y) = (2,1) the partial derivatives 
have the values 


Ov 
—(2,1)=9. 


Solution to Exercise 2.2 
(a) Writing f in the form 


f(a + ty) = u(x, y) + iv(z,y), 


we obtain 

u(z,y) =e” and v(z,y) =—e’. 
Hence 

oo, 9) =e” and S (0.3) =ø. 


Since e” is always positive, whereas —e” is always 
negative, the first of the Cauchy—Riemann 
equations fails to hold for each (x,y). It follows 
that f fails to be differentiable at all points of C. 


(b) Writing f(z) =Z = x — iy in the form 
f(x + ty) = u(x, y) + tv(z, y), 

we obtain 
u(z,y) =x and v(a,y) =—y. 


Hence 


Solutions to exercises 


It follows that the first of the Cauchy—Riemann 
equations fails to hold for each (x,y), so f fails to 
be differentiable at all points of C. 


Solution to Exercise 2.3 


(a) From the trigonometric identities in Unit A2, 
sin(x + iy) = sin x cos iy + cos z sin iy 
= sin x cosh y + i cos x sinh y, 
so f(x + iy) = u(x, y) + iv(x, y), where 
u(x, y) =singcoshy and 
v(x, y) = cos z sinh y. 
Hence 


ð 
(a, y) = cos x cosh y, 


Ox 
Ov 


— (x,y) = — sin z sinh y, 


Ox 

Ou 

— (x,y) = sin gz sinh y, 

By | y) y 

Ov 

— (x,y) = cos x cosh y. 

By | ,Y) y 
These partial derivatives are defined and 
continuous on the whole of C. Furthermore, 


Ou Ov 
a (tr) = By mY) and 
Ov Ou 


Fa (x,y) = -gy OY): 
so the Cauchy—Riemann equations are satisfied at 
every point of C. 
By the Cauchy—Riemann Converse Theorem, 


f(z) = sinz is entire, and 


file + iy) = Zey) + ia, 


= cos x cosh y — i sin g sinh y 


Ov 


= cos g cos ty — sin x sin ty 

= cos(x + iy). 
Hence f’ has domain C and f’(z) = cosz. (You 
will see an easier way of finding this derivative in 
Section 3.) 
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(b) Here f(x + iy) = |x + iy|? = x? + y?, so 


u(z,y)=2?+y? and v(z,y) =0. 


Hence 
M (a,y) =22, 2(e,y) =0 
= L,Y a T, 5) L,Y 74 , 
u v 


The Cauchy—Riemann equations cannot be 
satisfied unless 2x = 0 and —2y = 0, so f fails to 
be differentiable at all non-zero points of C. 


However, the Cauchy—Riemann equations are 
satisfied at (0,0), and the partial derivatives are 
defined on C and continuous (at (0,0)), so by the 
Cauchy—Riemann Converse Theorem, f is 
differentiable at 0, and 


ðu _Ov 
=0+20=0. 


Thus f’ has domain {0} and f’(0) = 0. 


(This is the example referred to in Subsection 1.1 
of a function that is differentiable at a point, but 
not analytic at that point.) 


Solution to Exercise 2.4 


(a) Differentiating u(x, y) = 3x2 + xy + 2a7y? with 
respect to x while keeping y fixed, we obtain 
Ou 


— = Ary’. 
gz oY) 3+ y+ 4ry 


Differentiating with respect to y while keeping x 
fixed, we obtain 
Ou 
By ov) = et 4z°y. 
(b) Here u(x, y) = x cosy + exp(xy), so 
ðu 
Jz P y) = cosy + yexp(xy) and 


Ou 


By” y) = —xsiny + rexp(zy). 
(c) Here u(x, y) = (x +y)%, so 

Ou 

Ĉu ey) =3(e+y)? and 

Ou 2 


By an =3(x +y)“. 


330 


Solution to Exercise 2.5 


(a) Here u(x, y) = zĉy — y cosy, so 


o 

z(e) = 3x7y and 

Ou 3 : 

g (ery) = r? — cosy + ysin y. 
y 


So, at (x,y) = (1,0) the partial derivatives have 
the values 


Ou Ou 

Aa! ,0) =0 and By | ,0)=0 
(b) Here u(x, y) = ye? — xy’, so 

Ou 

ae (try) = ye’ -y and 

Ou 


Ae 3s”. 


So, at (x,y) = (1,0) the partial derivatives have 
the values 
ðu ðu 


—(1,0)=0 and Dy 


Da (1,0) =<. 


Solution to Exercise 2.6 


Since u(x, y) = x? + 2xy, it follows that 


Ou Ou 
By (tr) =2r+2y and By mY) = 22. 


The gradient of the graph at (x,y) = (1,2) in the 
x-direction is 

Bu 2)=2x14+2x2=6 

og" 
The gradient of the graph at (x,y) = (1,2) in the 
y-direction is 

M iea 

Oy.” ` 
Solution to Exercise 2.7 


Writing f in the form 
f(x + iy) = ulz, y) + iv(z, y), 
we obtain 


u(x, y) = e” siny and v(z,y) =e” cosy. 


Hence 
ðu Ov 
gz EV) = e siny, IE”) = e” cosy, 
ðu Ov 
By ey) =e" cosy, By oY) = —e" siny. 


If f is differentiable at x + iy, then the 
Cauchy—Riemann equations require that 


e” siny = —e"” siny and 
e” cosy = —e” cos y; 
that is, 


e”siny=0 and e*cosy=0. 


But e” is never zero, so sin y = cos y = 0, which is 
impossible. It follows that there is no point of C at 
which f is differentiable. 


Solution to Exercise 2.8 


In this case, 


u(z,y) =x? +x- y? and 
v(x, y) = 2xy +y, 
so 
ðu Ov 
< =2r+1, Z = 
7g Ory) = 2a +1, 5 (ey) = 2y, 
Ou Ov 


a (x,y) Y, Dy (x,y) = 24 +1 


These partial derivatives are defined and 
continuous on the whole of C. Furthermore, 
a) o 
Fg (ty) = ey) and 


Ov Ou 
Ry (try) = “ag 


so the Cauchy—Riemann equations are satisfied at 
every point of C. 


By the Cauchy—Riemann Converse Theorem, f is 
entire, and 


o 0 
f(e + iy) = Fr Ey) + (ey) 
= (24 + 1) + 2yi. 


(So f'(z) = 2z +1, and in fact f(z) = z? +z.) 


Solution to Exercise 2.9 
(a) Here 


u(x,y) =a? +y” and v(2,y)=2°—y", 


so 
ðu Ov 
gz E9) = 22, By (try) = 22, 
Ou Ov 
By PY) = 2y, By OP) —2y 


Solutions to exercises 


The Cauchy—Riemann equations are satisfied only 
if x = —y. So f cannot be differentiable at x + iy 


unless z = —y. Since the partial derivatives above 
exist, and are continuous on C (and in particular 
when x = —y), it follows from the 


Cauchy—Riemann Converse Theorem that f is 
differentiable on the set {x + iy : x = —y}. 


On this set, 


o 
F(E tiy) = FEY) Hig E) 


= 2g + 2ri = 2r(1 + i). 


Ov 


(b) Here 
u(z,y)= zy and v(z,y) =0, 
so 


Ou yay, 2 
an Be 


Ou Ov 
ag =a, Bo) =o 


(x, y) = 0, 


The Cauchy—Riemann equations are not satisfied 
unless y = 0 and —2 = 0. So f is not differentiable 
except possibly at 0. Since the partial derivatives 
above exist, and are continuous at (0,0), it follows 
from the Cauchy—Riemann Converse Theorem 
that f is differentiable at 0. Furthermore, 


f'(0) = 70,0) n i22 (0,0) =0. 


Solution to Exercise 3.1 
(a) Here k = go f, where 
g(z)=2°™® and f(z)=z+5. 
Both f and g are entire, and 
g'(z) = 90028, f'(z)=1. 
So, by the Chain Rule, k is also entire and 
k'(z) = g'(F(2))f' (2) 
= 900(z + 5)5°° x 1 = 900 (z + 5)8°. 
(b) Here k = go f, where 
g(z)=expz and f(z)=2?+4. 
Both f and g are entire, and 
g(z)=expz, f'(z)= 2z. 
So, by the Chain Rule, k is also entire and 
K (2) = J (F(2)) f"(2) = 2z exp(2? +4). 
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(c) Here k = go f, where 
g(z)=expz and f(z)=az. 

Both f and g entire, and 

f(z) =a. 

So, by the Chain Rule, k is also entire and 
k'(z) = g'(F(2))f (2) 


= exp(az) x a=ae™. 


g'(z) = exp z, 


Solution to Exercise 3.2 


The functions z — e* and z — e77 are entire 
with derivatives z œ> e* and z +> —e 7, 
respectively. It follows from the Combination 


Rules for differentiation that: 

(a) f(z) = sinh z = (e7 — e~*)/2 is entire, and 

ec (e ete 
2 2 

(b) f(z) = cosh z = (e* + e™7)/2 is entire, and 


= cosh z 


— e* 

2 
(c) f(z) = tanh z = sinh z/ cosh z is analytic on its 
domain, and 


f(z) = 


= sinh z 


cosh z x cosh z — sinh z x sinh z 


cosh? z 


= z sech? z. 
cosh* z 


Solution to Exercise 3.3 
(a) (i) Here k = hogo f, where 


h(z)=2, g(z)=2 +3, f(z)=sinz. 
All of f, g and h are entire, and 
h'(z)=2z, g(z)=2z, f'(z)= cosz. 


So, by the extended form of the Chain Rule, k is 
entire and 


k'(z) = h'(g(F(z))) x g'(F(2)) x F'(2) 
= 2(sin? z + 3) x 2sin z x cos z 
= 4sin z cos z(sin? z + 3). 
(ii) Here k = hogo f, where 


h(z)=sinz, g(z)=expz, f(z) =cosz—z. 
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Now f, g and h are entire, and 

it (z) = 0082, 

g' (z) = expz, 

f(z) =-sinz—-1. 
So, by the extended form of the Chain Rule, k is 
entire and 


K'(2) = WU G))) x FQ) x FC) 
= — cos(exp(cos z — z)) x exp(cos z — z) 
x (sinz + 1). 
(b) (i) & is differentiable on C and 
k'(z) = cos(cosh z) x sinh z. 
(ii) k is differentiable on C and 
k'(z) = —sin((1 + z)*°) x 20(1 + 2)! x 1 
= —20(1 + 2)" sin((1 + z)”®). 
(iii) k is differentiable on C and 


k'(z) = exp(exp(sin z)) x exp(sin z) x cos z. 


Solution to Exercise 3.4 
By the Chain Rule, 


1 oer 
f(z) =iLog (1+ iz) = EET. 
To determine the domain of f’, notice that the 
conditions of the Chain Rule are fulfilled at a 
provided that Log is differentiable at 1 + ia, that 
is, provided that 1 + iœ does not belong to the real 
interval (—oo, 0]. Now 

1+ia € (—o0, 0) <= > ia € (—00, -1] 

<> a€ {iy:y> 1}. 

Therefore f'(a) exists provided that a does not 
belong to the set {iy : y > 1}. 


>. 
ccu 


If a does belong to {iy : y > 1}, then f'(a) cannot 
exist because f is discontinuous at such values of a. 


It follows that the domain of f’ is C — {iy : y > 1}. 


Solution to Exercise 3.5 


The principal power functions in (a) and (b) can 
be differentiated using the corollary on derivatives 
of principal powers. 

(a) f(z) = m2"! 

(b) f"(z) = 32? 

The domain of both these derivatives is the cut 
plane C— {xr ER: x < 0}. 


By contrast, the integer power functions in (c) 
and (d) can be differentiated using the rule for 
differentiating integer powers given in 
Subsection 1.2. 

(c) f(z) =52* (zEC) 

(d) f(z) =—327*  (z € C— {0}) 


Solution to Exercise 3.6 
(a) By the Combination Rules, 


a= G x 2) bestes 


1 
= (+ +Logz) 
z 


Constant functions and the exponential function 
are entire, but the domain of the derivative of Log 
is C— {x €R: 2 <0}. So this is also the domain 
of f’. 
(b) By the Chain Rule, 

f'(z) = 20(z + sin z)? (1 + cos z). 


Since the functions z > z + sin z and z+ 2%? 
are both entire, we see that the domain of f’ is C. 
(c) By the Chain Rule, 

f(z) = 2cos(z + cosh z) x (— sin(z + cosh z)) 

x (1 + sinh z) 
= —(sin(2z + 2 cosh z))(1 + sinh z). 

Since the functions z ++ z+ cosh z and 
z — cos? z are both entire, we see that the 
domain of f’ is C. 
(d) By the Quotient Rule, 

f(z) = (z x 1/z) — (Log z x 1) 


z2 


1 — Log z 
z2 


Solutions to exercises 


Since the domain of the derivative of Log is 
C— {x E€ R:x <0}, we see that this is also the 
domain of the derivative of f’. 


With practice, the rules for differentiating can be 
applied by inspection, and in future we do not 
always provide details of which rules we have 
applied. 


Solution to Exercise 3.7 
(a) By the Reciprocal Rule, 


inh 
sech’ z = -27 - = — sech z tanh z. 
cosh z 
(b) By the Reciprocal Rule, 
hz 
cosech’ z = — = z- = — cosech z coth z. 
sinh” z 


(c) By the Quotient Rule, 
j sinh? z — cosh? z 
coth z = ——__,——_ 
sinh’ z 
=-— = cosech? z. 
sinh* z 
Solution to Exercise 3.8 
The function z —> z+ 1 is entire with derivative 
z —> 1. Since Log is differentiable on the cut 
plane C — {x E€ R: x < 0}, and z + 1 lies in the cut 
plane whenever z E€ C— {x E R:x < —1}, it 
follows that z > Log(z + 1) is differentiable on 
1 
C—{xeER: 2 < —1}, with derivative z > Pee 
z 
by the Chain Rule. 


Since exp is entire, z > exp(2?) is differentiable 
on C with derivative z — 2zexp(z?), by the 
Chain Rule. 


It follows from the Sum Rule that f is 
differentiable on C — {x € R : x < —1}, with 
derivative 
1 
f2) = AT + 2z exp(z”). 


Now, f is not differentiable on {x € R: x < —1} 
because it is discontinuous at points of this set. 
The domain of f’ is therefore 
C-{xrER:z<-1}. 

(Note that this domain does not include all points 


1 
at which PEE | + 2z exp(2?°) is defined.) 
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Solution to Exercise 3.9 In particular, y/(0) = 1 — i. 
(a) f’(z) =—(sinz +1) x cos(cos z — z) —1+4i + 
(b) f(z) = 227 exp(z? + i) + exp(z? + i) — sin z 
ej P= exp(z + 1)(1/z) — (Log z) exp(z + 1) (0) = 3i 
(exp(z + 1))? (0) 
_ (1/z) — Logz 
exp(z + 1) 

(d) f’(z) =—sin(3sin(é + tan z)) x 3cos(i + tan z) 24i 

x sec? z k 
Each of these derivatives was established using the 
Combination Rules and the Chain Rule (part (d) 


used the extended form of the Chain Rule). (6). Using E E A AEE 


y’ (t) = cos't + 2i sin’ t 
= — sint + 2icost (te [0,27]). 


Solution to Exercise 4.1 


(a) ; 
4 In particular, y’(0) = 2i. 
i oA 
2i 
y'(0) 
te= 0 
t= 27 
=l y(0)=1 
(b) 
A 
—21 
—l+in/2 1+ in/2 (c) Using the Restriction Rule, we obtain 
y/(t) =2t+2i (te R). 
In particular, y’(0) = 2i. 
A 
t=0 7 
y'(0) 
Solution to Exercise 4.2 oe > 
Y = 
In each case we treat t as if it were the complex 
variable z. 
(a) Using the Restriction Rule, we obtain 


y'(t)=1—i (€€ [-1,2)). 
(d) Using the Restriction Rule, we obtain 
In other words, the derivative is constant y! (t) =2c osh tt 3isinh’ t 


throughout the interval [—1, 2]. = Qsinht+3icosht HEN 
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In particular, y'(0) = 3i. 


eo 


(e) Using the Restriction Rule, we obtain 
y'(t) = ie (te (0, 27]). 
In particular, y'(0) = i. 


A 


Solution to Exercise 4.3 


Re7(t) = t is differentiable on [0, 00), whereas 

Im y(t) = V1 is differentiable on (0,00), but not at 
0. To see that it is not differentiable at 0, observe 
that if zn =1/n,n=1,2,..., then zn > 0 and 


4/Zn— VO 
sia E T 
Zn—0 1/n 


It follows from Theorem 4.1 that y is differentiable 
n (0,00), but not at 0. 

Solution to Exercise 4.4 

(a) This parametrisation is differentiable and 


y'(t)=1+isint (te [0,27]). 


Solutions to exercises 


Since y’(t) is continuous and non-zero on [0, 27], 
the parametrisation is smooth. 
(b) Here 

y(t) = 2-2 (t€ (0,2), 
so y'(1) = 0. Hence y is not smooth. 


(c) The parametrisation is not differentiable when 
t = 0, so it is not smooth. 


Solution to Exercise 4.5 
Consider the paths Tı and T2 with 


parametrisations 
y(t) =t (te (0,1), 
a(t) = it (t€ [0,1)). 


These paths are straight lines that intersect at 
right angles. 


Under f(z) = z2? they map to the paths with 
parametrisations 


(foy)(t)=t? (te (0,1) 
and 


(f o72)(t) =-=? 


These image paths do not meet at right angles, 
since they both lie in the real axis. 


(t € [0, 1). 


The solution above does not contradict 
Theorem 4.2 because, although f(z) = 2? is 
analytic at 0, f’(0) =0. 
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Solution to Exercise 4.6 

(a) Using the Restriction Rule, we obtain 
y'(t) = (2t +i) exp(t? +it) (te [-1,1]). 

(b) Using the Restriction Rule, we obtain 
y'(t)=2t—isint (te [-1,1)). 

(c) Using the Restriction Rule, we obtain 
y'(t) = —5sint + Ticost (t € [-7,7)]). 


Solution to Exercise 4.7 


(a) This parametrisation is differentiable on the 
whole of its domain J = [—1,1]. Furthermore, the 
derivative is continuous and non-zero on J, so the 
parametrisation is smooth. 


(b) The derivative of this parametrisation is zero 
when t = 0, so the parametrisation is not smooth. 


(c) This parametrisation is differentiable on the 
whole of its domain J = [—7,7]. Furthermore, the 
derivative is continuous and non-zero on J, so the 
parametrisation is smooth. 


Solution to Exercise 4.8 
(a) The paths meet at i because (0) = y2(1) = i. 


Now 
yilt) = 2cost +i, 
yalt) = —1 + 2it, 
so 


yi(0)=2+% and (1) =—-14 21. 


The angle from I; to Tə at i is given by 
wail —142i 
qi (0) 2+ 


(—1 + 2%)(2 — i)) 
= Argi = 7/2. 


(b) Since f’(z) = 2sin z cos z = sin 2z, we have 
f'(i) = sin 2i = isinh 2 40. 


Hence f is conformal at i (by Theorem 4.2), so the 
angle from f(T1) to f(T2) at f(i) is the same as 
the angle from Ty to Tə at i, namely 7/2. 
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